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The purpose of the course:

Learning to look through the window of probability and statistics has become important.
Because, students who have gained skills in professional applications, who can solve
problems and make comments with the help of data analytics and data science should be
trained. The traces of change, deviation and transformation from the behavior of the
systems shown by the data mass; the direction and intensity of its trajectory should be
determined. In order to predict the traces of change in its behavior or deviations in its
trajectory, the skills that measure, digitize, store and compare and classify the data should
be acquired. Laplace explained the theory of probability as follows: Equations established to
calculate the probability of a situation do not ensure certainty of the result, they only serve
to find the result with the least margin of error; in other words, they try to minimize the
margin of error, not eliminate it, because it is not right to make a perfect system; systems
that progress towards perfection need to be developed.

Course Content:
e Variables and functions drawing, derivative, integral, limit operations and
interpretations
¢ Correlation and Regression
e Statistical Data Analysis
e Probability
e Random Variables
¢ Inferences on Probability Distribution
¢ Markov Chain Analysis
e Algorithmic Analysis
e Applications on Data Analytics

The course is not based on mathematics but on arithmetic. Analytical calculation and
interpretation are emphasized. What you need to know:

1) Decimal arithmetic: Addition, Subtraction, Multiplication, Division, Exponentiation,

Integer Division, Division with Carry; Square root, Rounding

2) Binary Arithmetic and logical operations in binary number system (bit: 0/1)

3) Comparison: <,>,=, #, <, 2

4) Ratio, Percentage

5) Exponential operations

6) Factorial

7) Linear equations, Matrix, Vector, eigenvalues, eigenvectors

8) Complex numbers

9) Trigonometry

10) Logarithmic operations

11) Basic Functions: Sinusoidal, Exponential, Linear, Polynomial

12) Simplifying and finding results by substituting values in equations
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I ntroduction

If you evaluate the mass of information without analyzing it, you will get into such trouble
that you will sink as you try to get out of it. Nowadays, the decisive power of information,
which has strategic importance, is gradually increasing. Collecting information has strategic
importance in the struggle for sovereignty (egemenlik miicadelesi). Those who do not want
to understand the power of knowledge try to find their way and direction by groping in the
dark.

On the other hand, the size of the collected information is growing so rapidly that it is
becoming difficult to determine the necessary information from the mass of data. After the
information is determined, processing, classifying, accessing the information in a timely
manner, and to achieve valuable results by analyzing it have become very important. The
vital point is to be able to find and extract the implicit or covert information that no one
notices and no one can think of from the mass of data that is in front of everyone's eyes.

It is to be able to determine the direction and intensity of the traces of change, deviation
and transformation from the behavior shown by the data mass. In order to learn to make
predictions from the traces or trajectory of the behavior, it is necessary to gain the skills to
measure, digitize, store and compare and classify the data. Laplace explained the theory of
probability as follows: The equations established to calculate the probability of a situation
did not provide certainty about the result, they only served to find the result with the least
margin of error; in other words, they tried to minimize the margin of error, not eliminate it,
because it is not right to make a perfect system; systems that progress towards perfection
need to be developed.

Making decisions is also making choices by purchasing risks. If making predictions is only and
solely based on winning, the devastating effect of losses will be much greater than
expected. In order to make sound predictions, the functions of the processes should be
constantly measured, information should be collected, necessary calculations should be
made, the results should be compared and analyzed and decisions should be made. Correct
evaluation of the collected information is possible by developing skills that can make
interpretations based on statistical calculations. Observations are almost always subject to
random errors. Therefore, statistical methods should be used to collect and analyze data.



On the other hand, it should not be forgotten that numbers do not lie, but liars use
statistical numbers very well. Data analysis and artificial intelligence applications should be
developed from the data mass.

1 o Measurement and Evaluation

Measurement is the expression of whether an system has a certain feature or not, and if it
has a certain feature, its features are expressed with numbers. Measurement is the values
to which the results are compared. Evaluation is the process of comparing the measurement
results with a criterion and making decisions about their qualities.

1.1. Data

The aim is to transform data into wisdom. Symbols and signals are converted into binary
numbering system also these are symbols. Information is obtained by processing data, and
the journey from knowledge to wisdom, from wisdom to skill development and experience;
from skill development to awareness begins.

Symbols (Signals, Pictures, Shapes, ...): Symbols that carry messages are represented by
signals. Human beings communicate with each other or with computer systems using
symbols. Symbols are numbers, words, text, images, shapes, documents, video and audio.
Symbols and signals transfer to the computer's memory as binary numbering system (bit:
1/0). They contain messages. When symbols are converted to the binary number system
(bit:0/1). Calculation, storage and communication are possible with the binary number
system in the computer system.

Data are facts or pieces of information that have not gained meaning, have not been
associated, have not been assimilated and have not been processed. They are in forms
devoid of any content. Sometimes they are a physical event, uninterpreted observations.
They do not carry any comment but are ready to be processed. They are not effective in
decision making.

Big Data: The concept of “Big Data” has emerged with the great increase in data in terms of
speed, variety and capacity (volume) today and with the support of technology to this
increase and the production of new solutions.



Information: What, who, when and where are the questions that need to be answered.
Information is processed, organized and meaningful data. When necessary, it is classified,
represented and clustered with the coefficients of mathematical equations. Information is
organized, meaningful and useful data. During the output phase, the information created is
put into a presentation form with printed reports, graphics, documents and visuals. The
information is stored in the computer for future use. Generally, information emerges
through the interpretation of data.

Knowledge: The answer to the question of how. It is to increase performance in decision
making, prediction and search for the truth. It is to ensure continuity of learning.

Understand (Understanding - Consciousness): Evaluation of Why, Why questions. It is
becoming conscious by understanding, grasping, feeling. It is sharing of knowledge.

Wisdom: Deep, comprehensive, holistic knowledge that not everyone can reach. It is an
evaluated understanding. It is making decisions and interpreting by questioning, making
predictions.

Data preparation is the process of making raw data suitable for later processes and
analyses. The basic steps include collecting raw data, cleaning it, and labeling it in a way
suitable for machine learning (ML) algorithms, and then discovering and visualizing the data.

Steps in the data preparation process:

1- Data collection: Relevant data is collected from operational systems, data warehouses,
data lakes, and other data sources. During this step, data scientists must verify that the
planned analytical applications are suitable for their goals.

2- Data discovery and profiling: Data profiling is used to investigate the collected data to
determine what it contains and prepare it for the intended use, to identify patterns,
relationships, and other attributes in the data, as well as inconsistencies, anomalies, missing
values, noise, incorrect values, and other issues, and to address these.

3- Data cleaning: Complete and accurate data sets are created by correcting identified data
errors and issues. For example, data cleaning removes or corrects incorrect data, fills in
missing values, and reconciles inconsistent entries.

4- Data structuring: At this point, the data needs to be modeled and organized to meet
analytical requirements. For example, data stored in comma-separated values (CSV) files or
other file formats needs to be converted into tables to be accessible to analysis tools.



5- Data transformation and enrichment: In addition to being structured, data typically needs
to be converted into a unified and usable format. For example, data transformation can
involve creating new fields or columns that collect values from existing fields. Datasets are
developed and optimized as needed through measures such as data enrichment,
augmentation, and addition of data.

6- Data validation and publishing: Automated routines are run against the data to verify the
consistency, completeness, and accuracy of the data. The prepared data is then stored in a
data warehouse, data lake, or other repository and either used directly by the person who
prepared it or made available to other users.

7- Splitting into training and test datasets

8- Modeling

1.2. Numbering Systems

Data types, classes, aggregation, and equationalization are the building blocks of
programming. They tell the computer how to interpret and store data. The most common
data types are integers, strings, booleans, dates, arrays, and objects. Integers are whole
numbers, strings are text, booleans can be true or false, date and time data types can
represent a specific point in time, and objects can store multiple pieces of data.

Number System is a method of representing numbers on the number line with the help of a
set of Symbols and rules. These symbols range from 0-9 and are termed as digits.

Number System in Maths

Number system in Maths is a writing system for expressing numbers. It is a mathematical
notation for representing numbers of a given set, consistently using digits or other symbols.
It allows us to perform arithmetic operations like addition, subtraction, multiplication, and
division.

Numbers, letters, arithmetic symbols conversion among different systems: ASCII Coding

Natural Numbers: 1, 2, 3 ...

Integers: -3,-2,-1,0,1,2,3

Rational Numbers: 17, -%, -0.65, 0.333
Real Numbers

Complex Numbers

string — text (“Lorem ipsum”, ...)
boolean — true, false



date — a specific point in time (February 7, 2023)
object — { name: "John", age: "19" }

Number System

f——!—I—T——T
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The four common types of Number System are:
1. Decimal Number System
2. Binary Number System
3. Octal Number System
4. Hexadecimal Number System

Decimal Number System

Number system with base value 10 is termed as Decimal number system. It uses 10 digits
i.e. 0-9 for the creation of numbers.

Here, each digit in the number is at a specific place with place value a product of different
powers of 10. The place value is termed from right to left as first place value called units,
second to the left as Tens, so on Hundreds, Thousands, etc. Here, units has the place value
as 100, tens has the place value as 101, hundreds as 102, thousands as 103, and so on.

For example: 10285 has place values as
(1x104)+(0x103)+(2x102)+(8x101)+(5x100)
1x10000+0x1000+2x100+8x10+5x1

10000 +0+200+80+5

10285

Decimal: 0 ... 9 (Decimal): Decimal number, Fractional number, Positive or negative number,
rational or irrational number.

Binary Numbering:
Number System with base value 2 is termed as Binary number system. It uses 2 digits i.e. 0
and 1 for the creation of numbers. The numbers formed using these two digits are termed
as Binary Numbers.


https://www.geeksforgeeks.org/numbers/

Binary number system is very useful in electronic devices and computer systems because it
can be easily performed using just two states ON and OFF i.e. 0 and 1.

Decimal Numbers 0-9 are represented in binary as: 0, 1, 10, 11, 100, 101, 110, 111, 1000,
and 1001

Examples:

14 can be written as 1110

19 can be written as 10011

50 can be written as 110010

Binary: Bit: O or 1
Byte: 8 bits

Octal Number System
Octal Number System is one in which the base value is 8. It uses 8 digits i.e. 0-7 for creation

of Octal Numbers. Octal Numbers can be converted to Decimal value by multiplying each
digit with the place value and then adding the result. Here the place values are 80, 81, and
82. Octal Numbers are useful for the representation of UTF8 Numbers. Octal: 3 bits (8), O ...
7

Example:
(135)10 can be written as (207)8
(215)10 can be written as (327)8

Hexadecimal Number System

Number System with base value 16 is termed as Hexadecimal Number System. It uses 16
digits for the creation of its numbers. Digits from 0-9 are taken like the digits in the decimal
number system but the digits from 10-15 are represented as A-F i.e. 10 is represented as A,
11asB,12asC, 13 as D, 14 as E, and 15 as F. Hexadecimal Numbers are useful for handling
memory address locations. Hexadecimal: 4 bits, O .... 15, {0,1,2,3,4,5,6,7,8,9,A, B, C, D, E, F}
(Hexadecimal number system)

Examples:

(255)10 can be written as (FF)16
(1096)10 can be written as (448)16
(4090)10 can be written as (FFA)16

Conversion from Decimal to Other Number Systems

Decimal Numbers are represented with digits 0-9 and with base 10. Conversion of a number
system means conversion from one base to another. Following are the conversion of the
Decimal Number System to other Number Systems:
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‘Binary to Decimal Conversion
(1mo1on ), — (?),

1x27+1x2%4+1x2°+0x2"+1x2°+0x2%+1x2" +1x2°
128 +64 +32 +0+8+0+2 +1
(235),,

‘Binary to Hexadecimal Conversion

(10101101101 ), —— (?),,

0001, 1101, 0110, 1101,

b
1

3 6 13 — (ID6D),

| |

) D

Hexadecimal to Binary Conversion
(B2 ), — (?),

B 2, K

Lol

- EqUiVaLENt DecCimaL
" lq vaLue

2
10# Oélo I#ﬁ] N IEQ?;I;UG[E-I‘R binary

— (101100101110 ),

Natural numbers are the numbers that start from 1 and end at infinity. In other words,
natural numbers are counting numbers and they do not include 0 or any negative or
fractional numbers. For example, 3, 6, 57, 973, 4000, and so on. Natural numbers are the
counting numbers: 1, 2, 3, 4, 5, and so on. They begin at 1, unlike whole numbers, which

start at 0.
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Data Types in the software:

Data Types are used to define the type of a variable. It defines what type of data we will
store in a variable. Data stored in memory can be of many types. For example, a person's
age is stored as a numeric value, and their address is stored as alphanumeric characters.

e Numeric - int, float, complex, bool

e String - str

* Sequence - list, tuple, range

e Binary - bytes, bytearray, memoryview

* Mapping - dict

® Boolean - bool

¢ Set - set, frozenset

* None - NoneType

e int (signed integers)

* bool (subtype of integers.)

e float (floating point real values)

e complex (complex numbers)

String (string) is a collection of characters, digits, letters and symbols, it is one of the object
types and the name of a class. A string object has a sequence of characters enclosed in
double quotes, such as "Computer Engineering".

Immutable data types: Number, String, Tuple.

Variable data types: List, Dictionary, Set.

Integer (int), Short integer, Long integer: Integers are whole numbers, and integer variables
are used when you know there will never be anything after the decimal point, e.g. if you are
writing a lottery ball generator, all the balls have whole numbers on them. The difference
between short integers, integers, and long integers is the number of bytes used to store
them. This varies depending on the operating system and hardware you are using, but these
days you can assume that an integer will be at least 16 bits, and a long integer will probably
be at least 32 bits. It is more efficient to use long integers (i.e. a complete word), and many
compilers will automatically use long integers unless you specify a short integer.

Float, Single, Double, Real: Floating-point numbers are numbers that have fractional parts -
that is, they are not whole numbers. Single and double quantifiers are similar to the short
and long quantifiers used with integers - that is, they indicate how many bits are used to
store the variable. Floating-point arithmetic can cause problems with rounding and
precision, so if you're dealing with a limited number of decimal places, it's probably more
efficient to use integers and multiply all your values by a power of 10. If you're dealing with
money, it's probably better to work in pence and use integers than to work in pounds and
use floating-point variables.
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Char: A char variable is a common sight in programs (that can't handle strings) and is used
to store a single character of text. The value it actually stores is an integer representing the
code (e.g. ASCII) for the character being represented. The ASCII code is 8 bits; it represents
each key on the keyboard.

Boolean: A boolean variable can store one of two values, TRUE or FALSE. Like char, it's
usually an integer - for example in VisualBASIC, FALSE is 0 and TRUE is 1, and the values
TRUE and FALSE are themselves constants.

Arrays (Vectors, matrices): An array is a collection of variables of the same type with the
same name, differentiated by a numbered index. Note that the array normally starts at zero,
not one. The useful thing about arrays is that you can use the same code to process all the
elements in the array using a loop.

Arrays can also be used to implement a simple lookup table. For example, if you wanted to
randomly generate a day of the week, you could use an array of strings containing the days
of the week. You could then create an integer between 0 and 6 and use that as an index to
return the day of the week.

Irrational numbers:

Irrational numbers are numbers that cannot be expressed with integer fractions in any way.
It is not possible to find all irrational numbers. However, there is a way to separate irrational
numbers from rational numbers. Numbers given as integers such as 1 — 10 — 256 — 38975
and repeating decimal numbers are rational numbers. Irrational numbers do not have
repeating parts. The numbers in their decimal parts do not repeat themselves in a certain
pattern.

Irrational numbers,

® The number ‘Pi’ is an irrational number.

e Square root numbers that are not perfect squares are irrational numbers.

e A decimal number that becomes irrational as a result of the square root with a comma
after 0.

* A single digit left to the right of the comma is an irrational number.

13



1.3. Constants

The constants are the value that never changes. Because of their inflexibility, constants are
used less than variables in programming.

A constant can be:

—a number, like 25 or 3.6

—a character, like a,b,c or $

—a character string, like "this is a string"

Programming languages may contain their own predefined constants. In programming
languages, constants are values stored in memory like variables.

int: a=123
Float:a=9.99
Complex:a=5+6j

Example: Calculate area of circle
area=3.142*r*r

Variable: area, r

Constant: 3.142

14



1.4. Variables

A variable is a symbol or name that represents a value, a value that changes. A variable is
any characteristic, number, quantity, or attribute that can be measured or counted.
Examples of variables include age, gender, business income and expenses, country of birth,
capital expenditure, class grades, eye color, and vehicle type.

Variables provide temporary storage for data in a computer program or application.
Variables are used to store data in a program or to describe stored data. They have a name,
and the value stored in a variable can be changed during the execution of a program. A
property is a concept that describes an aspect or quality of a variable.

To create a variable, you use a keyword followed by the name of the variable and an
assignment operator (=) followed by the value to be stored in the variable. A variable is a
named place in memory where a programmer can store data and retrieve the data later
using the variable “a, b, ¢, y, z”. Programmers give names to variables. Variables can
represent numerical values, characters, strings of characters, or memory addresses.

Variable

Categorical

Continuous Discrete Ordinal Nominal

Numerical variables:
Numerical variables have values that describe a measurable quantity as a number, such as
"how many" or "how much." Therefore, numerical variables are quantitative variables.

Categorical variables:

Categorical variables have values that describe the ‘quality’ or ‘characteristics’ of a data
unit, such as ‘what kind" or ‘which category’. Categorical variables are divided into
categories that are mutually exclusive (in one category or another) and exhaustive (include
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all possible options). Therefore, categorical variables are qualitative variables and tend to be
represented by a non-numerical value.

Categorical variables can also be defined as either ordinal or nominal:

e An ordinal variable is a categorical variable. Observations can take on a value that can be
logically ordered or ranked. Categories associated with ordinal variables can be ranked
higher or lower than one another, but do not necessarily create a numerical difference
between each category. Examples of ordinal categorical variables include academic grades
(i.e. A, B, C), clothing size (i.e. small, medium, large, extra large), and attitudes (i.e. strongly
agree, agree, disagree, strongly disagree).

e A nominal variable is a categorical variable. Observations can take on a value that is not
arranged in a logical order. Examples of nominal categorical variables are gender, job type,
eye color, religion, and brand. The data collected for a categorical variable is qualitative
data.

Frequency Distribution: The distribution shown by the data is called the frequency
distribution. It is the number of times the same periodic signal repeats itself throughout the
whole.

Continuous Variable: Variables that can take all values (infinitely) in the range they are
defined. If you measure continuous data and express it with a function, you will obtain a
continuous function with continuous variables. For example, in the function
y(t)=Asin(wt+d), w=2nf; f: frequency, @: phase angle; m, f, ¢: constant coefficients, t:
independent time variable, y(t): dependent variable. A continuous variable is a numerical
variable. Observations can take any value between a certain set of real numbers. The value
given to an observation for a continuous variable can contain values as small as the
measuring instrument allows. Examples of continuous variables include height, time, age,
and temperature.

For example, in the function expression f(t)=at*2+bt+c, if t is a continuous variable, the
function f(t) expression is also continuous; if t is discrete, the function f(t) expression is also
expressed as discrete. The continuous function is expressed in the form f(t). If the discrete
function is f[n]; It is indicated by the index n=0,1,2....

Discrete variable:

A discrete variable is a numerical variable. If you make measurements at certain sampling
intervals, you get a series with discrete data. Observations can take a value based on a
count from a series of different exact values. An example of a discrete variable is the value
of a company on the stock exchange given at certain time intervals during the day. The data
collected for a numerical variable is quantitative data. A discrete variable is a discontinuous
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variable. They are variables that take discrete values at the intervals they are defined. They
are series. [1,3,5,2,9,5,4, ...]

Independent Dependent Variables:

A variable that changes by increasing or decreasing without being dependent on another
variable is called an independent variable. Some variables take on values depending on
another variable and are called dependent variables.

An independent variable (also known as a predictor variable) is a variable that potentially
affects, or predicts, another variable. For example, if you are investigating whether age
affects income, age is the independent variable.

A dependent variable (also known as an outcome variable) is a variable that is potentially
affected or predicted. For example, if you are investigating whether income can be
predicted by age, income is the dependent variable.

It is important to be able to distinguish between these two types, as this will determine
where you put each variable in tables and graphs. Remember that which variable is which
depends on the context; some variables (e.g. age) are always independent, while others
(e.g. smoking status) can be either independent or dependent, depending on what you are
trying to test.

y=at"2+bt+c

Here, a,b,c: coefficients (ML, range); t: independent variable; y: dependent variable

Example: Z=aX+bY+c is an example of a programming expression.

X, Y and Z are variables. Independent variables can be given a specific value or range of
values. Here, a and b are coefficients, and c is a constant value. If a feature takes the same
value in each observation, that is, does not change from observation to observation, this
situation is called constant. For example, since the value of pi will be an unchanging value, it
is defined as constant.

In the expression y=at+b, a and b are constant coefficients, and t and y are variables. y is a

variable that depends on t. Here, t is the independent variable and y is the dependent
variable.
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Measured Variables:

Measurement is the process of comparing an unknown quantity with a unit quantity of the
same type and determining how many times it is. In physics, a set of numerical values are
needed to define variables quantitatively. These numerical values are called physical
guantities. There are many physical quantities such as mass, length, time, speed,
acceleration, force, temperature, energy, electric field strength, magnetic flux, etc. Physical
guantities can be examined in two groups as "basic physical quantities" and "derived
physical quantities".

Basic Quantities: These are quantities that are directly determined, that is, not determined
with the help of other physical quantities. For example, mass, time, length, etc.

Derived Quantities: These are quantities that cannot be directly determined, that is, can be
derived with the help of basic quantities. For example, area, volume, speed, acceleration,
etc.

The necessary precision and accuracy are defined in measurement, and a measuring
instrument is used. Measurement is assigning numerical values to objects, events, or
abstract concepts according to a set of known rules.

The data collected during the study are known as variables:
* Any physiological, psychological or performance characteristic of an organism
e Any characteristic of the organism's environment.

Levels of Measurement:

¢ A nominal scale is a measure of identity or category. It is useful for measuring qualitative
data. It does not provide information about order or magnitude.

* An ordinal scale is a measure of order or rank. It is used to organize data into series. It
does not provide information about magnitude.

e An interval scale is a measure of order and quantity. The difference between values can be
calculated. You can also measure the difference between two interval scale values, but
there is no natural zero. For example, temperature scales are interval data where 25C is
hotter than 20C, and a difference of 5C has some physical meaning. Note that OC is
arbitrary, so it does not make sense to say that 20C is twice as hot as 10C.

e A ratio scale is an interval scale with a true zero. The ratio of any two scale points is
independent of the units of measurement.
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Accuracy is the degree to which a measured or calculated quantity corresponds to its true
(actual) value. Accuracy is closely related to precision, also called repeatability, the degree
to which subsequent measurements or calculations show the same or similar results.

Interpreting the measurement result: equality, identity, compatibility, similarity -
difference, validity, unity.

The size or magnitude of an object is a property that determines whether the object is
larger or smaller than other objects of the same type.

The fabric is measured. The ball is counted. When a drop comes together with another drop,
the volume increases, it is not counted. When an apple comes together with an apple, it
becomes two apples, it is counted. The numbers are one after another. The magnitude is
side by side. Quantity is divided.

When asked what is the basis of physics, the answer is observation. Physics is a branch of
science based on observations. It is very important to be able to convey the observed events
correctly. For this, correct measurements should be taken and the measured magnitude
should be understood and expressed correctly. The unit system was found to eliminate the
differences in measurements. Thus, the unit system entered physics as a universal language
and became an indispensable part of physics.

In the mathematical world, similarity requires that two objects have the same shape, but
not necessarily the same size. For example, two different circles are both circles and similar,
but their dimensions make them different. They can be compared as similar shapes, but
they cannot be equated with each other. Two objects that are similar will have the same
shape, but one may be a scaled-down or scaled-down version of the other. The orientation
of the shape may be different, but they remain similar. Mathematically, objects are similar
when they have the same shape but are not the same size.

Identity: No matter what unknown number is given, both sides of the equation are the
same. In equations, equality is achieved with some real number. The equations mentioned
here are of course equations that are not identical. If the result is the same for each value,
the equation is said to be identical.

Theories are explanations for some phenomena based on observation, experimentation,
and reasoning. They are based on many experiments. Experiments that explain a theory
must be repeatable. You must be able to predict from a theory. Laws are summaries of
many experimental results and observations. Laws are not the same as theories because
laws only tell what happens, not why it happens. Pure Science: An attempt to learn more
about the world or an ongoing search for scientific knowledge. Pure science is done by
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scientists or people with curious minds. It involves experimentation, observation,
qguestioning, and research. It involves technology.

Technology is the application of science to meet the needs of society. Engineers, inventors,
and creative people apply scientific knowledge to build new “things” or tools. New
technology can lead to new scientific discoveries. For example: Before the invention of the
microscope, we could not know about cells.

Congruent shapes have the same measurements and overlap each other when they overlap.
Two congruent objects are the same size and shape, but their orientation or placement in a
space may be different. This does not change the fact that they are the same, because they
have the same physical properties, the same angles, and the same measurements. When
two objects are congruent, they can be matched or mapped exactly. They are the same size
and have the same shape. Congruent objects are exact in terms of measurement, shape,
and size. At first glance, the two shapes being compared may appear to be different because
of how they are placed. However, when mapped or rotated, they are exact copies of each
other and therefore congruent.

Errors:

Systematic error: Poor accuracy, Definite causes, Reproducible. Errors have consistent signs.
Errors have consistent magnitude. Can be corrected by calibration, correcting procedural
flaws, checking with a different procedure.

Random error: Poor precision, due to nonspecific causes. Cannot be repeated. Errors have

random signs, Small errors are more likely than large errors. Can be corrected by making
more measurements, improving technique, and increasing instrumental precision.
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1.5. Sequences and Series

A sequence is an ordered list of numbers following a specific rule. Each numberin a
sequence is called a “term.” The order in which terms are arranged is crucial, as each term
has a specific position, often denoted as an, where n indicates the position in the sequence.
For example:

e 2,5,8,11, 14, ... [Here, each term is 3 more then he previous term.]

e 3,6,12,24,48,...[Here, each term is 2 times of the preceding term]

e 0,1,1,2,3,5,8,13, 21, ... [Here, each term is sum of two preceding terms]
A series is the sum of the terms of a sequence. If we have a sequence al, a2, a3, ... the
series associated with it is:
S=al+a2+a3+...

How can you determine if a series converges or diverges?

A series converges if the sum of its terms approaches a finite value as more terms are added.
For a geometric series, it converges if the absolute value of the common ratio [ r | < 1. For
other types of series, various tests like the comparison test, ratio test, or integral test are
used to determine convergence or divergence.

1.6. Equations and Expressions

Expressions are written as phrases.
For example — the sum of a variable x and 6

Equations are written as sentences.
For example, the sum of 6 and the variable x equals 10.

What is the difference between a numerical expression and an algebraic or variable
expression?

Numerical expression:

-3+2+4-5

Algebraic expression:
-3x+2y—4z-5

An algebraic or numerical expression consists of three parts:
e Variable

e Coefficient

e Constant
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The letter “x” in the expression 12+x is a variable. A variable is a symbol or letter that
represents a number.

What are the variables in the following expression?
f(x,y,z)=-4x+3y-8z+9

X,Y,Z: Independent variable

f(x,y,z): Dependent variable

A coefficient is the number multiplied by a variable in an algebraic expression.
Algebraic expression Coefficient

6m+56

8r+7m+48,7

14b-8 14

A coefficient is the number that multiplies a variable. In other words, it is the number in
front of a variable.

What are the coefficients in the following expression?

f(x,y,z)=-4x+3y-8z+9

f(x,y,z)=ax+ by +cz+d

A constant is any term that does not have a variable.
The constant in the following expression is -8.
f(x,y)=- 8 + 5y + 3x

A constant is a number that cannot change its value.
expression: 5x + 7y - 2
constant: - 2

Assigning values to variables
a=b=4
This code allows us to define variables a and b:

Using this information, for example, you can assign the number of days each month hasin a
year to month names:

jan = march = may = july = august = october = december = 31

april = june = september = november = 30
february = 28
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Thus, in one go, we have defined seven variables whose value is 31, four variables whose
value is 30, and one variable whose value is 28. You know how to access the values of these
variables.

Polynomial, F(x)= an xn + an-1 Xn-1+ ... + alx + a0

Where,

a0: constant

an, an-1, ..., al, a0 : coefficients
x: independent variable

F(x): dependent variable

1.7. Functions

A signal is a model, pattern, template of a change or transformation that carries
information. Signals are mathematically represented as a function of one or more
independent variables. An image is the brightness as a function of two spatial variables, x
andy.

In this lesson, signals that contain a single independent variable are usually expressed as a
time, t, and are considered. A signal is a real-valued or scalar-valued function of an
independent variable t, although it does not represent time in a particular application.

The mathematical expression of a signal is called a function. A discrete-time signal is called a
sequence. A sequence is a function obtained by taking samples of a function at equal
intervals in the time domain. Mathematical expressions of variables that are dependent on
each other are also signals. The number of deaths from heart attacks by age, the rate of
deaths from heart attacks among married people.

Although a sequence is a special case of a function, the term function is also generally used
to refer to a function that is not a sequence. The nth element of a sequence x is denoted by
x(n), x[n] or xn. The concepts of vectors are critical in functions and sequences. They define
the direction and rate of change.

An expression such as "f(t)" refers to the value of the function f evaluated at a point t.
Instead of the value of f evaluated at a point t, engineers often use the expression "f(t)" to
refer to the function f, and this careless notation can sometimes lead to problems such as
ambiguity. Therefore, care should be taken to make a clear distinction between a function
and its value.
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Let f and g be real-valued functions of a real variable; let t be an arbitrary real number. Let H
be a system operator (that maps a function to a function).

The quantity f + g formed by adding the functions f and g is also a function.

The quantity f(t) + g(t) is a number, that is, the sum of the following: the value of the
function f evaluated at t and the value of the function g evaluated at t.

The quantity Hx is a function, that is, the output produced by the system represented by H
when the input to the system is a function of x. The quantity Hx(t) is a number, that is, the
value of the function Hx evaluated at t.

Number of independent variables (i.e., dimensionality):

e A signal with one independent variable is said to be one-dimensional (e.g., sound).

e A signal with more than one independent variable is said to be multidimensional (e.g.,
image).

Continuous or discrete independent variables:

e A signal with continuous independent variables is said to be continuous time (CT) (e.g.,
voltage waveform).

* A signal with discrete independent variables is said to be discrete time (DT) (e.g., stock
market index).

Continuous or discrete dependent variable:

e A signal with a continuous dependent variable is said to be continuous valued (e.g.,
voltage waveform).

* A signal with a discrete dependent variable is said to be discrete valued (e.g., digital
image).

e A CT signal with a continuous value is said to be analog (e.g., voltage waveform).

e A discrete-valued DT signal is said to be digital (for example, digital audio).

The polynomial Formula gives the standard form of polynomial expressions. It specifies the
arrangement of algebraic expressions according to their increasing or decreasing power of
variables.
The General Formula of a Polynomial:
f(x) =anx"+an-1x""1+ ---+ alx + a0
Where,

e an, an-1, .., al, a0 are the coefficients,

e Xxisthe variable,

e nisthe degree of the polynomial (the highest power of x).
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A polynomial is an algebraic expression consisting of terms with non-negative integer

exponents of the variable. It can be expressed as the sum of monomials, binomials, or more

complex expressions.

The degree of a polynomial is determined by the highest power of the variable in the

expression. For example, in the polynomial f(x) = 3x2 + 4x + 5, the highest power of x is 2, so

the degree of the polynomial is 2.

Like and Unlike Terms:

e Like terms: Terms that have the same variable raised to the same power (e.g.,

3x%and 5x2).

e Unlike terms: Terms that have different variables or different powers (e.g., 3x? and

4x).

Type of Polynomial

Monomial

Binomial

Trinomial

Quadratic
Polynomial

Description

Polynomials with
one term

Polynomials with
two terms

Polynomials with
three terms

Second-degree
polynomial (typically
two or three terms)
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General Formula

ax"

ax"+ by™

ax" + by™ + cz

ax2+ bx + ¢

Example

X, y2, 3y3, etc.

2x +y?, x + 3y3, etc.

2X+z+y%z—x+
3y3, etc.


https://www.geeksforgeeks.org/polynomials/
https://www.geeksforgeeks.org/degree-of-a-polynomial/
https://www.geeksforgeeks.org/what-is-monomial/

1.8. Units

Unit: A certain and unchangeable part selected as an example of its own kind to measure a
guantity; for example, the unit of length measurement is the meter, the unit of Turkish
currency is the lira. Each of the entities that constitute the multitude or each element of a
set.

International System of Units (Sl):

In the "Weights and Measurements" conference held in Paris in 1960 on the needs in
science, technology, trade and engineering, the International System of Units or the
International System of Measurements (French: Systéme International d'unités) was defined
and given an official status. The acceptance of the S| System of Units facilitated international
technical communication. At the conference, seven quantities were determined as "base
guantities".

The quantities of the same kind selected for comparison purposes to measure a quantity are
called units. The multitude of physical quantities to be measured and their differences at
the same time led to the need to establish unit systems based on a small number of base
units. Systems consisting of arbitrarily selected base quantities and quantities whose
definitions are derived from these base quantities are called unit systems. There are three
important unit systems in general use.

Mainly used unit systems:
FPS Unit System: This system, also known as the British Unit System; It is a unit system in
which length is measured in feet (ft), weight in pounds (Ib) and time in seconds (s).

CGS Unit System: It is a unit system in which length is measured in centimeters (cm), mass
in grams (g) and time in seconds (s).

MKS Unit System: It is a unit system in which length is measured in meters (m), weight in
kilogram-force (kg-f) and time in seconds (s). The name of this unit system has been
changed to Sl and has become one of the most widely used unit systems in calculations.

Definition of kilogram:

Since 1889, the definition of the kilogram has been made with a platinum-based ingot called
"Le Grand K", which is kept in a safe in Paris. However, the days of the main definition of the
kilogram are numbered. Its weight has changed due to deterioration over the years.
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We know that there are differences between the kilograms copied from the kilogram in
Paris and the Big K itself. This situation is unacceptable from a scientific point of view.
Therefore, the Big K may serve the purpose now, but it will not in 100 years.

The definition of the kilogram is changing... The gravitational force produced by
electromagnets is directly related to the electric current going to their coils. In other words,
there is a direct relationship between electricity and weight. There is a number called the
Planck constant, discovered by German physicist Max Planck, which establishes the
relationship between weight and electric current, and is represented by the symbol h. The
device known as the Kibble balance has an electromagnet on one side and a weight, such as
a kilogram, on the other. The amount of electric current passing through the electromagnet
is increased until both sides of the device are perfectly balanced. Experts can measure the
amount of electricity passing through the electromagnet with a precision of 0.000001
percent.

Units Inches Feest Yards Miles Certimeters reters

1 inch = 1 003333333 0027777 75 0000015782 &3 254 00254

1 foct = 12 1 03333333 0000189393 9 3048 030458

1 yard = 36 3 1 0000565181 & 91.44 09144

1 mile = B3 380 5280 1 760 1 180 934 .4 1809344

1 certimeter = 0337003 0.032 508 40 0010935 13 0000006213 712 1 001

1 meter = 39.37005 3.280 540 1.093613 0.000621 371 2 100 1

Common Powers:

Prefix  Symbol Power of 10 Power of 2 Prefix Symbol Power of 10

Kilo K 1 thousand = 10° 219= 1024 Milli m 1 thousandth = 1073
Mega M 1 million = 108 220 Micro n 1 millionth = 1078
Giga G 1 billion = 10° 230 Nano n 1 billionth = 107°
Tera i ) 1 trillion = 10" 240 Pico p 1 trillionth = 10712
Peta P 1 quadrillion = 10" 250 Femto f 1 quadrillionth = 10715
Exa E 1 quintillion = 108 260 Atto a 1 quintillionth = 10718
Zetta Z 1 sextillion = 102 270 Zepto z 1 sextillionth = 10721
Yotta Y 1 septillion = 102 280 Yocto y 1 septillionth = 10724
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1
1inch (in) = Efoof: =254cm =0,254m
1 foot (ft) = 30,48 cm = 0,3048 m
1 yard (yd) = 3 foot (ft) = 91,44 cm = 0,9144 m
1 mile (mi) = 1760 yard (yd) = 1609 m
1
1 ound (oz) = 16 Pound Ib) = 28,4 g = 0,00384 kg

1 pound (Ib) = 0,454 kg = 454 g
1stone = 141b = 6,35 kg

UNITS OF VOLUNME UNITS OF WEIGHT
1 gallon = 3 78 liters 1 knlogram (kg) = 2.2 pounds (lbs)
= 231 cubic inches lpound = 045Kg (oD
- - . = 16 ounce (oz
= 0.1335 cubic ft loz = 437.5 grains
= 4 gquarts
= 8 pints 1 carat = 200mg
1 fl ounce = 2957 cubic centimeter (cc) 1 stone (T K ) = 636 kg
or mullilsters (ml) MNOTE: These are the U.S. customary (avoirdupois) equivalents, the troy
or apothecary system of equivalents, which differ markedly, was used long
1 in? = 16.387 cc ago by pharmacists
o UNITS OF POWER / ENERGY
UNITS OF AREA
1 HP. = 33,000 fi-lbs/min
1 sq meter = 10.76sq ft = 550 fi-lbsisec
= 746 Watts
1 sq in = G645 sq nli]_lirnetters- (mm) = 2545 BTU/hr
. = 1.000.000 sq mil (BTU = British Thermal Unit)
1 mil = 0.001 inch
1 BTU = 1055 Joules
1 acre = 43560 sqft >> Joules
= 778 fi-lbs
= 0.293 Watt-hrs

Carob seeds are always the same gram. Historically, carat was used for diamond
measurement. 1 Carat = 200mg 16 carob seeds make 1 dirham. 1 dirham = 3gr
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UNITS OF LENGTH

1 inch (1n)
1 foot (ft)

1 yard (yd)
1 meter (m)

1 kilometer (km)

1 statute muile
(sm or stat. muile)

1 nautical mule
(nm or naut. mule)

1 furlong

2.54 centimeters (cm)
3048 cm = 0.3048 m

0.9144 meter
39.37 inches

0.54 nautical mile
0.62 statute nule
1093 .6 yards
3280.8 feet

0.87 nautical mule
1.61 kilometers
1760 yards

5280 feet

1.15 statute mules
1.852 kilometers
2025 yards

6076 feet

1/8 mi (220 yds)

UNITS OF SPEED

1 foot/sec (fps)

1000 fps

1 kalometer/hr
(km/hr)

1 mule/hr (stat.)
(mph)

0.59 knot (kt)*
0.68 stat. mph
1.1 kilometers/hr

600 knots

0.54 knot
0.62 stat. mph
0.91 ft/sec

0.87 knot
1.61 kilometers’hr
1.47 ft/sec

1.15 stat. mph
1.69 feet/sec

1.85 kilometer/hr
0.515 mv/sec

*A knot 1s 1 nautical mule per hour.




2 o Signals and Systems

A signal is a functional definition of a change or transformation that carries a message.
Information is given meaning by a signal. If you measure the signals, you manage the
processes.

Mathematically, signals are represented as functions of one or more independent variables.
A function f is called a sequence (vector) of variables (ti) in which each {ti, i=1,2, ... ,n}is
sampled at independent discrete times.

The function f(t) is continuous, f(t), is called a dependent variable of the independent
variable t. We usually consider signals that contain a single independent variable called
time, t. A signal is a real-valued or discrete-valued function of an independent variable t.
Although it does not represent time in a particular application, a signal is a real-valued or
discrete-valued function of an independent variable t.

A signal is stored and gains meaning. Information is written on a stone, a book. It is written
in @ memory or in the brain. What makes information powerful is that it can be carried and
stored in integration with signals. The information processed on the clay tablet has been
stored for ages and has stopped time.

All components that make up the universe, from subatomic particles to giant planets,
produce signals. All components that make up the universe interact with each other through
signals. There is a continuous flow of information. We become conscious by discovering the
universe and the information hidden in the signals.

In the spatial case depending on the path, there is a weakening of the signal. (frequency and
the square of the distance are weakened). Noise produces the errors.
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Input Signals Output Signals

A signal,

e Asignal is a pattern of change that carries information.

e A signal is mathematically represented as a function of one or more independent
variables.

e There are two types of electrical signal forms: Analog signal, digital signal.

e An analog signal is a real-valued or scalar-valued function of the independent variable
t. Frequency, amplitude, phase and time are independent variables.

e Anpicture is the change of colors as a function of two spatial variables, x and y.

e Digital signals: binary (binary number system), bit:0/1. Signals in the internal structure
of computer systems are represented by electrical signals in the binary number
system.

e Systems are units that process input signals and convert the input signal into another
signal in order to produce output signals in line with the purpose.

e Systems can be physical or hardware, as well as completely software. Software ones
are called mathematical models and mathematical programs are also called virtual
systems.

Signal types:

Analog signals are continuous in terms of time, frequency, phase and amplitude. It is a signal
whose amplitude, phase and frequency change over time. It consists of a mixture of
sinusoidal signals. Example: voltage, current, temperature,... The signals that exist in the
non-computer world are analog. X(t)=Asin(wt+g). The components of an analog signal: A:
amplitude, f: frequency, @: phase, t: time. The signal can be temporal (function of time),
spatial (function of space), spatiotemporal.

Digital (Numerical) signals are the representation of signals that are discrete in terms of
both time and amplitude in the binary number system. (bit:0/1)

Discrete-time signals are discrete in time and continuous in amplitude. They are amplitude
values taken continuously from an analog signal at certain time intervals. These sample
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amplitude values taken are represented by a bit group consisting of 1/0s. In theory, it is
discrete-time continuous. It is based on sample values taken from amplitude signals. In
computer science, its equivalent is vector; array or matrix.

Analog signal is a continuous signal whose amplitude, frequency and phase change over
time. All systems and all components that make up the universe produce analog signals.
In general, an analog signal consists of the sum of sinusoidal signals.

An analog signal generally consists of the sum of sinusoidal signals or their combination with
certain arithmetic operations. A sinusoidal signal, X(t)=Asin(wt+g)

W=2*pi*{, radial frequency

@: phase

A: Amplitude

F: frequency, the number of vibrations or periods in one second. Signals are transmitted at
different frequencies. The hearing range of the ear: 300Hz to 20 KHz. GSM frequency:
900MHz, 1800Mhz, 2100MHz, 3Ghz and 30GHz, 6G: Terahetrz; Satellite: 9Ghz to 14GHz
Period: The repetition time of a similar analog signal that is repeated continuously.
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2.1. Intelligent systems as feedback.

X(t)

— Sistem y(t)

T

If the outputs of the systems become inputs as feedback, the systems start to become
smarter.

Feedback Systems:
x(1) [ e(n) f f w0 -
+ wir) o
e(t) = (o) =—ayw(t) —ar y(t) + x(1)
dt
oy dv()
w(t)) = o

47 () dv(t)
=—q]

dr? dr

2 ] ?

A0, 5y DO

dt dt

—ar y(1) + x(1)

+a,y(1) = x(1)

The relationship between integral and derivative plays a critical role in the mathematical
modeling of systems. In a system that integrates the input signal, if the output is known, the
input is obtained by taking the derivative of the signal. The converse is also true; if the
output of a system that takes the derivative of the input signal is known, the input is

obtained by integrating the signal. In mathematical modeling, the system is usually
described by differential equations.
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Mathematical model of linear state space equations:

» D
u » B x f : o y
A
x(t) = A(t)x(t) + B(t)u(t)
y(t) = C(t)x(t) + D(t)u(t)
The transfer function of this system:
x (1) _,_+®—,..em H(s) > V(1)

r(t)

G(S) |=—

E(s) = X(s) —R(s) = X(s) —G(s)Y (s)

Y (s) =H(S)E(s) = H(s)[X (s}, Ty sy
_Y(s) _ H (s)

QL) =3e) “IxGE®H ()
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2.2. Derivatives and Integrals

Foundational working tools in calculus, the derivative and integral permeate all aspects of
system modeling.

Derivative Integral
d f(x
J(x) fx) dx
dx
The derivative of The integral of
d ff X) the function f(x) the function f(x)
- evaluated at x=a o over the range
dx x=a gives the slope of x=b to x=c gives
a the curve at x=a. jﬂ x) dx the area under
b : the curve between

fix) Six)

those points.

a X — b ¢ X—

The derivative of a function can be geometrically interpreted as the slope of the curve of the
mathematical function f(x) plotted as a function of x. But the modeling of system go far
deeper than simple geometric application might imply. Derivative importance lies in the fact
that many physical entities such as velocity, acceleration, force and so on are defined as
instantaneous rates of change of some other quantity. The derivative can give a precise
intantaneous value for that rate of change and lead to precise modeling of the desired
quantity.

The integral of a function can be geometrically interpreted as the area under the curve of
the mathematical function f(x) plotted as a function of x. You can see yourself drawing a
large number of blocks to approximate the area under a complex curve, getting a better
answer if you use more blocks. The integral gives you a mathematical way of drawing an
infinite number of blocks and getting a precise analytical expression for the area. That's very
important for geometry - and profoundly important for the system modelling where the
definitions of many physical entities can be cast in a mathematical form like the area under
a curve. The area of a little block under the curve can be thought of as the width of the strip
weighted by (i.e., multiplied by) the height of the strip. Many properties of continuous
bodies depend upon weighted sums, which to be exact must be infinite weighted sums - a
problem tailor-made for the integral. A vast number of physical problems involve infinite
sums in their solutions, making the integral an essential tool for the physical scientist.
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3 c Statistical Data Analysis

Statistics: It is a branch of science that enables estimating and commenting on risks and
opportunities as a result of systematic collection and processing of data. Statistics is the set
of methods used in the collection, processing, analysis and interpretation of data. Statistics
is a science of uncertainty. Liars use numbers.

Why statistical data analysis? Observing, gathering information.
Responding to questions with numbers.
Commenting. Making predictions, estimating.

Objects or events that contain countable or measurable characteristics (variables) and have
many similarities but also differences are called “statistical units”. If uncountable or
unmeasurable objects or events are involved, they do not constitute a statistical unit.

The population is the collection of all statistical units defined for the research. For example;
in a study conducted on the broken washing machines produced in a factory in a year, each
of the broken machines is a statistical unit, while the collection of all these machines is
called the population.

Statistical quality control; to produce accurate data at the lowest cost, on time and with the
least cost. Thus, statistical analysis provides the opportunity to make decisions based on
data in order to initiate corrective and preventive activities. Dr. E. Deming's comment on
statistical process control; The basis of poor quality is variability. Quality cannot be achieved
all of a sudden, and it is only possible to control system processes with statistical process
analysis.

There are many risks in making predictions by analyzing large data sets. Disruptive factors
such as noise, anomalies, missing data, incorrect data, intentional data, uncertainties are
active in large data sets. Large data sets also produce incorrect results due to overfitting,
bias and variance changes. Because the main behavioral characteristics of the data set are
lost. The data must be cleaned, prepared, classified, clustered and converted into
mathematical equations and expressions with regression. What needs to be done is to take
sample data sets by making small-sized samples representing the large data set. Small data
sets represent the large data set. A learning model is developed from one of the data sets
obtained as a representative. This model is tested with the selected data set for testing
purposes and the model to be used is determined by applying hypotheses. Over time,
models that make decisions are obtained by improving performance from experiences.
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First of all, generalizations should be made about the parameters of the large data set using
statistical analysis methods for small data sets obtained from the sample. Whether the
selected data sets represent the large data set is determined by statistical analysis methods.
This process is called statistical interpretation. Statistical interpretation consists of
generalizing two types of problems.

1. Estimation
2. Hypothesis testing

While performing hypothesis testing, it is determined whether the statistics of the sample
data set, in other words, the values of which are tried to be known, are suitable for the
parameters of the large data set.

There will definitely be a certain level of uncertainty when estimating parameters with the
help of a statistic. There will be a difference between the statistics of the sample data set
from which limited benefit is aimed and the parameters of the large data set. In this case,
there is a risk of making an error while estimating.

When a hypothesis is established, in order to be able to use an estimation, it is necessary to
know how reliable this estimation is. On the other hand, it is also necessary to know what
types of errors are encountered.

With statistical process analysis, problems are determined in advance, variability is reduced,
it allows monitoring of machine or process adequacy, and it determines the need for
corrective and preventive activities. When the decision-making process begins, analysis
should be continued to see that the correct decision-making is statistically under control as
a representation of the data stack.

Statistics is a branch of science that allows prediction and interpretation of risks with certain
sensitivity as a result of observing business processes and systematically collecting and
processing information.

Types of Statistics:

Descriptive statistics are procedures used to classify and summarize numerical data. Data is
summarized in a meaningful way, such as tables, graphs or numerically. Some data can be
organized as a frequency distribution. The average value and some special middle values
can be calculated from the data. For example, the median is the value at the middle point
that divides a group of numerical data into two (50% - 50%).
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Predictive statistics draw conclusions for future situations and make predictions about
deviations in the behavior of the population with data obtained by observation
(measurement).

l l

Descriptive Inferential
Statistics Statistics

Probabil
‘ — Distnbutions
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Measure of Measure of Graphical = ?eys[%ﬂshesm
Central Tendency Variability Representation g
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3.1. Measurement of Central Tendency

Measures of Central Tendency
e Arithmetic mean
e Width of distribution
e Mode
e Median - Median
e Mean Absolute Deviation (MAD)
e Variance - Standard Deviation
e Coefficient of Variation (CV)
e Coefficient of Skewness
e Coefficient of Kurtosis
e Comparison of measures of central tendency
e Spread
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Measures of Dispersion (Variation):
e Variance
e Standard Deviation
e Coefficient of Variation

Visualization methods used in descriptive statistics:
e Frequency Tables
e Figures and Graphs
e Histograms and Frequency Polygons
e Column and Pie Charts

3.2. Arithmetic Mean

n
_ izlxl'_xl‘l‘ x2+"'+xn

n n
If some of the values calculated by the arithmetic mean are too high or too low, the

arithmetic mean will not give the correct result in making an interpretation. If one or two of
the sample values taken are too high, the arithmetic mean will not reflect the tendency of
the behavior.

Average absolute deviation, variance, standard deviation and coefficients of variation. In
such cases, the tendency of the behavior can be determined by evaluating the median.

Which two central tendency measures are critical for interpreting, predicting and
developing hypotheses from the data mass? Weighted mean, standard deviation or
variance. These two expressions are critical for interpreting, predicting and drawing
conclusions.

Median evaluation is the value that separates the data series into 2 equal frequencies from
the middle after the data values of the samples taken are sorted from large to small or from
small to large.

Another method of determining behavioral tendency that does not take into account all
values in a data set (is not sensitive) is Mode measurement. Mode measurement is the most

frequently observed data value in a data set.

Variability measures such as the range of variability of data in the stack, mean deviation and
standard deviation are used. The range of change in behaviors is calculated from the
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difference between the highest and lowest values in a data series. Mean deviation is the
arithmetic average of the absolute deviations from the arithmetic mean of all data values.
The criterion that shows the levels at which sample values in a stack vary and change is
called variance.

In order to find variability, deviations of behaviors from nominal values must be analyzed
well. Since the midpoint in classified data will not always be the weighted midpoint of the
behavior, higher deviation values are measured in values grouped according to raw data.
Probability calculations and statistical methods are used together to measure the
probability of a certain change and to determine deviations very well.

The rate of change in the values of the function against the change of a variable in the
function that defines the behavior of the system is shown in tables and graphics. In order to
analyze how to approach a given point on the graph, the slope of the tangent at that point
should be found. In addition, the integral and derivative graphs of a function whose formula
is given should be drawn to support interpretation. Factor analysis, which aims to explain
measurement with a small number of factors by gathering variables together, reduces the
number of variables and makes the results obtained meaningful. Factor analysis determines
how measurement is performed. Regression analysis techniques are used to measure the
relationships between variables.

An arithmetic mean is a fancy term for what most people call an "average." When someone
says the average of 10 and 20 is 15, they are referring to the arithmetic mean. The simplest
formula for a mean is the following: Add up all the numbers you want to average, and then
divide by the number of items you just added.

For example, if you want to average 10, 20, and 27, first add them together to get
10+20+27=57. Then divide by 3 because we have three values, and we get an arithmetic
mean (average) of 19.

Want a formal, mathematical expression of the arithmetic mean?
k

'1}‘1
arithmetic mean = %
That's just a fancy way to say "the sum of k different numbers divided by k."
Check out a few examples of the arithmetic mean to make sure you understand:
Example:

Find the arithmetic mean (average) of the following numbers: 9, 3, 7, 3, 8, 10, and 2.
Solution:
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Add up all the numbers. Then divide by 7 because there are 7 different numbers.
9+3+7+3+8+10+2=427=42/7=6

Example:

Find the arithmetic mean of -4, 3, 18, 0, 0, and -10.
Solution:

Add the numbers. Divide by 6 because there are 6 numbers.
The answer is 7/6, or approximately 1.167

Mean (X or p): The mean, or arithmetic average, is calculated by summing all the values in a
dataset and dividing by the total number of values. It’s sensitive to outliers and is commonly
used when the data is symmetrically distributed.

Median (M): The median is the middle value when the dataset is arranged in ascending or
descending order. If there’s an even number of values, it’s the average of the two middle
values. The median is robust to outliers and is often used when the data is skewed.

Mode (Z): The mode is the value that occurs most frequently in the dataset. Unlike the
mean and median, the mode can be applied to both numerical and categorical data. It’s
useful for identifying the most common value in a dataset.

Mean of Grouped Data
Mean for the grouped data can be calculated by using various methods. The most common
methods used are discussed in the table below:

Direct Method Assumed Mean Method Step Deviation Method

X=a+Sfixi/Sfi x=a+hyfixi/3fi

_ o . Where,
x=>fixi/Sfi Where, .
) a is Assumed mean
Where, a is Assumed mean i = (xi— a)/h
ui=(xi—a

3fiis the sum of all diisequaltoxi—a ) i

) . h is Class size
frequencies 3fi the sum of all

3fi the sum of all

frequencies )
frequencies

Differences between Mean, Median and Mode
Mean, median, and mode are measures of central tendency in statistics.
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Feature Mean

Mean is the average of all
values.
Definition

Mean is sensitive to

. outliers.
Sensitivity

Calculated by adding up all
values of a dataset and
dividing them by the total
number of values in

Calculation dataset.

Value of mean may or may

. not be in dataset.
Representation

Median

Median is the
middle value
when data is
sorted.

Median is not
sensitive to
outliers .

Calculated by
finding the middle
value in a list of
data.

Value of median
is always a value
from the dataset.

How does Mean Median Mode link to Real Life?

In our daily life we came across various instances where we have to use the concept of

Mode

Mode is the most
frequently occurring
value in the dataset.

Mode is not sensitive
to outliers.

Calculated by finding
which value occurs
more number of
times in a dataset.

Value of mode is also
always a value from
the dataset.

mean, median and mode. There are various application of mean, median and mode, here’s

how they link to real life:

e Mean: Mean, or average, is used in everyday situations to understand typical values.

For example, if you want to know the average income of people in a city, you would

calculate the mean income.

¢ Maedian: Median is in household income data, the median income provides a better

representation of the typical income than the mean when there are extreme values.

In real estate, the median house price is often used to gauge the affordability of

homes in a particular area.

e Mode: Mode represents the most frequently occurring value in a dataset and is used

in scenarios where identifying the most common value is important. For example, in

manufacturing, the mode may be used to identify the most common defect in a

production line to prioritize quality control efforts
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Question: Find the mean, median, mode, and range for the given data
190, 153, 168, 179, 194, 153, 165, 187, 190, 170, 165, 189, 185, 153, 147, 161, 127, 180

Solution:
For Mean:
190, 153, 168, 179, 194, 153, 165, 187, 190, 170, 165, 189, 185, 153, 147, 161, 127, 180
Number of observations = 18
Mean = (Sum of observations) / (Number of observations)
=(190+153+168+179+194+153+165+187+190+170+165+189+185+153+147
+161+127+180) / 18
=2871/18
=159.5
Therefore, the mean is 159.5

For Median:
The ascending order of given observations is,
127,147, 153, 153, 153, 161, 165, 165, 168, 170, 179, 180, 185, 187, 189, 190, 190, 194
Here, n=18
Median =1/2 [(n/2) + (n/2 + 1)]th observation
=1/2 [9 + 10]th observation
=1/2 (168 + 170)
=338/2
=169
Thus, the median is 169

For Mode:
The number with the highest frequency = 153
Thus, mode = 153

For Range:

Range = Highest value — Lowest value
=194 -127
=67
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Question: Find the Median of the data 25, 12, 5, 24, 15, 22, 23, 25
Solution:

25,12,5, 24, 15, 22, 23, 25

Step 1: Order the given data in ascending order as:
5,12, 15,22, 23, 24, 25, 25

Step 2: Check n (number of terms of data set) is even or odd and find the median of the data
with respective ‘n’ value.

Step 3: Here, n = 8 (even) then,
Median = [(n/2)th term + {(n/2) + 1)th term] / 2
Median = [(8/2)th term + {(8/2) + 1}th term] / 2
=(22+23) /2
=225

Question: Find the mode of given data 15, 42, 65, 65, 95.
Solution:

Given data set 15, 42, 65, 65, 95

The number with highest frequency = 65

Mode = 65

Mean, Median and Mode are essential statistical measures of central tendency that provide
different perspectives on data sets. The mean provides a general average, making it useful
for evenly distributed data. The median gives a middle value, providing a better view of
central tendency when dealing with skewed distributions or extreme values and, the mode
highlights the most frequent value, making it valuable in categorical data analysis.

Mean, in statistical terms, represents the arithmetic average of a dataset. It is calculated by
summing up all the values in the dataset and dividing the sum by the total number of values.
For instance, if you have the numbers 2, 4, 6, 8, and 10, the mean wouldbe (2+4 +6 + 8 +
10) /5 =6.
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3.3. Measurements of Dispersion: Variance -
Standard Deviation

}P

> Xi

H-0 K u+o

Standard deviation is the root mean square (RMS) deviation resulting from the arithmetic
mean of the values. How much does each value in the data set deviate from the weighted
mean? In fact, the square of the deviations from the weighted mean are examined. Why?
Variance can be calculated to comment on the distribution of the data. In probability and
statistics, the standard deviation of a probability distribution is a measure of the spread of a
random variable or a set or values. It is usually indicated with the letter o (lowercase sigma).
Standard deviation is defined as the square root of the variance. Variance is the sum of the
squares of the differences between the data and the arithmetic mean. It measures the
spread of the measured data to the mean. Standard deviation gives the deviation from the
arithmetic mean.

A large data set cannot be analyzed soundly. Why? Noisy, error, missing data, manipulation,
A minimum number of sample data sets representing the large data set is taken. Does the
sample data set represent the large data set? For this, variance, skewness and kurtosis
coefficients are examined.

If the data values are close to the arithmetic mean, the standard deviation is small. Also, if

many data points are far from the mean, the standard deviation is large. If all data values
are equal, the standard deviation is zero.
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An important measure of change in a data distribution is the variance. The standard
deviation is obtained by taking the square root of the variance.

The standard deviation shows how close each value in the series is to the arithmetic mean.
A small standard deviation shows that the deviations and risk in the mean are small, while a
large standard deviation shows that the deviations and risk in the mean are large.
If data is collected from the entire population in a study, it is called a complete count. A
sample is a data group consisting of certain elements selected from a population.

Variance
According to layman’s words, the variance is a measure of how far a set of data are
dispersed out from their mean or average value. It is denoted as ‘0?’.

Properties of Variance
e |t is always non-negative since each term in the variance sum is squared and
therefore the result is either positive or zero.
e Variance always has squared units. For example, the variance of a set of weights
estimated in kilograms will be given in kg squared. Since the population variance is
squared, we cannot compare it directly with the mean or the data themselves.

Standard Deviation

The spread of statistical data is measured by the standard deviation. Distribution measures
the deviation of data from its mean or average position. The degree of dispersion is
computed by the method of estimating the deviation of data points. It is denoted by the
symbol, ‘o’.

Properties of Standard Deviation
o It describes the square root of the mean of the squares of all values in a data set and
is also called the root-mean-square deviation.
¢ The smallest value of the standard deviation is O since it cannot be negative.
¢ When the data values of a group are similar, then the standard deviation will be very
low or close to zero. But when the data values vary with each other, then the
standard variation is high or far from zero.

Variance and Standard Deviation Formula

As discussed, the variance of the data set is the average square distance between the mean
value and each data value. And standard deviation defines the spread of data values around
the mean.
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Variance and Standard Deviation are the important measures used in Mathematics and
Statics to find the meaning from a large set of data. The different formulas for Variance and
Standard Deviation are highly used in mathematics to determine the trends of various
values in mathematics. Variance is the measure of how the data points vary according to the
mean while standard deviation is the measure of the central tendency of the distribution of
the data. The major difference between variance and standard deviation is in their units of
measurement. Standard deviation is measured in a unit similar to the units of the mean of
data, whereas the variance is measured in squared units.

Population Sample
N fn
‘ 3y (% - pP 3 %= X
Variance o= — gz ==l '
N n-1

Standard deviation o=

The formulas for the variance and the standard deviation for both population and sample
data set are given below:

o’ = Population variance

N = Number of observations in population
X; = ith observation in the population

U = Population mean

s2 = Sample variance
n = Number of observations in sample
X = ith observation in the sample

Standard Deviation Formula
o = Population standard deviation
s = Sample standard deviation

Variance and Standard deviation Relationship

Variance is equal to the average squared deviations from the mean, while standard
deviation is the number’s square root. Also, the standard deviation is a square root of
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variance. Both measures exhibit variability in distribution, but their units vary: Standard
deviation is expressed in the same units as the original values, whereas the variance is
expressed in squared units.

Variance
Variance is a measure of how far the observed values in a dataset fall from the
arithmetic mean, and is therefore a measure of spread - more specifically, it is a measure of
variability. It is denoted by the Greek letter sigma squared, and its formula is given by:
_IM(x—x)?* Ix?

T n

gl X2
where:
e 0?isthe variance we are wanting to find

o Z is the summation function
e Xxis an observation in the dataset

o L'isthe population mean
e nisthe number of observations in the population.

Standard Deviation

Standard deviation is the square root of the variance, and therefore is also a measure of
spread - more specifically, it is a measure of dispersion (or, the measure of variability!).
Where variance is used to show how much the values in a dataset vary from each other, the
standard deviation exists to show how far apart the values in a dataset are from the mean,
and therefore can be used to identify outliers.

Standard deviation is denoted by the Greek letter sigma and, being the square root of
variance, is written as:

I(x —x)? Ix?
n o n

‘ _
o =\ variance = — x2

where:
e 0?isthe variance we are wanting to find

o Z is the summation function
e xis an observation in the dataset

o Listhe population mean
e nisthe number of observations in the population.
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Standard Error

Standard error is another measure of spread. The most common standard error is the
standard error of the mean, and used to measure sampling error as it measures how
accurately the mean of a sample distribution represents the mean of the population. In
other words, it shows how much variation there is likely to be between different samples of
a population and the population itself.

The main difference between the standard deviation and the standard error is that the
standard deviation is a type of descriptive statistics, used to summarise the data, whereas
the standard error of the mean describes the random sampling process, and is an estimation
rather than a definite value like the standard deviation is. It is useful because you can see
how well your sample data represents your population.

The formula is given by:

SE d
vn
where:

e SEis the standard error
e oisthe standard deviation
e nisthe sample size.

Example

Question: If a die is rolled, then find the variance and standard deviation of the
possibilities.

Solution: When a die is rolled, the possible outcome will be 6. So the sample space, n = 6
and the data set ={1;2;3;4,5,6}.

To find the variance, first, we need to calculate the mean of the data set.

Mean, X = (1+2+3+4+5+6)/6 = 3.5

We can put the value of data and mean in the formula to get;
0% =73 (xi—X)?/n

0%=¥% (6.25+2.25+0.25+0.25+2.25+6.25)

02=2.917

Now, the standard deviation,o =v2.917 = 1.708
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Examples

Example 1

Let's say we have the following dataset:

7,12,5,18,5,9, 10,9, 12, 8,12, 16

In order to find the variance and standard deviation of this, we need to first find the mean,
which is:

7+12+5+18+5+9+1U+9+12+B+12+16_123

12 2~ 10.25

The variance of this dataset is then given by:

72 +122+524+182+52+92+102+9%2+ 122 +8% + 122 + 162

g? —10.25% = 14.69
12
to two decimal places.
Then, the standard deviation is:
72+ 122+ 52 + 182 + 52 + 92 + 102 + 92 + 122 + 82 + 122 + 162
o= 12 —10.25% = 3.83

to two decimal places, and the standard error is given by:

SE 383 1.11
viz

to two decimal places.
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3.4. Anova

Variance Analysis (or ANOVA, abbreviation of the English words ANalysis Of VAriance) is a
collection of statistical models used in the field of statistics to analyze group means and
processes related to them (such as intra-group and inter-group variation). In its simplest
form, variance analysis is an inferential statistical method to test whether the means of
several groups are equal or unequal, and this test generalizes the t-test test performed for
two groups to multiple groups. If it is desired to perform multiple two-sample t-tests one
after the other for multivariate analysis, it is obvious that this results in an increase in the
probability of making a type | error. Therefore, it becomes clear that Variance Analysis will
be more useful for comparing the statistical significance of three or more (for groups or
variables) means with the test.

In short, ANOVA is a parametric inferential method and is used to test whether there is a
difference between the population means. For example, the HO hypothesis 'The average
gasoline consumption of Opel and Toyota brand vehicles is the same' is tested. The result is
obtained as "averages are the same" or "averages are not the same". It is assumed that
there is no slope coefficient for a linear relationship between the two variables in this
analysis (as in regression analysis). The most basic condition for conducting ANOVA analysis
is that the variances of the populations whose averages will be examined are the same.

ANOVA Test or Analysis of Variance is a statistical method used to test the differences
between the means of two or more groups. ANOVA helps determine whether there are
statistically significant differences between the means of three or more independent
groups. This method was first developed by the English statistician and geneticist Ronald
Fisher in the 1920s and 1930s. Since they are generally characterized by their use of the F-
distribution in statistical significance tests, this analysis is sometimes called Fisher's Analysis
of Variance.

ANOVA analysis is a statistical relevance tool designed to evaluate whether the null
hypothesis can be rejected when testing hypotheses. It is used to determine whether the
means of three or more groups are equal. The ANOVA test is used to look for heterogeneity
within groups and variability between groups. The f test returns the ANOVA test statistic.
The ANOVA formula consists of many parts. The best way to handle an ANOVA test problem
is to organize the formulas in an ANOVA table. Below are the ANOVA formulas.
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Source
Variation

Between
Groups

Error

Total

where,

of

Sum of Squares

SSB = 2nj(X;— X)?

SSE = 3 (X- Xj)

SST = SSB + SSE

e F=ANOVA Coefficient
e MSB = Mean of the total of squares between groupings

Degree of

Freedom

dfi=k-1
df2=N-k
df3I=N-1

Mean Squares

MSB = SSB / (k — 1)

MSE = SSE / (N — k)

e MSW = Mean total of squares within groupings

e MSE = Mean sum of squares due to error

e SST =total Sum of squares

e p=Total number of populations

e n=The total number of samples in a population

e SSW = Sum of squares within the groups

e SSB = Sum of squares between the groups

e SSE = Sum of squares due to error

e s =Standard deviation of the samples

e N =Total number of observations

e k=0Ornek sayisi

Examples of the use of ANOVA Formula
e Assume it is necessary to assess whether consuming a specific type of tea will result

F Value

f = MSB / MSE
or, F =
MST/MSE

in @ mean weight decrease. Allow three groups to use three different varieties of tea:

green tea, Earl Grey tea, and Jasmine tea. Thus, the ANOVA test (one way) will be

utilized to examine if there was any mean weight decrease displayed by a certain

group.

¢ Assume a poll was undertaken to see if there is a relationship between salary and

gender and stress levels during job interviews. A two-way ANOVA will be utilized to

carry out such a test.
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Important Notes on ANOVA Test
e ANOVA test is used to check whether the means of three or more groups are different
or not by using estimation parameters such as the variance.
e An ANOVA table is used to summarize the results of an ANOVA test.
e There are two types of ANOVA tests - one way ANOVA and two way ANOVA
e One way ANOVA has only one independent variable while a two way ANOVA has two
independent variables.

One-Way ANOVA

This test is used to see if there is a variation in the mean values of three or more groups.
Such a test is used where the data set has only one independent variable. If the test statistic
exceeds the critical value, the null hypothesis is rejected, and the averages of at least two
different groups are significant statistically.

The one way ANOVA test is used to determine whether there is any difference between the
means of three or more groups. A one way ANOVA will have only one independent variable.
The hypothesis for a one way ANOVA test can be set up as follows:
Null Hypothesis, HO: ul =u2 = u3 =... = uk
Alternative Hypothesis, H1: The means are not equal
Decision Rule: If test statistic > critical value then reject the null hypothesis and conclude that
the means of at least two groups are statistically significant.
The steps to perform the one way ANOVA test are given below:

e Step 1: Calculate the mean for each group.

e Step 2: Calculate the total mean. This is done by adding all the means and dividing it

by the total number of means.

e Step 3: Calculate the SSB.

e Step 4: Calculate the between groups degrees of freedom.

e Step 5: Calculate the SSE.

e Step 6: Calculate the degrees of freedom of errors.

e Step 7: Determine the MSB and the MSE.

e Step 8: Find the f test statistic.

e Step 9: Using the f table for the specified level of significance, a, find the critical

value. This is given by F(a, dfi. df2).
e Step 10: If f > F then reject the null hypothesis.

Limitations of One Way ANOVA Test:

The one way ANOVA is an omnibus test statistic. This implies that the test will determine
whether the means of the various groups are statistically significant or not. However, it
cannot distinguish the specific groups that have a statistically significant mean. Thus, to find
the specific group with a different mean, a post hoc test needs to be conducted.
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Two-Way ANOVA

Two independent variables are used in the two-way ANOVA. As a result, it can be viewed as
an extension of a one-way ANOVA in which only one variable influences the dependent
variable. A two-way ANOVA test is used to determine the main effect of each independent
variable and whether there is an interaction effect. Each factor is examined independently to
determine the main effect, as in a one-way ANOVA. Furthermore, all components are
analyzed at the same time to test the interaction impact.

The two way ANOVA has two independent variables. Thus, it can be thought of as an
extension of a one way ANOVA where only one variable affects the dependent variable. A
two way ANOVA test is used to check the main effect of each independent variable and to
see if there is an interaction effect between them. To examine the main effect, each factor is
considered separately as done in a one way ANOVA. Furthermore, to check the interaction
effect, all factors are considered at the same time. There are certain assumptions made for a
two way ANOVA test. These are given as follows:

e The samples drawn from the population must be independent.

e The population should be approximately normally distributed.

e The groups should have the same sample size.

e The population variances are equal

Suppose in the two way ANOVA example, as mentioned above, the income groups are low,
middle, high. The gender groups are female, male, and transgender. Then there will be 9
treatment groups and the three hypotheses can be set up as follows:

HO1: All income groups have equal mean anxiety.

H11: All income groups do not have equal mean anxiety.

HO2: All gender groups have equal mean anxiety.

H12: All gender groups do not have equal mean anxiety.

HO3: Interaction effect does not exist

H13: Interaction effect exists.
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Examples on ANOVA Test

Example: Three types of fertilizers are used on three groups of plants for 6 weeks. We want
to check if there is a difference in the mean growth of each group. Using the data given
below apply a one way ANOVA test at 0.05 significant level.

Fert1 Fert2 Fert3
6 8 13

8 12 9

4 9 11

5 11 8

3 6 7

4 8 12

Solution: Hypotheses are determined.
e HO:ul=p2=u3
e H1: The means are not equal

The average of each group is calculated separately.
Ort1=5, Ort2=9, Ort3=10

The average of the averages is calculated.
Total means=Tort= (ort1+Ort2+ Ort3)/3= (5+9+10)/3=24/3=8

The number of elements in each set,
N1=N2 =N3=6,

Total number of event clusters, k = 3
dfi=k-1=2

SSB = Sum of squares between the groups

SSB = n1(Ort1-Tort)? + n2(Ort2 - Tort)? + n3(0Ort3 - Tort)?
SSB = 6(5-8)°+6(9-8)*+6(10-8)°= 6*9+6*1+6*4=54+6+24=84
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X X -
Fertl (X - 5)? Fert2 ( Fert3 (
9)? 10)?
6 1 8 1 13 9
8 9 12 9 9 1
4 1 9 0 11 1
5 0 11 4 8 4
3 4 6 9 7 9
4 1 8 1 12 4
Ort2 = E2 Ort3 =
Ortl1 =5 E1 =16 E3 =28
9 24 10

SSE = Sum of squares due to error,
SSE = E1+E2+E3=16 + 24 + 28 = 68

Total number of observations, N = observation-1+ observation-2+ observation-3= 6 + 6

+6=18

dfz2=N-k=18-3=15

MSB = Mean of the total of squares between groupings
MSB=SSB/dfi=84/2=42

MSE = Mean sum of squares due to error
MSE = SSE / df, =68/ 15 = 4.53

ANOVA test statistic, f = MSB / MSE =42 /4.53 =9.33

Using the f table at a= 0.05 the critical value is given as F(0.05, 2, 15) = 3.68

e As f>F, thus, the null hypothesis is rejected and it can be concluded that there is a

difference in the mean growth of the plants.

e Answer: Reject the null hypothesis
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F-table of Critical Values of o = 0.10 for F(df1, df2)

DFl1=1 2 3 4 3 o T 3 9 10 12 15 20 24 30 40 60 120 «
DF2=1 | 39.86 4950 33.59 55.83 57.24 58.20 38.91 59.44 59.86 60.19|60.71 61.22 61.74 62.00 62.26 62.53 62.79 63.06 63.33
2| 853 900 916 924 929 933 935 937 938 939 (941 942 944 945 9456 947 947 948 949
3 | 554 546 539 534 531 528 527 525 524 523522 520 518518 517 516|515 514 513
4 | 434 432 41% 411 405 401 398 395 394 392|390 3.87 3.84 3.83 382 380 379 378 376
5 | 406 378 3.62 352 345 340 337 334 332 330|327 324 321 319 317 316 3.14 312 311
6 [ 378 346 329 318 311 3.05 301 298 296 2954|290 287 284 282 280 278 276 274 172
7| 359 326 307 29 288 283 278 275 272 270|267 263 2359 258 2356 234 251 249 247
8 [ 346 311 292 281 273 267 262 259 256 254|250 246 242 240 238 236 234 232 229

9 [ 336 301 281 2069 261 255 251 247 244 242|238 234 230 228225 223 221 218 216
10 | 329 292 273 261 252 246 241 238 235 232|228 224 220 218 216 213 211 208 206
11 | 323 286 266 254 245 239 234 230 227 225|221 217 212 210 208 205 203 200 197
12 | 3.18 281 261 248 239 233 228 224 221 219|215 210 206 204 201 199 19 193 190
13 | 314 276 256 243 235 228 223 220 216 214|210 205 201 198 1% 193 190 1.88 185
14 | 310 273 252 239 231 224 219 215 212 210|205 201 19 194 191 18% 18 183 180
15 | 3.07 270 249 236 227 221 216 212 209 206|202 197 1%2 150 187 185 182 1.79 176
16 | 3.05 267 246 233 224 218 213 209 206 20319 195 189 187 184 181 178 175 172
17 | 3.03 264 244 231 222 215 210 206 203 200|1% 191 186 184 181 178 175 1.72 169
18 | 3.01 262 242 220 220 213 208 204 200 198|193 18% 184 181 178 175 172 169 166
19 | 299 261 240 227 218 211 206 202 198 196|151 1.86 181 1.79 1.76 1.73 L1.70 1.67 163
20 | 297 259 238 225 216 209 204 200 19 194)189 184 179 1.77 1.74 171 168 1.64 161
21 | 296 257 236 223 214 208 202 198 195 192|187 183 178 175 172 169 166 162 159
22 | 295 256 235 222 213 200 201 197 193 19018 181 176 173 170 167 164 160 157
23 | 294 255 234 221 211 205 199 195 192 1389|184 180 1.74 172 16% 166 162 159 155
24 | 293 254 233 219 210 204 198 194 191 188|183 178 173 170 167 164 161 157 153
25 | 292 253 232 218 20% 202 197 193 18% 187|182 177 172 169 166 163 1359 156 152
26 | 291 252 231 217 208 201 19 192 188 186|181 1.76 1.71 1.68 1.65 1.61 1.58 1.54 1.50
27 | 290 251 230 217 207 200 195 191 1.87 1.85|1.80 1.75 1.70 1.67 1.64 160 1.57 1.33 149
28 | 289 250 229 216 206 200 194 190 187 184|179 174 169 166 163 159 156 152 148
20 | 289 250 228 215 206 199 193 189 186 183|178 173 168 165 162 158 155 151 147
30 | 288 249 228 214 205 198 193 188 185 182|177 172 167 164 161 157 134 150 146
40 | 284 244 223 209 200 193 187 183 179 176|171 166 161 157 154 151 147 142 138
60 | 279 235 218 204 195 187 182 177 174 171|166 160 154 151 148 144 140 135 129
120 | 275 235 213 159 150 1.82 1.77 1.72 1.68 165|160 1.55 148 145 141 1.37 132 126 1.19%
co | 271 230 2.08 194 185 1.77 1.72 167 1.63 160|155 149 142 138 134 130 124 1.17 1.00
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F-table of Critical Values of a = 0.05 for F{df1, df2)

DFl1=1 2 3 4 =) 1] T 8 9 10 12 15 20 24 30 40 60 120 wx

DEF2=1 | 161.45 199350 21571 224 58 230.16 233.00 23677 238.88 24034 241.88|24301 24595 248.01 24905 250.10 251.14 25220 25325 25431
2 | 1851 1900 19.16 19.25 1930 1933 1935 1937 1938 19.40(19.41 1943 1945 19.45 1946 1947 1948 1949 1950
3 | 1013 955 928 912 %01 8%4 B8% 88> BBl 879|874 870 860 864 862 839 BS5T 835 853
4 | 771 694 659 63% 626 6.16 6.09 604 600 596|591 58 580 577 575 572 569 566 5.63
5| 661 579 541 519 505 495 4838 482 477 474468 462 450 453 450 446 443 440 437
6 [ 599 514 476 453 439 428 421 415 410 406|400 394 387 384 381 377 374 370 367
7| 5359 474 435 412 397 387 379 373 368 364|357 351 344 341 338 334 330 327 323
8 | 532 446 407 384 369 358 350 344 339 335|328 322 315 312 308 304 301 297 293
9 | 512 426 380 363 348 337 32% 323 318 314|307 301 294 290 286 283 279 275 271
10 | 49 410 371 3438 333 322 314 307 302 298|291 285 277 274 270 266 262 258 254
11 | 484 398 359 336 320 3.09 301 295 290 285|27% 272 265 261 257 253 249 245 240
12 | 475 389 349 326 311 3.00 291 285 280 275|260 262 254 251 247 243 238 234 230
13 | 467 381 341 318 303 292 283 277 271 267|260 253 246 242 238 234 230 225 221
14 | 460 374 334 311 29 285 276 270 265 260|253 246 239 235 231 227 222 218 213
15 | 454 368 320 306 290 279 271 264 25% 254|248 240 233 229 225 220 216 211 2.07
16 | 449 363 324 301 285 274 266 259 254 249|242 235 228 224 219 215 211 206 2.01
17 | 445 359 320 296 281 270 261 255 249 245|238 231 223 219 215 210 206 201 196
18 | 441 355 316 293 277 266 258 251 246 241|234 227 219 215 211 206 202 197 192
19 | 438 352 313 290 274 263 254 248 242 238|231 223 216 211 207 203 198 193 188
20 | 435 349 310 287 271 260 251 245 239 235|228 220 212 208 204 199 195 19 184
21 | 432 347 307 284 268 257 249 242 237 232|225 218 210 205 201 1% 1952 187 1.81
22 | 430 344 305 282 266 255 246 240 234 230|223 215 207 203 198 194 189 184 178
23 | 428 342 303 280 264 253 244 237 232 227220 213 205 201 19 191 186 181 176
24 | 426 340 301 278 262 251 242 236 230 225|218 211 203 198 154 189 184 179 173
25 | 424 339 299 276 260 249 240 234 228 224|216 209 201 1% 192 187 182 177 171
26 | 423 337 298 274 259 247 239 232 2327 22201215 207 19% 195 19 185 180 175 169
27 | 421 335 296 273 257 246 237 231 225 220|213 206 197 15 188 184 179 173 1.67
28 | 420 334 295 271 256 245 236 229 224 219|212 204 19 191 187 182 177 171 165
20 | 418 333 293 270 255 243 235 2328 222 218|210 203 154 150 185 181 175 170 164
30 | 417 332 292 269 253 242 233 227 221 216|209 201 193 189 184 179 174 1638 162
40 | 408 323 284 261 245 234 225 218 212 208|200 192 184 179 174 169 164 158 1.51
60 | 400 315 276 253 237 225 217 210 204 199|152 184 175 170 165 159 153 147 1139
120 | 392 307 268 245 229 218 209 202 19 191|18 175 166 161 155 150 143 135 125
oo | 384 300 260 237 221 210 201 194 188 183|175 167 157 152 146 139 132 122 1.00
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F-table of Critical Values of a = 0.01 for F{df1, df2)

DF1=1 2 3 4 5 6 T 8 9 10 12 15 20 24 30 40 60 120 oo |
DF2=1 |4057 1§ '99950 40335 GErGé GTGIED GRGG.03 0OZ4.06 09GL07 EUZZAT GUGG.E0| GIOEJZ EIGTZ3 BZNG.TF BLi463 BZEOED BI86.15 GIIA03 630399 BIE0EE
2 | 98.50 99.00 99.17 99.25 9930 99.33 99.36 99.37 99.39 99.40(99.42 99.43 99.45 99.46 9947 99.47 99.48 99.49 99.50
3 | 3412 30.82 29.46 28.71 2824 27.91 27.67 2749 27.35 27.23|27.05 26.87 26.69 26.60 26.51 26.41 26.32 26.22 26.13
4 | 21.20 18.00 16.69 15.98 1552 1521 1498 14.80 14.66 14.55(14.37 14.20 14.02 13.93 13.84 13.75 13.65 13.56 13.46
5 | 1626 13.27 12.06 11.39 10.97 10.67 10.46 10.29 10.16 10.05| 9.89 9.72 955 947 53§ 529 9520 &.11 9.02
6 ( 13.75 1093 978 915 875 847 826 810 798 787|772 756 740 731 723 714 7.06 697 06388
7 [ 1225 955 845 785 746 719 699 684 672 6.62| 0647 631 6.16 6.07 59% 591 582 574 5.6>
8 [ 1126 8.65 7.59 7.01 6.63 637 6.18 603 591 581|567 552 536 528 520 512 503 495 43806
9 [ 1036 8.02 699 642 6.06 580 561 547 535 526|511 49 481 473 465 457 448 440 431
10 | 1004 756 6.55 599 564 539 520 506 494 485|471 450 441 433 425 417 4.08 4.00 391
11 | 965 721 622 5067 532 507 489 474 403 4534|440 425 410 402 3594 386 378 3.69 3.00
12 | 933 693 595 541 506 482 464 4350 439 430|416 401 386 378 370 3.62 334 345 330
13 | 9.07 670 574 521 4806 4.62 444 430 419 410|396 382 3.67 359 351 343 334 326 3.17
14 | 886 652 556 504 470 446 428 414 403 394|380 3606 351 343 335 327 318 3.09 3.00
15 | 8.68 6306 542 489 456 432 414 400 3.80 3.81|3.67 352 337 329 321 3.13 3.05 2% 287
16 | 853 623 529 477 444 420 403 389 378 369|355 341 326 318 310 302 293 285 275
17 | 840 611 519 467 434 410 393 379 3.68 359|346 331 316 308 300 252 284 275 2465
18 | 829 601 509 458 425 402 38 371 3060 351|337 323 308 300 292 284 275 266 257
19 | 8.1%9 593 501 450 417 384 377 3.63 352 343|330 315 3.00 293 284 276 267 258 249
20 | 8.10 585 494 443 410 3.87 370 3356 346 337|323 309 254 286 2.78 270 261 252 242
21 | 8.02 578 487 437 404 381 364 351 340 331317 303 288 280 272 2.64 255 246 230
22 | 795 572 482 431 399 376 339 345 335 326|312 298 283 275 267 258 250 240 231
23 | 788 5066 477 426 394 371 354 341 330 321307 293 278 270 262 254 245 235 226
24 | 782 561 472 422 390 367 350 336 326 317|303 2389 274 266 258 249 240 231 221
25 | 777 557 468 418 386 363 346 332 322 313|299 285 270 262 254 245 236 227 217
26 | 772 553 464 414 382 359 342 329 318 309|296 282 266 259 250 242 233 223 213
27 | 768 549 460 411 379 356 339 326 315 306|293 278 263 255 247 238 229 220 210
28 | 764 545 457 407 375 353 336 323 312 303|290 275 260 252 244 235 226 217 206
20 | 760 542 454 405 373 350 333 320 3.09 301|287 273 257 250 241 233 223 214 203
30 | 756 539 451 402 370 347 330 317 307 298|284 270 255 247 239 230 221 211 201
40 | 731 518 431 383 351 329 312 299 289 280|267 252 237 229 220 211 202 192 181
60 | 7.08 498 413 365 334 312 295 282 272 263|250 235 220 212 203 194 18 173 160
120 | 6.85 479 395 348 317 2906 279 266 2506 247|234 2119 204 19 186 176 166 153 138
o | 664 461 378 332 302 280 264 251 241 232(219 204 188 179 170 159 147 133 1.00
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Example 2: A trial was run to check the effects of different diets. Positive numbers

indicate weight loss and negative numbers indicate weight gain. Check if there is an
average difference in the weight of people following different diets using an ANOVA

Table.
Low Low Low Low
Fat Calorie Protein Carbohydrate
8 2 3 2
9 4 5 2
6 3 4 -1
7 5 2 0
3 1 3 3
Solution:
HO: ul1 = u2=u3 =u4
H1: The means are not equal
L L L Low
ow x-662 | °V x-3p | " (X-3.47 | carbohy | (X-1.2)?
Fat Calorie Protein
drate
8 2 2 1 3 0.2 2 0.6
9 5.8 4 1 5 2.6 2 0.6
6 0.4 3 0 4 0.4 -1 4.8
7 0.2 5 4 2 2 0 1.4
3 13 1 4 3 0.2 3 3.2
Ortl=| E1 =| Ort2= E2 =| Ort3= £3=5.4 Ort4 = E4 =
6.6 21.4 3 10 3.4 o 1.2 10.6
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Total mean, Tort = 3.6
e NI=N2=N3=N4=5k=4

SSB = Sum of squares between the groups
SSB = n1(Ort1-Tort)? + n2(Ort2 - Tort)? + n3(Ort3 - Tort)?

o SS5B=75.8
o SSE=21.4+10+54+10.6=474

e The ANOVA Table can be constructed as follows:

Source of | Sum of | Degrees of | Mean P
alue
Variation Squares Freedom Squares
dfi=k-1| "B =1 ¢t msgy
Between - SSB / (k - -
SSB=75.8 = 4 - 1 MSE
Groups 1)
=3 =8.43
=25.3
o= N - k MSE =
- SSE /(N -
Error SSE=47.4 = 20 - 4 k)
=16
=3
SST=SSB+SSE | dfs= N - 1
Total
=123.2 =19

e As no significance level is specified, aa = 0.05 is chosen.

e F(0.05,3,16)=3.24

o As 8.43 > 3.24, thus, the null hypothesis is rejected and it can be concluded that there
is a mean weight loss in the diets.

o Answer: Reject the null hypothesis
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Example 3: Determine if there is a difference in the mean daily calcium intake for people
with normal bone density, osteopenia, and osteoporosis at a 0.05 alpha level. The data was

recorded as follows:

Normal Density Osteopenia Osteoporosis
1200 1000 890

1000 1100 650

980 700 1100

900 800 900

750 500 400

800 700 350

e Using the ANOVA test the hypothesis is set up as follows:
e HO:ulul=u2=u3
e H1: The means are not equal

Norn*!al (X - 938.3) O:steope (X - 800)2 Os.teopor (X -
Density nia osis 715)?
1200 68,486.9 1000 40,000 890 30,625
1000 3,806.9 1100 90,000 650 4,225
980 1,738.9 700 10,000 1100 148,225
900 1,466.9 800 0 900 34,225
750 35,456.9 500 90,000 400 99,225
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Normal Osteope Osteopor X -
! (X - 938.3)2 STEOPE | (x - 800)? reop {
Density nia osis 715)?
800 19,126.9 700 10,000 350 133,225
Total =| Ort2= Total =| Ort3= Total =
Ortl =938.3
130,083.3 800 240,000 715 449,750
o Total mean, Tort =817.8
e nl=n2=n3=6,k=3
o SSB=152,477.7
e SSE=130,083.3+240,000 + 449,750 = 819,833.3
e The ANOVA Table can be constructed as follows:
Source of Degrees of
L. Sum of Squares Mean Squares F Value
Variation Freedom
dfi=k - 1| MSB=SSB/(k | f = MSB /
Between
SSB = 152,477.7 = 3 - 1] - 1) | MSE
Groups
=2 =76,238.6 =1.395
df2= N - k| MSE =SSE /(N
Error SSE=819,833.3 = 18 - 3| - k)
=15 =54,655.5
SST = SSB + SSE | dfs= N - 1
Total
=972,311 =17

Using the F table the critical value is F(0.05, 2, 15) = 3.68

e As 1.395 < 3.68, the null hypothesis cannot be rejected and it is concluded that
there is not enough evidence to prove that the mean daily calcium intake of the
three groups is different.

e Answer: Do not reject the null hypothesis
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Example: Calculate the ANOVA coefficient for the following data:

Plant Number Average span
Hibiscus 5 12
Marigold 5 16
Rose 5 20

Solution:

Plant n X S
Hibiscus 5 12 2
Marigold 5 16 1
Rose 5 20 4

p =

n =

N =

X =

SST =2n(x-x)2

SST=5(12-16)2 +5(16 - 16)2 + 11(20 - 16)2 = 160
MST = SST/p-1 = 160/3-1 = 80
SSE=3(n-1)=4(4+1)+4(16) =84

MSE =7

F = MST/MSE

F=11.429
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Example: The following data show the number of worms quarantined from the Gl areas of
four groups of muskrats in a carbon tetrachloride anthelmintic study. Conduct a two-way

ANOVA test.

338

324

268

147

309

Solution:

Source of Variation

Between the groups

Within the groups

Total

Since F = MIST / MSE
=9.4062 / 3.66
F=2.57

412

387

400

233

212

Sum of Squares

62111.6

98787.8

167771.4

124

353

469

222

111

Degrees of Freedom

16

24

65

389

432

255

133

265

Mean Square

9078.067

4567.89
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Example: Enlist the results in APA format after performing ANOVA on the following data
set:
[ nmeansd 3050.2610.45 3045.3212.76 3053.6711.47] n 30 30 30mean50.2645.3253.67
sd10.4512.7611.47
Solution:
Variance of first set = (10.45)2 = 109.2
Variance of second set = (12.76)2 = 162.82
Variance of third set = (11.47)2 = 131.56
MSerror = {109.2 + 162.82 + 131.56} / {3}
=134.53

MSbetween = (17.62)(30) = 528.75
F = MSbetween / MSerror

=528.75/134.53
F=4.86
APA writeup: F(2, 87)=3.93, p >=0.01, n2=0.08.
Articles Related to ANOVA Formula:

e Variance and Standard Deviation

e How to Calculate Variance?

e Frequency Distribution

ANOVA formula is an important tool for anyone involved in statistical analysis or research. It
provides a robust method for comparing the means of multiple groups and determining
whether observed differences are statistically significant. By breaking down the total
variance into components attributable to various factors and within-group variation, ANOVA
helps to identify whether these differences are due to random chance or actual effects.
Mastery of the ANOVA formula enables more precise and reliable conclusions.

ANOVA Formula - FAQs
How does one set the hypothesis for ANOVA?
The equality of the means of distinct groups must be tested in an ANOVA test. As a result,
the hypothesis is as follows:
e HO=1=2=3-=..=k=Null Hypothesis
e H1is Alternative Hypothesis: The means are not equal.

How do you calculate the ANOVA?

ANOVA compares group means’ differences. Calculate Grand Mean, Between-Group
Variability (SSB), and Within-Group Variability (SSW). Determine significance through
variance comparison.
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What is meant by ANOVA statistic?
The sample mean of the jth treatment of a grouping or a mass data sample is called the
ANOVA statistic. It is denoted by the alphabet f.

What is the p value in ANOVA?

In ANOVA, a shared P-value is initially obtained. A significant P-value in the ANOVA test
suggests statistical significance in at least one pair’s mean difference. Multiple comparisons
are then employed to identify these significant pair(s).

What do you mean by one-way ANOVA?

One-way ANOVA is a form of ANOVA test that is used when just one independent variable is
present. It compares the means of the various test groups. A test of this type can only
provide information on the statistical significance of the means; it cannot establish which
groups have different means.

What is accuracy of the ANOVA test?

Since it is more versatile and requires fewer observations, ANOVA analysis is sometimes
thought to be more accurate than t-testing. It is also more suited to employ in more
sophisticated studies than those that can be evaluated by testing.

Two-Way ANOVA

ANOVA test is a method that compares means of three or more groups, assessing if
differences are significant by analyzing variation within and between groups using F-ratio.
Two-way ANOVA is used to estimate how the mean of a quantitative variable changes
according to the levels of two categorical variables.
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ANOVA formula is made up of numerous parts. The best way to tackle an ANOVA test

problem is to organize the formulae inside an ANOVA table. Below are the ANOVA formulae.

Source of Degree of
Variation Sum of Squares Freedom Mean Squares
Between . MSB = SSB / (k
SSB = znj(Xj— X)? dfli=k-1 /1
Groups -1)
I MSE = SSE / (N
Error SSE = Znj(X-Xj)?2 df2=N-k 9
Total SST = SSB + SSE df3=N-1
where,

F is ANOVA Coefficient

MSB is Mean of the total of squares between groupings
MSW is Mean total of squares within groupings

MSE is Mean sum of squares due to error

SST is Total Sum of squares

p is Total number of populations

n is Total number of samples in a population
SSW is Sum of squares within the groups
SSB is Sum of squares between the groups
SSE is Sum of squares due to error

s is Standard deviation of the samples

N is Total number of observations
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Limitations of One Way ANOVA Test
Various limitations of one way ANOVA test are:

Assumes homogeneity of variance.

Sensitive to outliers.

Assumes normality of data distribution.
Works best with equal sample sizes.

Does not identify specific group differences.
Multiple post-hoc tests increase Type | errors.
Cannot assess interactions between variables.

Two Way ANOVA
Two-way ANOVA is a statistical analysis method used to assess how two independent

variables (factors) affect a dependent variable simultaneously. It examines both the main

effects of each factor and any interaction effects between them.

This method allows researchers to understand not only the individual effects of each factor

but also how they may interact to influence the outcome. Two-way ANOVA is commonly

applied in experimental research to study complex relationships between variables.

When to Use a Two-Way ANOVA
Two way ANOVA formula is used to in various cases including:

Use a Two-Way ANOVA when you want to analyze the effects of two categorical
independent variables on a continuous dependent variable.

It helps determine if there are significant interactions between the two independent
variables and if each independent variable has a significant main effect.

Useful when studying how two factors simultaneously influence the dependent
variable.

Allows for comparison of means across multiple groups formed by the combinations
of the two independent variables.

Helps in understanding whether the effects observed are due to one variable, the
other, or both.

Two-Way ANOVA Assumptions
Various assumptions to use Two-way ANOVA are:

Equal Variance: The variability within each group is roughly the same.

Normality: The data within each group are normally distributed.

Independence: Observations within each group are independent of each other and
across groups.

Homogeneity of Regression Slopes: The relationship between the independent and
dependent variables is consistent across all groups.
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Two-Way ANOVA: Examples
Various examples where two way ANOVA concepts are used:

e Medicine Experiment: Testing the effect of two types of medicine (A and B) on
patients from different age groups (young and old).

e Crop Yield Study: Analyzing the impact of two fertilizers (X and Y) on crop vyield
across different soil types (sandy and loamy).

e Education Intervention: Evaluating the effectiveness of two teaching methods
(traditional and online) on students from different socioeconomic backgrounds (low-
income and high-income).

e Marketing Campaign: Assessing the influence of two advertising strategies (social
media and television) on customer response among different geographical regions
(urban and rural).

o Fitness Program Evaluation: Investigating the effects of two exercise routines
(aerobic and strength training) on fitness levels among various age categories (teens,
adults, seniors).

So, two-way ANOVA is a powerful statistical method for conducting analyses on the
influence of two independent variables on a dependent variable in the
simultaneously. Researchers often utilize two-way ANOVA for two-fold reasons namely to
recognize and appreciate the way the different factors impart their influence on the
outcomes in experimental studies.

What is two-way ANOVA?
Two-way ANOVA is a statistical analysis method used to evaluate the effects of two
independent variables on a dependent variable simultaneously.

How does two-way ANOVA differ from one-way ANOVA?
While one-way ANOVA considers variation in one factor, two-way ANOVA examines the
influence of two factors and their interaction on the dependent variable.

When is two-way ANOVA appropriate?
Two-way ANOVA is suitable when studying the combined effects of two factors on an
outcome, especially in experimental research with multiple variables.

What insights does two-way ANOVA provide?
Two-way ANOVA helps researchers understand not only the individual effects of each factor
but also how they interact to influence the outcome variable.

What are the assumptions of two-way ANOVA?
Assumptions include homogeneity of variance, normality of data distribution, independence
of observations, and equal group sizes.
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How is two-way ANOVA interpreted?
Interpretation involves assessing main effects of each factor and interaction effects between
factors to determine their significance in influencing the dependent variable.

Can two-way ANOVA be used for observational studies?

Yes, two-way ANOVA can be applied to observational studies, but researchers must ensure
that assumptions are met and causal inferences are appropriately interpreted.
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4 o Probability

Probability is the determination of the probability of an event occurring. The birth of the
Probability Theory began with the passion of a gambler. A noble Frenchman named
Chevalier de Méré was seized by the passion of increasing his wealth by gambling. The
winner would be the one who rolled the double dice once in 24 times (total 6+6=12). But he
soon saw that this rule earned less. He asked his friend Blaise Pascal (1623-1662) why this
was the case. Pascal was one of the best mathematicians of that period. Until then, the
world of mathematics did not know that games of chance had anything to do with
mathematics. Pascal investigated the answer to the question asked to him with the eyes of a
mathematician. Finally, he came up with a simple but definite solution. While Chevalier's
chance of winning was 51.8% with the old rule, it was 49.1% with the new rule. This was the
reason why Chevalier lost. Pascal did not stop at solving this simple problem. He understood
that there was a larger mathematical theory behind the problem. He began exchanging
ideas with his contemporary Pierre de Fermat through correspondence. Eventually, they
created the Probability Theory, an important branch of mathematics. Today, probability
theory has long since outgrown its application to games of chance and has entered every
field that affects modern human life, such as science, industry, economics, sports, and
management. For example, many fields such as banking, insurance, quality control in
industry, genetics, kinetic theory of gases, statistical mechanics, and quantum mechanics
cannot survive without probability theory.

Some of the important mathematicians who developed Probability Theory are: Blaise Pascal
(1623-1662), Pierre de Fermat (1601-1665), Christiaan Huygens (1629-1695), Jakob Bernoulli
(1645-1705), Abraham de Moivre (1667-1754), Daniel Bernoulli (1700-1782), Comte de
Buffon (1707-1788), Pierre-Simon Laplace (1749-1827), Augustus De Morgan (1806-1871),
Thomas Bayes (1702-1761), Andrei Andreyvich Markov (1856-1922), Richard von Mises
(1883-1953).

The birth of probability theory as a branch of mathematics dates back to the mid-17th
century. In the 20th century, two important steps were taken towards the formalization of
probability. The first was the axioms put forward by Andrey Nikolaevich Kolmogorov (1903—
1987) in 1933. These axioms brought probability theory to a measurement space and
elevated it to a very general structure that included all discrete calculations related to
probability up until then as special cases. The second was the axioms put forward by Richard
Threlkeld Cox (1898-1991). Cox took probability as a primitive concept that could not be
reduced to anything simpler and revealed the basic properties it provided. In the 1960s,
without knowing each other, Ray Solomonoff, Anrey Kolmogorov, and Gregory J. Chaitin
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introduced the concept of algorithmic randomness. This new concept not only clarified the
concept of randomness on which probability theory is based, but also brought new
perspectives to information theory. Algorithmic non-uniformity, which is similar to Godel's
incompleteness theorem, is a very active topic today and seems likely to take probability
from where it is and push it even higher.

Basic Laws of Probability:

The mathematical expressions of the laws of probability are given by the following relations,
where p is the probability function and A is the event set. A is called a data set.

1)
2)
3)

4)

5)

6)

7)

8)

The sum of the probabilities of the events forming a data set of A is equal to 1.

The probability of any event in a data set of A occurring, 1>p(A)20

If the probability of any event occurring in a set is 1, the probability of the others
occurring is zero.

The sum of the probability of any event occurring and the probability of not
occurring in a set is equal to 1, p(A’) + p(A)=1.

The probability of not occurring in a set is p(A’)= 1- p(A).

The probability of two independent events occurring together,

p(A and B)= p(A)*P(B)

The probability of two dependent events occurring together,

p(A and B)=p(A)*p(B |A)=p(B)*p(A |B);

p(B |A): Probability of event B occurring after event A,

p(A | B): Probability of event A occurring after event B.

Probability of one of two independent events occurring,

P(A or B)=p(AUB)=p(A)+p(B)

Probability of one of two dependent events occurring,

p(A or B)=p(AUB)=p(A)+p(B)-p(ANB)
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4.1. Addition Rule in Independent Events

The conjunctions of A and B are prevented. Since A and B are mutually exclusive events, the
occurrence of event A or event B is equal to the sum of the simple probabilities of these
events. It is denoted by (A+B). The probabilities of mutually exclusive events are,

P(A+B) = P(A) + P(B)
P( A veya B) = P(A) + P(B)

Example:

A customer entering a store will buy a navy blue suit with a 20% probability, a black suit with
a 30% probability, a plaid suit with a 40% probability, and a brown suit with a 10%
probability. What is the probability that this customer will buy either a navy blue or a black
suit from the store?

P(A U B)=P(A) + P(B)=0.2 +0.3=0.5

4.2. Addition Rule in Dependent Events

If events are related to each other, the occurrence of event A or event B means that either
event A or event B or both events A and B occur together. If A and B do not prevent each
other;

P(A U B)=P(A) + P(B) —P(A N B)
P(A U B)=P(A) + P(B) - P(A N B)
P(A U B U C)=P(A)+P(B)+P(C)—P(ANnB) —=P(ANC) —=P(BNC) +P(ANnBNC)

Probability of A intersection B =P(A n B)
Probability of A unionB=P(A U B)
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Example:
In a department store, there are boxes of T-shirts with the sizes and colors given in the table
below. We know that one T-shirt is sold.

Blue | Red White | Black
Small 3 4 7 6
Middle 5 4 3 3
Large 6 5 4 5

a) What is the probability that the T-shirt sold is White?
P(W)=14/55=0,2545 (% 25)

b) What is the probability that the T-shirt sold is a small size?
P(S)=20/55=4/11=0,36 (%36)

¢) What is the probability that the T-shirt sold is white or small?
P(W or S)=P(B) + P(S)—P(B N S)
=14/55 + 20/55 - 7/55 =27/55=0,49 (%49)

d) What is the probability that the T-shirt sold is white and medium size?
P(B n 0)=3/55=0,0545 (%5,45)
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4.3. Multiplication Rule for Independent Events

In the multiplication rule, events that do not prevent each other.
The multiplication rule for independent events,

P(A and B)= P(A) * P(B)

The probability of independent events occurring simultaneously is equal to the product of
the probabilities of these events occurring separately.

Example:
If Person A has an 80% chance of surviving after 15 years and person B has a 60% chance of
surviving after 15 years, what is the probability that both of them will survive after 15 years?

P(A and B)=0.80 * 0.60 = 0.48 (48%)
If P(A)=%1,

P(A and B)=0.01 * 0.60 = 0.006

Example:
There are 8 free tickets and 2 winning tickets in a lottery. What is the probability of a person
who buys 2 tickets from this lottery winning the jackpot? (non-refundable)

The probability of the first ticket winning is 2/10. If the first ticket wins the jackpot, there
are 9 tickets left, 8 free tickets and 1 winning ticket. The probability of the second ticket

winning is 1/9. The probability of both tickets winning the jackpot:

P(Blve B2)= (2/10)*(1/9) = 1/45
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Example:

There are 6 lemons and 4 oranges in a box.

a)

b)

What is the probability that the first of two citrus fruits drawn from the bag in order
with returns is an orange and the other is a lemon?

With returns, Independent events:

P(P and L)= P(P)*P(L), The orange is drawn and put back into the box.

P(P and L)=4/10 * 6/10=24/100=6/25

What is the probability that the first of two citrus fruits drawn from the bag in order
without returns is an orange and the other is a lemon?

Without returns, Dependent events:

P(P and L)= P(P)*P(L /P), The probability that a lemon is drawn from the remaining
oranges after they are drawn and separated from the box.

The first is an orange, the second is a lemon, P(P and L)=4/10 * 6/9 =24/90=8/30=4/15
The first is a lemon, the second is an orange, P(L and P)=6/10 * 4 /9 =24/90=4/15

What is the probability that two citrus fruits drawn from the bag in sequence without
returns are both lemons?

No returns, Interdependent events: P(L and L)= P(L)*P(L /L), The probability of drawing
a lemon from the remaining ones after the lemon is drawn and separated from the box.
P(Land L)= 6/10 * 5/9=30/90=1/3
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4.4. Multiplication Rule in Dependent Events

4.4.1. Conditional Probability

Here, the conditional probability of event B occurring under the assumption that event A
has occurred, where A and B are two events defined in the same sample space, is

P(B|A) = P(ANB)

P4
Using this definition, we can calculate the probability of events A and B occurring together
using conditional probability.

P(ANB)=P(B|A)P(A) The probability of the common intersection of set A and set B is equal to

the product of the probability of set A and the probability of set B after the probability of set
A. Thus, the remaining part of set A in B is defined with the expression P(B|A).

»

in the same way, P(A N B) = P(A|B)P(B) is written. Then,
P(B|A)P(A) = P(A|B)P(B) is obtained.

A

Example:

45% of the candidates failed the statistics exam, 35% failed the computer exam and 25%
failed both the computer and statistics exams.

If they failed the computer, the probability of failing the statistics exam,

If they failed the statistics exam, the probability of failing the computer exam,

The one with the smallest probability will be selected. Which one will you choose?

Calculate the probability of failing at least one of these two courses (Statistics or Computer).

I: Students who failed the statistics course

B: Students who failed the computer course.

P(i)=0.45, P(B)=0.35, P(A NB)=0.25

P(i| B)=(P(inB))/(P(B))=0.25/0.35=5/7

P(B|i)=(P(inB))/(P(i))=0.25/0.45=5/9

If they failed the statistics exam, the one who failed the computer exam will be selected.
P(i UB)=P(i)+P(B)-P(inB)=0.45+0.35-0.25=0.55
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4.4.2. Total Probability Rule

When the probability of a B event cannot be calculated directly, the total probability rule is
used. For example, when a random product is taken from the 6 machines in a factory, the
probability of this product being defective is investigated. Here, if the B event is the
defective product, this product could have been produced in one of the machines A1, A2, ...,
A6.

P(B) = Z P(B|ADP(AI) = Z P(Ai N B)
i=1 i=1

The above equation is called the total probability rule.

Here, i=1,2, ... ,n

AiNAj=0,i+]j

Example:

In a factory, 50% of the goods produced are produced by machine 1, 30% by machine 2, and
20% by machine 3. It has been observed that 3%, 4%, and 5% of the goods produced by
these machines are defective, respectively. What is the probability that one of the goods
selected is defective?

Ai: Machines that produce products. (i=1,2,3)
B: A collection set for defective products.

P(A1)=0.50
P(A2)=0.30
P(A3)=0.20

P(B|A1)=0.03; The probability that the defective items in machine Al will be collected in
machine B
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P(B|A2)=0.04; The probability that the defective items in machine A2 will be collected in
machine B

P(B|A3)=0.05; The probability that the defective items in machine A3 will be collected in
machine B

Since the items produced come out of these three machines, event B occurs together with
one of the events Al, A2, A3. In this case, it can be written as the sum of three separate
events.

P(B)=P(B N Al) + P(B N A2) + P(B N A3)

P(B)= P(B|A1)P(Al) + P(B|A2)P(A2) + P(B|A3)P(A3)

P(B)= 0.03*0.50 + 0.04*0.30 + 0.05*0.20

P(B)=0.037

The probability that a randomly selected product is defective is 0.037. In other words, if

1000 products are purchased from this factory, the expected defective value among these
1000 products will be 37.

80



4.5. Bayesian Theory

It is a theorem developed by Thomas Bayes and used in calculating conditional probabilities.
In the event that more than one independent cause is effective in the occurrence of an
event, it provides convenience in calculating the probability of which independent cause will
occur.

Let P(Ai)>0 and Ai n Aj =0 for each i # j. For any event B defined in the sample space S,
provided that P(B)>0, the conditional probability of event A under the assumption that
event B has occurred or the probability of event A occurring in the set B,

If defective products are collected in B, the probability that any of these defective products

came from the selected machine,

P(B|4))P(4)  P(A4NnB)  P(A;NB)
LiP(BIADP(A) X{,P(AinB)  P(B) '

P(AJ|B)= 1<j<nolur.

Bayesian theory plays a critical role in determining what is most likely to happen. According
to Bayesian theory, in order to find the probability of an undesirable situation (B) occurring
due to a known cause (P(Aj |B)), the probability of the intersection of the undesirable
situation and the known cause with the undesirable situations (P(AjnB)) must be divided by
the sum of the probabilities of the undesirable situations (P(B)).

Example:

A large office uses 3 photocopiers. 60% of the shots are made on the first machine, 30% on
the second machine, and 10% on the third machine. The waste rates of the machines are
10% for the first machine, 20% for the second machine, and 40% for the third machine.
What is the waste rate for all copies?

Let M1, M2, M3 machines, and D represent the faulty copy (waste).

Probability of using the machines:

P(M1) = 0.60
P(M2) =0.30
P(M3) =0.10

Waste rates:

P(D\M1) =0.10
P(D\M2) =0.20
P(D\M3) = 0.40
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Probability of wasting after being pulled on machine M1: P(D\M1)=P(M1 n D) / P(M1)
Probability of wasting after being pulled on machine M2: P(D\M2)=P(M2 n D)/ P(M2)
Probability of wasting after being pulled on machine M3: P(D\M3)=P(M3 n D)/ P(M3)

If we show the events with A, B, C;

It can be writtenas A=M1 nNnD,B=M2nD,C=M3nD.P(A)=PM1nNnD)-=
P(M1)*P(D\M1)= (0.60)*(0.10) = 0.06

P(B)=P(M2 n D)= P(M2)*P(D\M2)= (0.30)*(0.20) = 0.06,

P(C)=P(M3 n D) =P(M3)*P(D\M3)= (0.10)*(0.40) = 0.04

The sum of the calculated waste probabilities for each machine will give us the total waste
probability:
P(D)=P(A)+P(B)+P(C)=0.06+0.06+0.04=0.16

We can say that 16% of all copies are wasted.

Example:

A company produces 100 units from three companies. The distribution of machines is as
follows: A1 machine produces 60 units, A2 machine produces 30 units and A3 machine
produces 10% of the products produced. A1 machine produces 10% defective products, A2
machine produces 20% and A3 machine produces 10% defective products.

a) What is the probability that one of the products produced by the company is defective?

b) What is the probability that the defective product is Type-B?

¢) Find and comment on which machine group the defective products come from with the
lowest and highest probability.

B: Probability of a product being defective?

Ai: Let i=1,2,3 be the events that the machine comes from company 1, 2 or 3.

P(A1)=0.60, P(A2)=0.30, P(A3)=0.10

Number of Al defective products= 60*10/100 = 6
Number of A2 defective products=30*20/100 = 6
Number of A3 defective products= 10*10/100=1
Total number of products =100, 13 out of 100 products are defective.

Probability of Al products being defective, P(B|A1)=0.10,
Probability of A2 machines being defective, P(B|A2)=0.20
Probability of A3 machines being defective, P(B|A3)=0.10

P(B) =13/100 is the probability that the machine is faulty.
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P(B)= P(A1)P(B|A1) + P(A2)P(B|A2) + P(A3)P(B|A3)

P(B)=0.60*0.10 + 0.30*0.20 + 0.10 * 0.10

P(B)=0.06 + 0.06 + 0.01=0.13

13% of the machines purchased from this company will be defective.

a) If one of the company's products is defective, the probability that this product is A2 can
be found by using Bayesian theory.

P(BIA)P(4;) _020x03 _
2 P(BIADP(A) 013 :

P(A2|B) =

Although the company produces 30% of the machines with A2 machines, 46% of the faulty
machines come from A2 machines.

b) If the machine purchased by the company turns out to be defective, the probability that
this machine is Al can be found by using Bayesian theory.

P(B|A1)P(Ay) _ 0.10 * 0.60 _ 046
> P(BIADP(A) 0.13

P(A,|B) =

Although the company purchases 30% of the machines from Company 2, 46% of the
defective machines come from Company Al.

c) If the machine purchased by the company turns out to be defective, the probability that
this machine is A3 can be found by using Bayesian theory.

P(B|A3)P(43)  0.10%0.10
-1 P(BIA)P(A) 0.13

P(A3|B) = =0.08

Although the company purchases 10% of the machines from a 3rd company, 8% of the
faulty machines come from A3rd company.
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5. Random Variables

There are mainly 3 types of distribution in piles:
e Clustered distribution

e Regular (Uniform) distribution

e Random distribution

Clustered distribution: This is the most common distribution in piles. It is the clustering of
the elements forming the pile in certain areas. Clustering is usually seen in plants in areas
where environmental conditions are suitable for development. Starfish can form groups in
tidal pools where they can easily find food and mate. Individuals in a flock form groups,
facilitating hunting, feeding, and defense, while also increasing the rate of utilization from
the environment where needs are met.

Regular (Uniform) distribution: This is the distribution type seen when there is competition
between individuals for insufficient resources in challenging environmental conditions.
Individuals are relatively equidistant from each other. This distribution is not a common
distribution type. Individuals directly affect each other in distribution. For example, some
plants secrete chemicals that prevent the germination, development and growth of
individuals they compete with for limited resources. Thus, they create a living space for
themselves. Uniform distribution is seen in king penguins and some pine tree species in the
Falkland Islands located in the south of the Atlantic Ocean.

Random Distribution: In random distribution, the state of each element in the pile is
independent of that of the other elements. In such distributions, situations where elements
interact with each other, such as attracting or repelling each other, also occur. For example,
in plants where pollen is pollinated by wind, random distribution is seen in the spring
months, which is the pollination period.

Variables that form a space cluster (Data Set) and take certain probability values are called
random variables. Random is the equivalent of the word random in English.

Statistics is defined as a branch of science that is used to mathematically model a random
event and to make inferences about the unknown characteristic features of the population
(Data Set) such as mean and variance with the help of this model. Modeling of a random
event is done with the help of variables that are expressed with numerical values and are
called random variables. For example, if the grade distribution in a class is between 0 and
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100, the number of students who receive their grade probabilities are known; here, the
grade ranking is expressed as a discrete random variable.

Even random trial results that cannot be expressed with numbers are transformed into a
form that can be expressed with numbers and thus probability functions can be determined.
For example, whether a product is defective or not, the winner or loser of a competition,
the marital status and educational status of a person, etc. In a production process, the
numerical values of Defective goods = 1 and Non-Faulty goods = 0 can be given.

The probability values that any random event can take when it occurs in a sample space
define the probability distribution. Probability values should cover all possible outcomes for
the event and the sum of the probabilities of the outcomes related to the event should be
equal to one. The probability value of each event in a sample space is between 0 and 1.

The different values that the units that form a whole in terms of any feature are called
variables.

For example, in the function y(t)=at*2+bt+c, t is the independent variable and continuous;
y(t) is the dependent variable; a, b, c are the coefficients and constant values. In the
definition range of a random variable, the values that the relevant function will take are
variables that are not known in advance but the probabilities of taking these values can be
calculated; y(t) is unknown in the example above; but the probability values or probability
functions that it will take according to the variables are known.

yi(t)=2at+b; this derivative gives the trajectory of the main function.
yil(t)=2a, It answers the questions of whether it is concave, convex or if it has a region.

In statistical terminology, the set of random variables is shown with capital letters (X, Y, Z,...
etc.), and the values of random variables are shown with lower case letters (x, vy, z,... etc.).

The function that shows the relationship between the values that a random variable can
take and the probabilities of taking these values is called the probability function. For
discrete variables, the probability function is the table that shows the values that the
variable has taken and the probabilities of taking these values. For continuous variables, the
probability function is given names such as probability density function or frequency
function.

In the calculation of probability values, if discrete probability functions are used, the sum

sign ( X ) is used, while if the probability density function (continuous) is used, the integral
sign ([ ) is used.
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Random Variables:

® Discrete Random Variables

e Continuous Random Variables

e Expectation of a Random Variable

e Variance of a Random Variable

e Jointly Distributed Random Variables

e Combinations and Functions of Random Variables

Example: In a dice-throwing experiment, two dice are thrown at the same time. The sample
space (S), which is expressed as the set of all possible outcomes of this experiment, is
obtained as shown below.

(1,1),(1,2), (1,3), (1,4), (1,5), (1,6);
s =121),(22),(23),(24),(2,5),(2,6);

(6,1),(6,2),(6,3),(6,4),(6,5),(6,6)
The set of values that the random variable X takes is called the “Value Set”.
The set of values that the random variable X takes is expressed as {2,3,4,5,6,7,8,9,10,11,12}.

Types of random variables:

Random variables are called discrete or continuous depending on the values they take.
Random variables whose value set is countable are called discrete, and random variables
whose value set is uncountable are called continuous.

The probability density function is expressed as the definition range of the random variable
X and the probability function for this range. The set of situations X formed by random
variables is defined as a function and the values that any random variable in this set can
take are shown as xi. If the number of values that a random variable x can take is finite or
countable, X is called a "Discrete Random Variable function". If a random variable x, which is
the result of a random experiment, can take all values in a certain range, that is, if it covers
an interval on the number line, X is called a "Continuous Random Variable function". The
function of a random variable X consists of a range of possible values.

Examples of values that a discrete random variable (X) can take:

o v=10,1
« x=0,1,2.3,...
s x=kk+Lk+2,...
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Examples of values that a continuous random variable (X) can take:
s D<x <]
s < x <o

s S ok e 4

5.1. Probability Density Function in Continuous
Random Variables

If X is a continuous random variable; X € {-o0,00}, the function f(x) is defined as the
probability density function of random variable. The probability of the continuous random
variable X being in a certain interval can be calculated with the “Probability Density
Function”.

The “Probability Density Function” has the following properties:
The probability density function is denoted by f(x). For all values of x, 1> f(x) = 0 (the curve

does not intersect the horizontal axis).

The area under the probability density function curve is equal to 1.

j_o:of (x)dx =1

fixy=1

The probability that the random variable X is a value between the values a and b in the
interval (a,b) where a<b is the area between these two values under the Probability Density
Function.
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b
P(a< X <b) =f f(x)dx

X rassal degiskeninin R’deki deger kiimesi A, sayilmaz kiime ise x’e surekli rassal degisken
denir.
If the value set of the random variable x in Real is A and it is an uncountable set, then x is
called a continuous random variable.

A={xla<X <b}

These mathematical models, which are a function of random variables, are called probability
or probability density functions.

example:
cx?, 0<x<3

fl) =

0, for other x values

What value should c take for the function above to be a “probability density function”? In
the probability density function, the integral is between 0 and infinity.

00 3
f(x)=J;) fl)dx = focxzdx=1

_ x3 3 33 03 27 27 _ g
—c3|0—c3 clgz |=F5c=75c=1lden
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Ornek:

3
—x?, 0<x<3

f) =427

0, for other x values
Find the probability distribution function F(x)?

F()_fx()d_fxs 2d__3 x3 «_ 3 x3 _x3
= JWdx= ) gpxtdx= =gl )b=5713) = %7

Calculate F (0< x<2)?
3 (28 8
The probability that the random variable X is less than 2 is 30 percent.

Calculate the probability density function of P ( x 2 1)?

=== p(x=1)

27 1_26_096
27 27 27 O

The probability that the random variable X is greater than 1 is 96 percent.
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Calculate the probability density function of P (1 < X < 2)?

I:_"'__':'__\-E:‘E]-{x{-?-:l

23 3 /x3
1<x <2)= | Zx2dx =— 2= )2
p(=x=<2) fl27xdx 27(3)|1

_323 313_8 1_7_026
T 27\ 3 27\3 ) 27 27 27

The probability that the random variable X is between 1 and 2 is 26 percent.

Example: Suppose the diameter of a metal cylinder has a probability density function.

f(x)=15-6(x—-50.2)" for 49.5<x<50.5

f(x)=0. elsewhere

f(x)

495 50.5 ¥

[07.5-6(x-50.0)")dx=[1.5x - 2(x - 50.0)° ]33

405
=[1.5x50.5-2(50.5-50.0)"]

~[1.5%x49.5-2(49.5-50.0)"]
= 75.5-74.5=1.0
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The probability that the diameter of a metal cylinder is between 49.8 and 50.1 mm can be
calculated as follows:

o

LH (1.5-6(x-50.0))dx=[1.5x-2(x-50.0)"1"%!

F(x) =[1.5x50.1-2(50.1-50.0)°]
—[1.5x49.8-2(49.8-50.0)°]
= 75.148 -74.716 = 0.432

49.5 49.8 501 50.5 X

F(x)=P(X <x)=[_f(y)dy

_ dF (x)
S (x) = —

P(a<X <b)=P(X <b)-P(X < a)
= F(b)- F(a)
P(a< X <b)=P(a<X <bh)

F(x)=P(X <x)= I:95(1.5—6(y—50.0)3)dy

=[1.5y-2(y-50.0)"1i;
=[1.5x-2(x—-50.0)"]-[1.5x49.5-2(49.5-50.0)"]
=1.5x-2(x-50.0)°-74.5

91



Example: Calculate the probability density functions of the continuous random variable X

given below.
3Xx°? 0=Xx<1
(X)= TN
/ {“ other X's
a} P(X <0.5)
b) P(X = 0.7)

c)P(0.2< X <0.8)

0.5
a)P(X <05) = J 3x%dx = x319° = 0.5° = 0.125
0

1

b) P(X=07) = f 3x2dx = x*I}, = 13— 0.7% = 0.657

0.7

0.8
c) P(02<X<08)= f 3x2dx = x3198 = 0.8% — 023 = 0.504

0.2
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5.2. Probability Density Function in Discrete Random
Variables

If we distribute all possible outcomes of a random experiment according to their
probabilities, we obtain a probability distribution. Probability distributions are the discrete
probability distributions of the random variable they belong to, and the binomial,
hypergeometric and poisson distributions are the most common discrete probability
distributions we encounter in practice. If the random variable is continuous, a continuous
probability distribution emerges.

In the probability function of a discrete random variable, x: Discrete random variable, P(x): x
is the probability function of the random variable.

The probability function for discrete variables is the table showing the values that the
random variable has taken and the probabilities corresponding to these values. Therefore,

the probability function for the discrete random variable X can be written as follows.

P(X)=p; i=123-,n ori=1,23,
The probability function for discrete variables can be written in a table form as follows.

ForeveryX;, 0 < P(X;) <1

Zn: P(X,) =1

If the values that a random variable X can take in the probability distribution are,
x1,x2,x3,...., xn, then the probabilities of these values are defined as, P(x1 ), P(x2 ), P(x3
)y, P(xn).

All possible values that the random variable X can take are shown with their probabilities as

follows:
X=X x1 X2 X3 XN
P(X=xi) P(x1) P(x2) P(x3) ... P(xn)
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Example: The probability function for the random variable X is given as follows. What value
should the constant k take in order for X to be a probability function? Note: The function
(Polynomial) is obtained from the series by the regression method.

k(X +1) X=12,3
P(X) = [D Other X's

ZP(Xi) —1

1
Zk(X+1)=k[2+3+4]=9k=1 — k=3

i=1

Example: Probability function of the random variable X?

X P(X)

0 2/7

1 4/7

2 1/7
4 2 4 6
PX=1)==- ; PX<2)=PX=0)+PX=1)==+=-==
( ) S ( ) =P( )+ P( ) S+t =5

Example:

a Cc

X 1-x
p(x) = {(Z) (E) to be a probability function

e 0<a/b<1,0sc/d<1
e a/b+c/d=1 should be.

Example: When a dice is thrown, the result is a random variable (X), and the possible results
arexi=1, 2, 3,4,5and 6, and the probability of each of them occurring is 1/6. In this case,
the probability function of this event will be as follows.

Px (x) = P(X=x)=1/6 >0
Yr o PX=x)=1/6 +1/6+1/6+1/6+1/6+1/6=1

Example: A pair of dice is thrown. A finite equally probable sample space S containing 36
ordered pairs of numbers between 1 and 6 is obtained. S={(1,1), (1,2), ... , (6,6)},
X(S)={1,2,3,4,5,6}. Let X correspond to the largest of all the numbers (a,b) in S. Find the
weighted average of X.

The f distribution of X is,
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f(1) = P(X =1) = P{(1,1)}=1/36

f(2) = P(X =2) = P{(2,1), (2,2), (1,2)} =3/36

f(3) = P(X =3) = P{(3,1), (3,2), (3,3), (2,3), (1,3)} = 5/36
f(4) = P(X =4) = 7/36

f(5) = P(X=5)=9/36

f(6) = P(X =6) = 11/36

Xi X1 X2 X3 X4 X5 X6

f(xi) 1/36 | 3/36 | 5/36 | 7/36 | 9/36 | 11/36

E(X) = —En 2332 Ly e Mgy
_“__1xif(xi)_ 36 36736 36 736 °'36
1=

Ornek:

5) \s
probability function.

3 X 2 1—x
p(x) = {( ) (—) , x=0,1 is a discrete random variable. In this case, p(x) is the

Condition-1:
P(X=0)=2/5, 0< P(X=0)< 1
P(X=1)=3/5, 0< P(X=1)< 1

Condition-2:
2/5+3/5=1

Since conditions 1 and 2 are met, p(x) is a probability function.
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5.3. Cumulative Probability Distribution Function

In probability theory and statistics, the cumulative distribution function is a function that
completely describes the probability distribution of a real-valued random variable X. It is
also called the probability distribution function or simply the distribution function.

The Cumulative Distribution Function (CDF) of a random variable is a mathematical
function that provides the probability that the variable will take a value less than or equal to
a particular number.

The CDF starts at O for the smallest possible value of X and increases to 1 as x approaches
the largest possible value of X. It is a non-decreasing function that provides a complete
description of the distribution of the random variable.

For example, if you're looking at the CDF for a test score of 80, and it gives you 0.75, this
means there's a 75% chance that a random student's score will be 80 or less.

In short, the CDF helps you understand the likelihood of a random value being within a
certain range by summing up probabilities as you go along.

The Cumulative Distribution Function F(x) of the random variable X is defined as:
F(x)=P(X<x)

Properties of Cumulative Distribution Function
Every cumulative distribution function, F, generally (but not necessarily invariably)
exhibits four properties.
F is monotonically increasing.
F is continuous from the right.

Monotonicity: The CDF is a non-decreasing function. This means that for any two values x1
and x2 such that x1<x2 the corresponding CDF values satisfy F(x1)<F(x2).

Limits: As x approaches negative infinity the CDF approaches 0. 2. F is continuous from the
right.
lim F(x)=0

X——00
As x approaches positive infinity the CDF approaches 1:

lim F(x) =1

X—00
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Continuity: The CDF of a continuous random variable is a continuous function while the CDF
of the discrete random variable has jumps or discontinuities at specific points.

Non-Negativity: The CDF is always non-negative i.e. F(x)>0F(x)=0 for the all x.

The probability that X, a discrete random variable, will not exceed any xo value can be
represented by the Cumulative Probability Function as follows.

F(xo) =P (X< x0) = X¥<y, P(X = x)

The cumulative probability function of a discrete random variable has two properties.
e For every x0 value, it is between 0 < F(x 0) < 1.
e Ifxo<xiise, F(xo) < F(x1)

How to Calculate Cumulative Distribution Function?

Steps to find cumulative distribution function are given below-

Step 1. Identify the Distribution: The Determine whether the random variable follows a
discrete or continuous distribution.

Step 2. Determine the PDF: For continuous distributions find the Probability Density
Function (PDF) f(x).

Step 3. Integrate the PDF: The Integrate the PDF from the —oo to x to find the CDF:

F(x) =j f(t)dt

Step 4. Sum the Probabilities: For discrete distributions sum the probabilities for the all
values less than or equal to the x.

Using Probability Density Function (PDF) to Find CDF
For continuous random variables the CDF F(x) is derived from the PDF f(x) by the integrating:

F(x) = f F(t)dt

his process accumulates the probability from the left up to the point x.
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Types of Cumulative Distribution Functions

CDF of a Discrete Random Variable

For a discrete random variable X with the possible values x1,x2,...,xnx1,x2,...,xn and
corresponding probabilities P(X=xi)=pi the CDF is given by:

F(x) = insx P;

The CDF of the discrete random variable increases in steps at the points where the variable
takes on the specific values.

CDF of a Continuous Random Variable
For a continuous random variable X with the probability density function (PDF) f(x) the CDF
is the integral of the PDF.

When to Use CDF vs. PDF?

e CDF: Use the CDF when we need to find the probability that a random variable is less
than or equal to the specific value. It provides the cumulative probability up to the
certain point.

e PDF: Use the PDF when you need to the find the probability density at a specific
value. The PDF represents the rate of the change of the CDF and is useful for the
calculating the probabilities over.

Example :Let X be a mixed random variable with the following distribution: P(X=0) = 0.2, P(X=1) =
0.3 and the continuous part is uniformly distributed over [2, 3]. Find the CDF F(x).

Solution:

Forx <0, F(x) =0.

ForO<z <1, F(x) =0.2.

Forl<z <2, F(x)=0.5.

For2 < z < 3the continuous part applies:
F(z)=05+05x(z—2)=05+05z—1
Thus, F(z) = 0.5z — 0.5for2 <z < 3.

Forz > 3, F(x) = 1.
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Example: Given a PDF f(z) = 2(1 — 2?) for the —1 < = < 1 find the CDF F(x).

Solution:

Integrate the PDF to find the CDF:

F(z) = [7_ f(t)dt = [ 3(1—12)dt
Solving the integral:

The CDF (F(x)) is:

0 ifz < -1
Fiz)={3(z-%+%) if-1<z<1
1 ifz>1
Example: Machine Failures
F(x)
1.0 —— ————

|

|

|

05 — I b
:
1
03 — I &

| | |

hl | |

0 50 200 350 x($cost)

—0 <x<50= F(x)=P(cost<x)=0

50<x<200= F(x)=P(cost<x)=0.3
200 < x <350 = F(x)=P(cost<x)=0.3+0.2=0.5
350 s x<ow= F(x)=P(cost<x)=0.3+0.2+0.5=1.0
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Example:

A child psychologist is interested in the number of times a newborn baby's crying wakes its
mother after midnight. For a random sample of 50 mothers, the following information was
obtained. Let X = the number of times per week a newborn baby's crying wakes its mother
after midnight. For this example, x=0, 1, 2, 3, 4, 5.

P(x) = probability that X takes on a value x.

P(x)
P(x=0) = 2/50

o X

1 P(x=1)= 11/50
2 P(x =2)= 23/50
3 P(x =3) = 9/50
4 P(x =4) = 4/50
5 P(x=5)= 1/50
X takes on the values 0, 1, 2, 3, 4, 5. This is a discrete PDF because we can count the number
of values of x and also because of the following two reasons:
a. Each P(x) is between zero and one, therefore inclusive

b. The sum of the probabilities is one, that is,
2/50+11/50+23/50+9/50+4/50+1/50=1

Example: Write the function of the probability of a thrown dice being less than 3. A thrown
dice being less than 3 is the case of a thrown dice being 1 or 2.
F(xo) =P (X<x0)=X34 P(X =1, X = 2) =1/6 +1/6= 2/6

Example: Write the function of the probability of a thrown dice being greater than 1 and
less than 6. A thrown dice being greater than 1 and less than 6 is the case of a 2, 3, 4 or 5.

F(xo) =P (X<x0)=Yo, P(X=2,X=3,X=4, X=5)=4/6
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Example:
When 2 dice are thrown, if the random variable x represents the sum of the numbers on the

upper faces of the dice, the options will be between 2 and 12. The probabilities are as

follows:

X(siklar) | 2 3 4 5 6 7 8 9 10 11 12
P(x) |1/36 2/36 3/36 4/36 5/36 6/36 5/36 4/36 3/36 2/36 1/36
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5.4. Expected Value and Variance in Random
Variables

Variables that can take on various values with certain probabilities are called random
variables. When sampling from a large dataset, two parameters are of critical importance:
weight average and variance.

The expected value or weight average for a continuous random variable (function), x is the
random variable, x is the probability density function of the random variable, and f(x) is

w=EX) = [ xf(x)dx

+oo
E(X?) =f _ x2f(x)dx

The expected value or weighted average for a discrete random variable (sequence, vector),
where f(xi) are the probability function values. The value of f(xi) is the probability of
occurrence of the random variable xi. In the set space of finite random variables X, X=(x1,
X2, ..., xn), the probability of occurrence of xi is written as f(xi) and the function defined as
P(X= xi) is called the distribution or probability function of X.

u=EX) =Xk xf(x)

n

F(X) = ) xHf ()

i=1
V(X) = E(X?) — E(X)?

Note: If E(X)>0 then the expectation is appropriate, if E(X)=0 then the expectation is
reasonable, if E(X)<0 then the expectation is not appropriate. Here, since f(xi) defines the

probabilities of occurrence of xi random variables, according to the basic laws of probability,
1> f(xi)=0

if(xi) =1
i=1

102



Let X be a random variable,

a) The expected value of X for a continuous random variable (weight average):

When the value f_+020|x|f(x)dx < 00 s taken instead of the value p=E(X) =

fj;o xf(x)dx ,itindicates that X is stable.

b) Expected value of X for discrete random variable (weight Average):
Considering the value of 3" {|X;] f(x;) <oo at the value of p=E(X)=
?:1 x;f(x;), it can be said that the random variables xi forming X follow a stable

trajectory. In the sample space of X, the xis form trajectories. Trajectory: is the path or time
followed.

Moment:

The expression E(X-p)¥ is called the kth moment of X about point a.

In classical mechanics, momentum is the product of an object 's mass and its velocity ; (p =
m v ) . Like velocity , momentum is a vector quantity , meaning that it has a direction as
well as a magnitude.

Variance:

Variance is a measure of distribution. It is an informative measure about the structure of the
distribution of units around the arithmetic mean (homogeneous or heterogeneous). The
positive square root of the variance is called the standard deviation. The standard deviation
always takes positive values. As the standard deviation value approaches zero, the
homogeneity (homogeneity) in the distribution of the relevant variable will increase.

The value of E(X- p)? is called the variance of X and is denoted by Var(X). Var(X)> 0,

2 _ TG’

Variance in the population or data set: o N

Yiz1 (xi—p)?
Variance for the selected sample in the dataset: O'2 = %
Variance in random variables, V(X) = ¥, (x; — u)?f (x)
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While the expected value provides information about the center of the distribution, the
variance provides information about the spread around the expected value.

N

N N N
VOO = ) G = 2w+ DG = ) xF FO) =20 ) w fGx) + 12 ) F0)
i=1 ' i=1 i=1

i=1

From the fundamental theory of probability Y., f(x;) = 1 dir.
N

VOO = ) 2 FO) = 2+ = E(X?) = i = EX) = E(0)?
i=1

V(X) = E(X?) — E(X)?

Expected value and Variance properties:

X represents a random variable set space. Here, the following properties can be written for
the expected value and variance, where a and b are coefficients. There may be difficulties in
interpreting the motion along a line in the orbit, so the weighted average and variance of
the motion as a translation or envelope may be desired.

E(aXt b) =aE(X) b

In the X sample set space, if the probabilities of the states in the orbit are known, the
probabilities of this new state can be calculated quickly if the orbit is changed with the
coefficients a and b. When there is any deviation in the stable states, the weight average
and variance of the new state are calculated.

Var(aX % b)=a%Var(X)
E(aX)=aE(X)
E(aX+b)=aE(X)+b
E(X+Y)= E(X) + E(Y)

Exemple:

If E(3X-6)=12, what is the weighted average?
3E(X) - 6=12 ; 3E(x)=12+6=18

E(X)=6
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E(X"2)=36.5 ise var(3X-6)="?
V(X) = E(X?) — E(X)*
V(x)=36.5-36=0.5
V(3X-6)=9* (0.5)%= 2.25

T=X1+ X2+ ... + Xn is taken E(T)=E(X1 + X2 + ... + Xn)=E(X2)+E(X2)+ ... + E(Xn)

Var(X) = E(X2)- E2(X)= E(X?)- p2

o(X) = /Var(X)

Properties of variance:
e V(a)=0, where a is a constant. In other words, the variance of the constant is zero.
e V(aX)=a%V(X), where a is a constant
e V(aX+b)=V(aX)+V(b)=a? V(X), where a and b are constants

Example: Let the variance of the random variable X be 3. Calculate the variances of the
random variables X+4 and -X+8.

V(X)=3 iken V(X+4)=V(X)=3 ve V(-X+8)=V(X)=3

Example: Calculate the expected value and variance of the random variable Y, where Y=3X-
5, E(X)=4, Var(X)=2.

E(Y)=E(3X-5)=3E(X)-5=3*4-5=12-5=7
Var(Y)=Var(3X-5)=9Var(X)=9*2=18

Example: What is the expected value of the random variable Y, where Y=X2+3X, E(X)=10,
Var(X)=67?

Var(X)=E(X?)-E(X)?

6= E(X2)-100

E(X2)=106
E(Y)=E(X2+3X)=E(X2)+3E(X)=106+3*10=136

105



5.4.1. Expected Value and Variance in Discrete
Random Variables

Purpose: To make estimates and predictions about the population based on sample
information. The expected value or weighted average and variance are calculated for a
discrete random variable.

p(x) has ALL the same properties as a probability and so we have:
1. 0 < p(x) <1 for ALL values of x
2. Yall x p(x) = 1. This

u=EX) =Xk xf(x)

n

EX®) = ) xf(x)

i=1
Varyans, V(X) = E(X?) — E(X)?

Let's consider a sample of n objects that is to be selected from a large data set:

* The selection process that gives each possible sample of n objects an equal chance of
being selected is called random sampling.

* These inferences are based on a statistic that is a certain function of the sample
information drawn from the population.

* The sampling distribution of this statistic is the probability distribution of the values
that the statistic in question can take in all samples of the same size that can be
drawn from this population.

X=(x1, X2, ..., Xn) represents the probability space X of a finite random variable. Here, the
probability of xi occurring is written as f(xi) and the function defined as P(X= xi) is called the
distribution or probability function of X. Here, the probability of f(xi) occurring satisfies the
conditions 1 >f(x)) >0 and })7-, f(x;) = 1

X1 X2 Xn

f(x1) f(x2) f(xn)
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Example:

A discrete random variable X can assume five possiblevalues: 2, 3, 5, 8, and 10. Its probability function is
shown in the table:

X 2 3 5 8 10
px)=P(X=x) |015 |0.10 | 0.25 |0.25 |0.25
Solve for the expected value and variance of X.

Soln:

E(X) =(2x015)+ (3x0.10)+ (5x 0.25)+ (8 x 0.25)+ (10 x 0.25) = 6.35

E(X?) = (2% x 0.15)+ (3*x 0.10) + (5% x 0.25) + (8% x 0.25) + (10 x 0.25) = 48.75
Therefore Var(X) = E(X?) — (E(X))* = 48.75 — (6.35)* = 8.4275

Example: A discrete random variable X can assume five possible values: 2, 3, 5, 8, and 10. Its
probability function is shown in the table:

X 2 3 5 8 10
p(x)=P(X=2x) [0.15 [0.10 ? 0.25 0.25
1. Usingthe properties of p(x) solve for P(X=5).
2. What is the probability X equals 2 or 10?
3. Whatis P(X < 8)?
4. Whatis P(X < 8)?

Soln:
1. P(X=5)=1-(0.15+0.10+ 0.25+ 0.25) = 0.25
2. PX=2uX=10)=P(X=2)+P(X=10)=0.15+0.25=0.4
3. P(X<8)=PX=2)+PX=3)+P(X=5)+P(X=8)=0.75
4. P(X<8)=P(X=2)+P(X=3)+P(X=5)=05
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Example:
Let the data set be: {6,9,12,15,18}. Let's assume f(x)=1/5, i=1,2,3,4,5. The probability
function can be written as follows.

The probability of each group occurring is examined.

X 6 |9 12 |15 |18
f(x) = P(X=x) 1/5|1/5 |[1/5 [1/5 |1/5

Let's find the mean, variance, and median of the population.

EOO == ) xf(x)

E(X?) = ) xf ()

i=1

E(x)=p=6*1/5+9*1/5+12* 1/5 + 15* 1/5 + 18*1/5=60/5=12
E(x2)=36/5 + 81/5 + 144/5 + 225/5 + 324/5 =162

Var(X) = 0% = E(X?)- u2 =162 — 144 =18

Med(X)=12 (The middle value is considered.)
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Example: There are 5 departments in the psychology department of a hospital. The
number of patients coming to the psychology department in a day is 100. The probability
of examining patients in each department is given in the table below.

Hospital Department Number 1 2 3 4 5
Fee Distribution (TL) 200 500 300 | 600 |400
Probability of being examinedin | 3/20 |2/20 |6/20 | C 5/20
each section

a) According to probability theory, what is the probability of patients in group 4
being examined?
The sum of their probabilities must be equal to 1.
3/20+2/20+6/20+C+5/20=1; C=4/20

b) Given the total number of patients, find the number of patients examined in
each department.
1. Departmant, N1=100*3/20=15

Departmant, N2=100*2/20=10

Departmant, N3=100*6/20=30

Departmant, N4=100*4/20=20

Departmant, N5=100*5/20=25

whwb

c¢) What is the weighted average of the income obtained at the end of the day?

nu=200*3/20+500%2/20+300*6/20+600*4/20+400*5/20

n=10*3+25*2+15*6+30*4+20*5 = 30+50+90 + 120 + 100 =390
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Example:

The student grades in a class are {30,40,50,60,70,80,90,100} and the probability of students
getting these grades is given in the table below. Calculate the Expected Value and Variance
using the Discrete Random Sampling equations. The number of students is 48.

X 30 |40 [50 [e0 |70 [80 |90 |100
f(x) = P(X=x) 1/8 |1/6 |1/6 |1/12 |1/8 |1/6 |1/12]1/12

n
OO == ) xif(x)
i=1
E(x)=u=30*1/8 + 40*1/6 + 50* 1/6 + 60*1/12 + 70*1/8 + 80*1/6 + 90*1/12 + 100*1/12 =
61,67
n
EX%) = ) x2f(x)

i=1

E(x?)= 30*30*1/8 + 40*40*1/6 + 50*50* 1/6 + 60*60*1/12 + 70*70*1/8 + 80*80*1/6 +
90*90*1/12 + 100*100*1/12 =4283,33

Var(X) = 02 = E(X?)- p2 =4283,33 — 3802,78 =480
Standard deviation =21.92
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Example:
Let the student grades in a class be: {60,70,80,90} and the number of students who got
these grades be: {12, 12, 12, 12}. Probability functions can be written as follows.

What is the arithmetic mean?

Find the total number of students. 12+12+12+12=48
Arithmetic mean, u = (60*12+70*12+80*12+90*12)/48 = 75
Maximum value: 90

Minimum value: 60

Half the number of students: 48/2=24

24th student grade: (70+80)/2=75

Calculate the expected value and variance using discrete random sampling equations.

X 60 70 80 90
Number of students | 12 12 12 12
f(x) = P(X=x) 12/48 | 12/48 | 12/48 | 12/48
f(x) = P(X=x) 1/4 1/4 1/4 1/4

EO == ) xif(x)
i=1

E(x)=p=+ 60*1/4 + 70*1/4 + 80*1/4 + 90*1/4 =75
n

(%) = ) a?f(x)
i=1

E(x?) =60*60*1/4 + 70*70*1/4 + 80*80*1/4 + 90*90*1/4 =5750

Var(X) = 02 = E(X?)- p2 =5750 — 5625 =125
Standard deviation =11
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Example: Machine Failures
—  P(cost=50)=0.3, P(cost=200)=0.2, P (cost=350)=0.5
— 03+0.2+05=1

50 200 350

0.3 0.2 0.5
p i

Expected repair cost:

E(cost) = ($350x0.3)+ ($200x0.2)+ ($350x 0.5) = $230

Var(X)=E(X - E(X)) =3 p(x, - E(X))

=0.3(50-230)"+0.2(200—-230)"+0.5(350-230)"
=17,100 = ¢ °

o =4/17,100 =130.77
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Ornek:

X P(X) XP(X) X2(P(X)
1/4 0 02 (1/4)=0
2/4 2/4 11 (2/4)=2/4
2 1/4 2/4 22 (1/4)=4/4
1.0 6/4=3/2

2
FOO == ) xplx) =1
i=0

2

3

FXD) =p= ) xip(w) =5
i=0

V() = EGrd) - (E) =2 12 =2

Example: The probability function of the random variable X is given below.

a) E(X2)=? b) E(X24+X)=?
X P(X)
1 1/6
2 1/6
3 1/6
4 1/6
5 1/6
6 1/6

6
E(X?) =) X2P(X)
i=1

1 1 1 1 1 1 91
2y — 922 2= 2= 2= 2- 422 =22
E(X*) 16+2 6+3 6+4 6+56+ 3 3

6

EX*+X) = Z(Xf +X;)P(X;)

i=1
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1 1 1
E(X*+X) =(12 4 Dot (@ +2)z+ 3 +3);

1 1 1
+ (47 +4)g+(52 +5)g+(62 +6)z

1 112
=-(2+6+12+20+30+42) =——

Ornek:

The probability function for the number of defective parts is given as follows, where the
random variable X represents the number of defective parts in a production process.
Find the variance of the distribution for the number of defective parts.

i 0 1 2 3
(xi) 0.51 0.38 01 |0.01

3
Y ran=1

0

3
E(X) = Z xP(x) =0%x051+1x038+2x%x0.104+3x%x0.01 =061
x=0

3
E(X?) = Z x?P(x) =02 x0.51 + 1% x 0.38 + 22 X 0.10 + 3% x 0.01 = 0.87

x=0

V(X)=E(X?) —u?>=0.87—0.612 = 0.498
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5.4.2. [Expected Value and Variance in Continuous
Random Variables

The expected value or weighted average for a continuous random variable (function) is the
random variable x, the probability density function of the random variable x, and f(x) is

p=EQ@) = [ xf (x)dx

+o00
E(X?) =f x2f(x)dx

V(X)=f (x — u)?f(x)dx =FE(X?) —u? =E(X?) — (E(X))?

E(X?) = [+mx2f(x)dx

_f(.‘t‘)“ E(X)=u

P
>

U X

If x has a probability density function, f(x), with symmetry about the point u, then the
following expressions hold such that the expectation of the random variable is equal to the
point of symmetry:
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fu+x)= f(u - x)
E(X)=u

Example:

f(x)=15—-6(x—-50.2)" for 49.5<x<50.5

f(x)=0, elsewhere

F(x)=P(X €x)= L“'g (1.5-6(y~-50.0))dy

=[1.5y = 2(y-50.0)°Ti;
=[1.5x-2(x=50.0)°]-[1.5x49.5-2(49.5-50.0)"]
=1.5x-2(x-50.0)"-74.5

50

E(X) = L‘g Cx(1.5-6(x-50.0)")dx
Change of variable: x =y+50

0.5 ﬂ,
E(x)=[_ (y+50)1.5-6y%)dy
_ j_(’;(—éf ~300p%+1.5y+75)dy

=[-3»*/2-100y° +0.75y* +75y]%;,
=[25.09375] — [-24.90625]=50.0

F(x)=1.5x-2(x—-50.0)"-74.5=20.5

x =50.0
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Example: The probability density function of the random variable X is as follows. Calculate
the expected value of X.

1
f(x)=l§x fsx=2
0 diger x'lericin

2
EX) = f xf (x)dx
0

2

(1 )d _1J'2 2 _x3I2_8_4
X\sx|ax = Ox x=clo=¢=3

E(X):f 2 2

0

Example: The probability density function of the random variable X is as follows. Calculate
the expected value of X.

x 0<x<1
f(x)=[2--r 1<x<2
0 diger x'lerigin

1 2
xxdx + J. x(2 —x)dx

1

E(X) =J:r. f(x)dx E(X) =J;

1 2 Xj xg
e s Zu(-Z)s
0 1 < .

1"'[(4 8) a 1]_1_|_2_1
3 3 313737
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Example:
Calculate the standard deviation of the function f(x).

201—z) if0<z<1,

( otherwise

flz) =

Determine whether the function f(x) is a probability function. Note: For the function f(x) to
be a probability function, its integral must be equal to 1.

| ftayds 1

/ f(x)dx=?/(1—$)dx=2(x—7)‘ —1
—oc 0 2/ 10

Calculate the arithmetic mean of the function f(x). Note: The arithmetic mean of random
functions is found with the following expression,

E(X) = /_x rf(x)dx

o

]E(X)=/::3:f(3:)d3:
=[a:[2(1—3:)}dm
2 (=)

2 .11
-2(5-%)
2 3 /1o

—1/3
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Calculate the variance and standard deviation of the function f(x) using the expressions
below.

Var(X) = [c (z — E(X))"f(x)dz

1
=2/(—3:3|§3'2—Z$|1)d3‘
0 3 9 9
=2(_1$4|§$3 _lel)‘l

4 9 18 9 “lo
1 5 7 1
=2 —_ _—_ —
( 4'9 18|9)
_1
- 18

Therefore, the standard deviation of X is

o = y/ Var(X)

1

342

f(x) fonksiyonun varyansini ve standart sapmasini asagidaki ifadeleri kullanarak hesaplayiniz

Var(X) = E(X?) — [E(X)]’

E(X?) = /_x 22 f()dx

o
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Var(X) = B(X?) ~ [E(X)]
:/_:T f(z)dz — G)
=‘£1 (I—T)d*r—é

5

1., 1,01
= (ET%_ETﬂ u_g
11, 1
—2G-1) g
_ 1
18

Example:
The probability density function of the random variable X is as follows. Calculate the

variance of X.

2x 0<X<1
f (X) = {0 For other X's

V(x) = fa X — 2 F(0)dx

1 3

x2xdx=2f xzdxzzx_jé—

u=E(X)=f01xf(x)dx:f1 0 S =3

0

1

5 4 4
(x ——x+§) 2xdx

V(X)=Jol(x—§)22xdx =f 2

0

! 8 8 1 8 8 1
— 2 3 _ .2 _ )d — 4 _ .3 . 211=_
fo(x 3x +9x X 2x 9x +18x 0 =183

E(XH = folxzf(x)dx

120



! ! 2 1
=j x22xdx=f 2x3dx =—x*Ij ==
0 0 4 2

) 2 1 /2 1 4 1

V(X) = E(X?) — (X)) ZE_(§) =z =0

Example:

Find the standard deviation of the random variable X whose probability density function is
given below.

3

— (3x — x? 0<x<2
Fo0) ={103* %" ==
0 For other X's
2 2 3
E(X) =‘u=fxf(x)d,x—fxﬁ(3x—x2)dx
0 0
3 3 3 3
— | i3 _ __ .4 — (9293 _ _~ 24 _ —
_(mx 40)5){J (102 402) 0=12
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2

E(X?) = fxzf(x)dx=J
0

2
-

0

N

3
2 .2
X 10(33( x°)dx

9
40

_24_i25

50

)—0=1.68

V(X) =0?=E(X?) —u*=168—-12%=0.24

o =+v0.24 = 0.489
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5.5. Rassal Degiskenlerde Momentum

Fizikte Momentum:

Bir cismin hareket miktarini belirtmek icin momentumdan yararlanilmaktadir. Ayni zamanda
momentum itme kuvveti olarak da ifade edilebilmektedir. Saniyede kiitlenin hareket etme
hizini vermektedir. Bir nesnenin sahip oldugu momentumun miktari, iki fiziksel blyiklige
baghdir: kiitlesi ve gdozlem c¢ergevesindeki hizi. Fizikte, momentum igin kullanilan sembol
genellikle P harfidir ve vektorel blyukliktir. Momentum soyle ifade edilebilir;

P=mV

burada P momentum, m kiitle ve V hizdir. Saniyede kitle ile hizin garpimi kadar itme
kuvvetine sahiptir.

Yere paralel duz bir rotada 0.25m/s hizina ve 10.000 kg kutleye sahip bir ugagin
momentumu yere gore olctldiglinde, diiz bir rotada 2500kg m/s ‘dir. Oysa kokpitin icindeki
bir pilot, kokpit gézlem cercevesine gore ucagin hizini sifir 6lceceginden, momentumunu da
sifir Olger.

Momentum ayni zamanda enerjinin aktariima yoniini de gdstermektedir. Ustelik bir cisme
uygulanan kuvvetle dogru orantili olarak momentumunda da degisiklik gorilebilir. Glnlik
hayattan bir 6rnek verilecek olursa iki arabanin ¢arpismasi sonrasinda en yliksek hiza sahip
olan aracin bulunmasi ile carpan aracin tespiti de momentum araciligi ile hesaplanmaktadir.

Momentum vektorel bir niceliktir ve hiz ile ayni yéndedir. Birimi kg-m/s 'dir. Cismin kutlesi
ve hizi degismedigi middetce cismin momentumu sabittir. Bir cismin momentumunu
degistirmek icin cismin hizi degistirilir. Cismin hizini degistirebilmek igin ise cisme ivme
kazandirilmasi gerekir, bunun iginse cisme net bir kuvvet uygulanmalidir.

Fizikte ivme, hizin zamana gore tlrevi olarak tanimlanir, hizin zamanla degisimidir.
Buyukltgl uzaklik/zaman? olan bir vektorel niceliktir ve cismin hem hizinin hem de yéninin

siddetlerindeki degisimini gosterir.

ivme(a) = Hiz (V) / Zaman(t)
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Ornek:

Saniyede 150 metre hizla giden 1000 kilogramlik bir araba asirn hiz ve dikkatsizlik sonucu
direksiyon hakimiyetini kaybederek karsi yonden gelen kamyon ile carpisir. Kamyonun
agirhg 10.000 kilo ve hizi 100 m/s

Kamyonun momentumu: 10.000*100=1.000.000 kg m/s
Arabanin momentumu: 1000*-150=-150.000 kg m/s(Karsi yonden geldigi icin hizi — olarak
aliyoruz)

Kaza oncesi toplam momentum 1.000.000-150.000=850.000 Kg m/s

Kaza sonrasinda momentum yine 850.000 Kg m/s olmak zorundadir.
Buna bakarak kaza sonrasinda iki aracin hizini bulabiliriz. iki aracin kiitlelerinin birlestigini
varsaylyoruz. Yani toplam kitle 10.000+1.000=11.000 kg oluyor. Ve momentum da 850.000

850.000=11.000*V >>>V=100.000/16.000=77,3m/s

Kisaca iki arag carpistiktan sonra 77.3 metre/saniye hizla kamyonun gittigi yéne dogru yola
dogru devam eder. Buna bakarak gorurtz ki kamyon 100 metre/saniye hizdan 77.3
metre/saniye, otomobilse 150 metre hizdan -77.3 metre/saniye hiza dislyor. Yani kamyona
gore cok daha fazla ivme yasiyor. f=m*a yani kuvvet=kitle*ivme olduguna goére ivme ne
kadar yuksekse kuvvet ve ona bagl olarak da hasar ¢ok daha fazla olacaktir.

Agisal momentum, herhangi bir cismin donils hareketine devam etme isteginin bir
gostergesidir ve bu nicelik cismin kutlesine, sekline ve hizina baglidir. Agisal momentum
bir vektor birimidir ve cismin belirli eksenler lzerinde sahip oldugu donis eylemsizligi ile

donis hizini ifade eder.
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https://tr.wikipedia.org/wiki/Vekt%C3%B6r
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Beklenen deger islemine dayali olarak gelistirilen momentler:

Bir rassal degiskenin olasilik dagilimi, ¢cok kere pratikte anlanmasi ve uygulanmasi kolay olan
kiicik sayida parametreler ile nitelendirilir. Ornegin, sadece "ortalama deger" olan A
degerini bilmek Poisson dagihimini bilmek igin yeterlidir. Ortalama kavrami matematik
teoride bir rassal degiskenin beklenen degeri olarak, yani E[X] olarak ifade edilir. Genellikle
E[f(X)] ifadesi f(E[X]) ifadesine esit degildir. "Ortalama deger" bilinince, bu ortalama degerin
X tipik degerlerinden ne kadar fazla uzakhkta oldugu sorusu hemen akla gelir ve bu soruya
yanit bu rassal degiskenin standart sapmasi ve varyansi ile bulunur.

Matematik kurami icinde bu (genellestirilmis) momentler problemi olarak bilinmektedir:
Bilinmekte olan bir sinif rassal degiskenler olan X igin, E[fi(X)] ifadesindeki beklenen degerler
ile rassal degisken Xin dagihmini tam olarak nitelendiren bir {fi} fonksiyonlar koleksiyonu
bulunmasi istenmektedir.

Beklenen deger islemine dayali olarak gelistirilen momentler, gerek fonksiyonlarin
parametreleri, gerekse ilgilenilen rassal sistemin bitlnlesik davranis gostergeleri igin
turetilen bir genellemedir. Beklenen deger E(X), moment denilen parametreler sinifinin bir
Ozel halidir.

E[(X — a)¥]
ifadesinde a bir gercel sayl olmak {izere, X rassal degiskenin a’ya gére k. mertebeden
momenti (k. momenti) denir.

Eger a=0 ise, X'in k. mertebeden momenti E(X*) beklenen degerine dénisiir ve bu moment
my ile gosterilir.

X, xi degerlerini Pi olasiliklari ile alan ayrik rasgele degisken ise, k. mertebeden moment su
sekilde formiile edilir;

me=EXX%) = Xk p
i

X, f(x) olasilik yogunluk fonksiyonuna sahip slirekli rasgele degisken ise, k. mertebeden
moment su sekilde formiile edilir;

my = E(XF) = J+00Xk flx)dx

125



Momentin Ozellikleri:

1)
2)

3)

4)

5)

6)

7)

E[(aX)*] = a*E[(X)"]
E[(X — ¢)*] beklenen degerine ¢ noktasina gére k. mertebeden moment denir. ¢ =0
noktasina gére momentlere adi momentler denir.
W = E[(X — E(X))*]: Beklenen degere (ortalamaya) gére momentlere merkezi
moment denir. Buna gore ilk G¢ moment sdéyle bulunur;

W = E[(X—EX) ] =EX-my) =EX)—m; =m; —my =0

iy = E[(X — E(X))?] = E[(X — m;)?] = E(X?) — 2m;E(X) + m = m, — m}

uz = E[(X — E(X))®] = E[(X — my)?] = E(X®) — 3m;E(X?) + 3miE(X) — m3

= m3 — 3m;m, + 3mm; — m$} = my — 3m;m, + 2m}

Ikinci mertebeden merkezi momente u, = E[(X — E(X))?], X rassal degiskenin
varyansi denir.

Var(x) = 62 = m, —m?

Standart sapmanin beklenen degere oranina degisim (varyasyon) katsayisi (DK) denir.
DK= — veyaDK= — 100 ile ifade edilir.
m mq

1
Beklenen deger 1’e esit oldugunda DK’da standart sapmaya esit olur.

E[|X — E(X)|*] ifadesine, X rassal degiskenin k. mertebeden mutlak merkezi momenti
denir.

X, f(x) olasilk fonksiyonuna (veya olasilik yogunluk fonksiyonuna) sahip ayrik veya
surekli rassal degisken olsun. h>0 olmak Uzere | t | < h araliginda her degeri alan t igin
e™ in beklenen degeri X'in moment cikaran fonksiyonu olarak tanimlanir. Buna gére X
‘in moment ¢ikaran fonksiyonu;

Y.eX-f(x) ; Xrassal degiskeni kesikli ise.
my(t) = E(e®) =4

fj;o e™ . f(x)dx ; Xrassal degiskeni siirekli ise.

126



Moment Cikaran Fonksiyonu

Teorem: X rasgele degiskeninin moment ¢ikaran fonksiyonu m,(t) olsun.

d'm,(t)
dtr t: O

=Ex") =m,

dM(t)

Birinci tirevde; M'(t =0) = "

| =0 =E(X) =m (X ‘in 1. momentidir.)

d2M(t)

Ikinci tiirevde; M"(t = 0) = =,

| =0 = E(X?) (X ‘in 2. momentidir.)

d"M(t)

n. tirevde; MM (t = 0) = T

| =0 = E(X™) (X ‘in n. momentidir.)
Moment Cikaran Fonksiyonu:

Ornek: o { x/8 , x=1,3,4
PX=x)=1 ¢ , diger durumlarda

Yukarida bir X kesikli rassal degigkenin olasilik fonksiyonu verilmigtir.

a) X rassal de@iskenin moment ¢ikaran fonksiyonunu bulalim.
m, () = E(e™) = Z et . f(x)

= e

1
=3 (et + 3e3t + 4e*h)
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b) Moment gikaran fonksiyonu kullanarak ilk iki momenti bulalim.

Fonksiyonun 1. tarevini alirsak;

1
M'(t) = §(et +3-3e3t + 4 - 4e%h)

26
M'(0) = e EX) =n
Fonksiyonun 2. tlrevini alirsak;
1
M (t) = g(et +3-3-3e3t+4.4-4e%)

, 1 92 23

Bir Dagilimda Carpiklik (Skewness):

Ortalamaya gore Uglinc moment u3’ e simetrik olmayisin 6lglisi denir. Yani ¢arpiklik, bir
dagilimda simetriden ayrilisin derecesidir.

Saga ¢arpik dagdiim

Simetrik dagiim

Sola ¢arpik dagilim

Bir Dagilimda Sivrilik (Kurtosis):

Ortalamaya gore dordinci moment pad’'e dizlik (yassilik) Olglisii denir. Yani sivrilik, bir
dagihmin basikliginin derecesidir.
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Markov Esitsizligi:

X rassal degiskenin olasilik fonksiyonu veya olasilik yogunluk fonksiyonu bilinmediginde, bu
degiskene iliskin olasiliklari hesaplamak igin gelistirilen bir esitsizliktir. Markov esitsizligi bir
rassal degiskenin dagihmi hakkinda bilgi saglar ve bu degiskenin degerlerinin ne kadar
dagiimis oldugunu olger.

Tanim: X, negatif olmayan degerler alabilen bir rassal degisken ise, P(X = C) < E(X)/C
esitsizligine Markov Esitsizligi denir.

Ornek:

X, bir c¢ocuk tiyatrosunda rastgele secilmis ¢ocuklarin vyaslarini goésteren bir rassal
degiskendir. Bu rassal degiskenin ortalamasi E(X) = 5,5 yas olduguna gore rastgele secilen bir
cocugun yasinin en az 17 olma olasiligini hesaplayalim.

P(X = C) < E(X)/C

PX>17<5,5/17=0,32

Chebyshev Esitsizligi:

Chebyshev Esitsizligi, aritmetik ortalamasi ve varyansi (veya standart sapmasi) verilen bir
rassal degiskenin, ortalama etrafinda ne kadar dagildigini dlgen esitsizliktir. Tanim: X, u
ortalamali ve o2 varyansli bir rassal degisken olsun. k > 0 degeri icin Chebyshev esitsizligi,

P(( X - )2 2 k2 * 02) < 1/k? seklinde tanimlanir
Ayni sekilde;

2
1 1
P(IX—pulzk-6) <5 veya P(|X—|.L|2k)SF veya P(lX—p|<k-6)21—k—2

Ornek: X, bir cocuk tiyatrosunda rastgele secilmis cocuklarin yaslarini gdsteren bir rassal
degiskendir. Bu rassal degiskenin ortalamasi E(X) = 5,5 yas ve 6 = 1 yas olduguna gore
rastgele secilen bir cocugun yasinin en az 17 olma olasiligini hesaplayalim.

P(X217) =P(X—pn 217 — ) =P(|X-=5,5]) 2 11,5) olur. Buradan,

62 1
(11,52 (11,5)?

= P(]X = 5,5|) = 11,5) < = 0,0076

Yani, tiyatroya gelen 10000 kisiden en fazla 76 kisi 17 yasindan biiylk olabilmektedir.

X rassal degiskeninin ortalamasi ve varyansi bilindiginde, X'in alabilecegi degerlerin
olasiliklarinin hesaplanmasi icin gelistirilen fonksiyonlari kullanmadan (veya bu olasiliklarin
bilinmedigi durumlarda), X'in 6zel araliklarda deger alma olasiliklarinin alt ve Ust siniri
Chebyshev esitsizligi ile bulunabilmektedir.
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Ornek: istatistik dersinin dénem sonu not ortalamasi 75 ve standart sapmasi 8'dir.
Ogrencilerin dénem sonu notunun 59 ile 91 araliginda olma olasiligini bulalim.

Coézim:u=75 6=8, US=91, AS=59 olarak verilmis.
US=p+k.6 ve AS=p-k. 6 olmak lizere;
M+k.6=91 75+k.8=91

k=2
u-k.6=59 75—k .8 =59

Bu durumda P(59 <X <91)=P(u-k.6<X<p+k.0)

=P(-k.6<X-u< k.0)
1

1
=P(X—ul <k:6) 21-i5 =1-2;=075

Chebyshev esitsizligi ile X’in ortalamadan her iki yonde belirli bir sapma ile bulunan aralikta

deger alma olasihginin alt siniri hesaplanabilir. Ornek: Ortalamadan en az 26 uzakta
bulunmanin maksimum olasilig nedir?

k-6=26 olmak Uzere k=2 ‘dir.
1

P(|X—u|2k-6)£§

P(IX—p| =2-6) <5 =025

Ornek:

X rassal degiskenin ortalamasinin 8 ve standart sapmasinin 2 oldugu bilinmektedir. Bu rassal
sistemden gelisi glizel ¢ekilen bir birimin; a) 5,6’ya esit veya kiglk ya da 10,4’e esit veya
blyik ¢citkma olasiligini bulunuz.

a) 5,6'ya esit veya kiiclik ya da 10,4’e esit veya biiyiik gtkma olasiligini bulunuz.
0, ={X|x<5,6 veya x=10,4}
P(0,) =P(x<5,6 veya x=10,4)

— — 1
k6=8-56=24 k6=104-8=24 P(IX—ul 2k 6) <5
P(X—8]>12-2) < —
5,6 8 10,4 1.2
P(0,) < 0,6944
— k=1,2
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b) 4 ile 12 arsinda ¢ikma olasiligini hesaplayiniz.

0, ={X| 4 < x =12} olayl olmak uzere P(0,) = P(4 < x < 12) isteniyor.
US=p+k 6 =8+k2=12
AS=p-k.6 =8-k2=4

Budurumda P(4=x<12) =P(u-K.6<X<p+Kk.0)

k=2

1 1
P(|X_IJ-|<k'6)21_F =1—?=0,75

Bu sonuca gore, rastgele ¢ekilen bir birimin belirtilen aralikta (4 ile 12 arasinda)

olma olasihigi %75'den buyuktar.

X, ortalamasi p olan ve negatif degerler almayan rassal degisken olsun. Herhangi bir k > 0

icin;

P(X > ki) <

seklinde hesaplanabilir.
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5.6. Rassal Degiskenlerde Kovaryans ve Korelasyon

Bir rastlanti degiskenin alabilecegi degerlerle, bu degerleri alabilmesi olasiliklari arasindaki
iliskiyi gosteren bir fonksiyondur.

f(x) =0 ve fj;of(x)dx =1

kosulunu saglayan f(x) fonksiyonuna x’in olasilik yogunluk fonksiyonu denir.

Surekli rasgele desikeni igin,

w=EX) = ["7 xf(x)dx

+

E(x?) =f 00xzf(x)dx

— 00

Not: E(X)>0 ise beklenti uygun, E(X)=0 ise beklenti ortada, E(X)<0 ise beklenti uygun degil.

E(aX)=a E(X)

E(X+a)= E(X)+a

E(X+Y)= E(X) + E(Y)

Var(X) = E(X?)- E*(X)= E(X?)- p?

o(X) =/ Var(X)
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Kovaryans:

iki degiskenin birlikte degisimlerinin 6lglisii kovaryans olarak bilinir ve Cov(X,Y) ya da
Kov(X,Y) ile gosterilir.

Kov(X,Y) = E[(X - E(X)) - (Y - E(Y))] = E(XY) - E(X)E(Y)

Eger X ve Y rasgele degiskenleri bagimsiz ise

E(XY)=E(X)E(Y) olacagiigin Kov(X, Y) =0 olur.

Ancak, Kov(X, Y) = 0 olmasi demek, X ve Y rasgele degiskenlerinin bagimsiz oldugu anlamina
gelmez. Bu durumda iki degisken arasindaki dogrusal iliskinin sifir oldugu yargisina varilr.

Korelasyon katsayisi:

Korelasyon katsayisi iki degisken arasindaki dogrusal iliskinin derecesini belirleyen ve
karsilastirmaya olanak veren bir katsayidir.

pxy = Cov(X, Y) N(oxoy), —1<pxr<1

pxy =0 olmasi X ve Y rasgele degiskenleri arasinda dogrusal bir iliski olmadigini,

pxy <0 olmasi X ve Y rasgele degiskenleri arasinda ters yonlu dogrusal bir iligski oldugunu,

pxy > 0 olmasi X ve Y rasgele degiskenleri arasinda ayni yonliu dogrusal bir iliski oldugunu
gosterir.

Ornek: X ve Y degiskenlerinin bilesik olasilik yogunluk fonksiyonu
fxy(x,y)=x+y,0<x<1, 0<y<1verilmisolsun.

Kov(X, Y) ve pxy degerlerini hesaplayiniz.
EX)=[]x(x+y)dxdy=7/12

E(X?) =[] x?(x +y)dxdy = 5/12

0>=5/12-(7/12)?>=11/144

E(Y)=[[y(x+y)dxdy =7 /12

E(Y?) =[] y*(x +y)dxdy = 5/12

oy>=5/12 - (7/12)? = 11/144
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EXY) =[xy fxy (x,y) dxdy

E(XY)=][xy(x+y)dxdy =1/3
Cov(X,Y)=E(XY)-EX)E(Y)=1/3-(7/12) (7/12) =-1/144

pxy = Kov(X, Y) /N(oxoy) =-1/144 /N(11/144)(11/144) = -0.091
Ayrik Olasilik Dagiliminda Kovaryans Hesaplama:

X ve Y rasgele degiskenler arasindaki iliskiyi gosteren bir katsayidir.
Cov(X,Y)= oxy= E(XY) - E(X)E(Y)

E(XY): Korelasyondur.

E(X): X rasgele degiskenin beklenen degeri

E(Y): Y rasgele degiskenin beklenen degeri

Ornek: Ayrik ortak olasilik dagilimi veriliyor.

X X
vy x1 X2 v 1 2
yl all al2 0 1/12 1/6
y2 a2l a22 1 1/4 1/2
Cov(X,Y)=7?
()'xy:?

Kovaryans=?

1. E(XY) =x1yi1ai11+ X1y2a21 + Xay1a12 + X2y2a22
E(XY)=1*0*1/12 + 1*1*1/4 + 2*0*1/6 + 2*1*1/2 =1/4+1=5/4
2. P(X=x1)=all +a21=1/12+1/4=1/3
P(X=x2)= al2 + a22=1/6 + 1/2=2/3
3. P(Y=yl)=all +al2=1/12+1/6=1/4
P(Y=y2)= a21 + a22=1/4 + 1/2=3/4
4. E(X)= x1* P(X=x1) + x2* P(X=x2) = 1*1/3 + 2*2/3=5/3
E(Y)= y1* P(Y=y1) + y2* P(Y=y2) = 0*1/4 + 1*3/4=3/4
5. Cov(X,Y)= E(XY) - E(X)E(Y)=5/4-5/3*3/4=0
Cov(X,Y)=0 ciktigi icin X ve Y rasgele degiskenleri bagimsizdir.
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6. Probability Distribution of Discrete
Random Variables

In probability theory, a discrete random variable is a type of random variable that can take
on a finite or countable number of distinct values. These values are often represented by
integers or whole numbers, other than this they can also be represented by other discrete
values.

A very basic and fundamental example that comes to mind when talking about discrete
random variables is the rolling of an unbiased standard die. An unbiased standard die is a
die that has six faces and equal chances of any face coming on top. Considering we perform
this experiment, it is pretty clear that there are only six outcomes for our experiment.

Thus, our random variable can take any of the following discrete values from 1 to 6.
Mathematically the collection of values that a random variable takes is denoted as a set. In
this case, let the random variable be X.

Thus, X ={1, 2, 3, 4, 5, 6}

Another popular example of a discrete random variable is the number of heads when
tossing of two coins. In this case, the random variable X can take only one of the three
choicesi.e., 0, 1, and 2.

Other than these examples, there are various other examples of random discrete variables.
Some of these are as follows:

¢ The number of cars that pass through a given intersection in an hour.

¢ The number of defective items in a shipment of goods.

e The number of people in a household.

e The number of accidents that occur at a given intersection in a week.

¢ The number of red balls drawn in a sample of 10 balls taken from a jar containing

both red and blue balls.

¢ The number of goals scored in a soccer match.
Types of Discrete Random Variables:

e Binomial Random Variable

e Geometric Random Variable

e Bernoulli Random Variable

e Poisson Random Variable
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To properly define a discrete random variable and to solve for probabilities we use a
Probability mass function (pmf)/ Probability function (pf.), p(x) For discrete random
variables: p(x) = P (X = x) represents the probability that X (the r.v.) takes on the value x.
This is called a probability function, and it allocates a probability for every value of x.
Visually, it is represented by a histogram

015
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6.1. Bernoulli Distribution

In many experiments, two different results occur. For this reason, the Bernoulli distribution is used
to calculate the probability of events with two outcomes. Random variables: 0 and 1. An exam result
can be defined in two states as successful and unsuccessful, or a product purchased for quality
control can be in two forms as intact or defective. If experiments with two outcomes are tried once,
it is called the "Bernoulli Distribution". The Bernoulli process is a process in which one of two
mutually exclusive outcomes occurs in each experiment. In the coin toss experiment, only one of the
possible outcomes of heads (T) and tails (Y) occurs in each experiment, and the probabilities of P(Y)
and P(T) are the same in each toss since the experiments are independent of each other, (1/2).

Bernoulli deneylerinde ortaya cikan iki sonuctan biri basari digeri ise basarisizlik olarak adlandirilir; p
basari olasiligini, g’da basarisizlik olasiligini gostermektedir, 1- p = q.

X raslanti degiskeni, x alabilecegi tim degerler ise basari icin 1, basarisizlik icin O degerini
alsin. X’in olasilik fonksiyonu;

P(X=x)=p*q*™

If x=0 or1, this distribution is called the Bernoulli probability distribution function. (p°=1,
q°=1)

P(X=1) = p
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P(X=0)=q=1-p

Arithmetic Mean and Variance of Bernoulli Distribution:

Arithmetic mean of Bernoulli random variable: px=E (x) = p
The variance of the Bernoulli random variable is: 62 = E [ (X - pux)? ] = pq
Asymmetry (Skewness) and Kurtosis Coefficients:

K =92 BK= ——6
¢ Vpq ve pq

For an event with probability p of occurring, the probability of not occurring is 1 — p. The

ratio of the probability of an event occurring to the probability of it not occurring is called its
reciprocal.

karsitlik = P__P_
q

Expected value and Variance:

n

E(X) = z xP(x)

x=0
n
E(X?) = Z X2P(x)
x=0

V(X) = E(X?) —p?

E(X)=(0xP(X =0)+ (IxP(X =1))
=(0x(1-p))+@Axp)
= p

E(X)=(0'xP(X =0)+(I*xP(X =1))

- p
Var(X)=E(X?)- (E(X))>

=p-p’'=pl-p)
Example:

If p(all three successful)=0.075 in three consecutive Bernoulli trials, find the probability that
all three will fail. g = 1-p = 1-0.075 =0.925
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Example:
What must g be for the following expression to be a Bernoulli probability distribution

function?

P(X=x)=p*(q)*
9=1-p
p+g=1

What values does x take in the expression (0 and 1).

Example:

In a population of 200 people, 120 people are non-smokers and 80 people are smokers,
meaning 60% are non-smokers. When a random person is selected from this population, the
probability that the selected person is a non-smoker is p=0.6, and the random variable X
takes the value 1 for non-smoker and 0 for smoker. X is a Bernoulli random variable.

P(X=x)=0.6%0.41* ; x=0,1

The opposite of not smoking versus drinking = s = 0.6/0.4 = 3/2 For every 3 non-
smokers, 2 people smoke.

Example:

A student believes that he has a 70% chance of passing a Physics course. Write the
probability distribution function? Find its mean and variance?

If the student passes the course and the random variable X takes the value x = 1 and fails
and the random variable X takes the value x = 0, the probability distribution of the random
variable X can be written as:

P (x=1)=0.7 ve P (x=0) =0.3

Probability distribution function:
P(X=x)=p*(1-p)** = 0.7(1-0.7)** =0.7*0.3¥* is found as.

The probability distribution of x for the values 1 and 0 is as follows.
P(x=1)=p*(1-p)**t =0.71(1-0.7)° =0.7 *0.3°=0.7
P(x=0)=p°(1-p)*° =0.7°(1-0.7)' =0.7°*0.3'=0.3

Arithmetic mean: yx=E (X)=p=0.7
Variance: 62 =E[ (X - pux)?]=p (1-p) =0.7*%0.3 =0.21 is found as..
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Example:

If defined as drawing a red ball in 6 balls, the probability of success (P) would be 1/6 or 0.17.
The probability of blue (drawing a blue ball) would be 5/6 or 0.83. The probability of failure
for any Bernoulli run is always 1 - P.

The probability distribution function is:
P(X=x)=p*(1-p)*>* = 0.17%(1-0.17)* =0.7* *0.83'* is found as.

x'in alacagi 0 ve 1 degerlerine gore olasilik dagilimi asagidaki gibi bulunur.
P(x=0)=p°(1-p)*° = 0.17°(1-0.17)* =0.17° *0.83'=0.83
P(x=1)=p*(1-p)*t = 0.171 (1-0.17)° =0.7* *0.83°=0.17

Arithmetic mean: ux=E (X) =p =0.17
Variance: 02 = E [ (X - ux)?]=p (1 —p) = 0.17*0.83 =0.14 is found as.

6.2. Binom Distribution

If a random experiment with two results is repeated n times under the same conditions, a
distribution called the “Binomial Distribution” is obtained. It is a special form of the
Bernoulli distribution. The binomial distribution is the most widely used of the discrete
distributions.

Conditions that the binomial distribution must satisfy:

* The experiment is repeated a certain number of times (n).

e Each experiment has two results, successful and unsuccessful.

* The experiments are independent of each other.

* The probability of success is p and the probability of failure is g=1-p.

* The successful results obtained in n experiments are assigned to the x variable.

In the experiments given below, X is the binomial random variable defined:

¢ A coin is tossed 10 times. X, The number of heads

e A jar containing 8 black and 4 white balls is replaced and 3 balls are drawn. X, The number
of black balls drawn.

* A box containing 3 defective and 7 perfect pieces is replaced and 4 pieces are selected. X,
The number of defective pieces selected.
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If the experiment is repeated n times, the total number of successful cases is a random
variable indicated by x. This variable is called a binomial variable. In order to accept the
variable x as a binomial variable, the repeated experiments must be the same, the
probabilities must not change from experiment to experiment, and the choices must be
made with returns.

If the p and q probabilities in the binomial distribution are equal, the shape of the
distribution will be symmetrical. Since the p and g probabilities are the same in the coin toss
experiment, the distribution will be symmetrical. In cases where p is not equal to g, the
shape of the distribution is asymmetrical.

First of all, since there are n trials, there will be n two-probability outcomes. If the event
being examined is success or failure, there will be x successful and (n-x) unsuccessful
outcomes in n trials, and since the trials are independent of each other, the probability of
any sequence of results is equal to the product of the probabilities of the individual results
and is as follows.

P (x, n-x) = p.p.p........p.(1-p).(1-p)....... (1-p) = p* g™

Each trial has a probability of success p and a probability of failure (1-p). In n random trials, x
successes can occur with (n-x) failures in many different sequences, only one of which was
considered above.

If the sequence order is not important, the number of sequences with x successes in n
random trials is:

|
cx=—2 (x-grained combinations of n random trials) is found as.
n xl(n-x)!

Binomial probability function of x trials (x=0,1,2, ..., n) being successful in n random trials:

n!

P(X; n,p) = ——— p*q™

x!(n—x)!
P(X; n,p) = C;, p* Q™

It is written as and calculated using this formula.x=0, 1, 2, 3, ...... n
n: Number of times the experiment is repeated

X: Number of desired results

p: Probability of desired successful result

g: Probability of failure
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Arithmetic Mean, Variance and Moments of Binomial Distribution:

The probability mass function of a B(n,p) random variable is

P(X = x>={j pr(l - p)r -

fOI‘ x=0.1.....m ,Wlth

E(X)=E(X))++E(X )=p+--+p=np
Var(X)=Var(X,)+ - +Var(X,)

=pd-p)+--+pd-p)=np(l-p)

e Arithmetic mean: ux = E (X) = np
e Variance: 0"2=E [ (X - ux)2 ] =npg= npq
e Moments:

=0

W = 0y

H3 = npq[q —p]

Ha = npq[1-6pg+3npq]

e Asymmetry (Skewness) and Kurtosis Coefficients:

K =1L BK =3 + 1-6pq
C vVnpq ve npq

Example:
Total 8 trials, what is the probability of 3 trials being successful? The probability of each trial
is calculated. The probability of trial intervals can also be calculated.

8 , 8!
P(Xz3):[3]><0.53><(1—0.5)3: -x0.5° =0.219

315

P(X <1)=P(X =0)+P(X =1)

8 o g 8 1 7
:[OJXO.S x (1-0.5) +[1]><0.5 x(1-0.5)

8! 8!
- — x0.5% 4+ x0.5°=0.004+0.031=0.035
0!'8! 117!
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F Y 0.273
Probability
0.219 0.219
0.109 0.109
0.031 0.031
0.004 0.004

| | »
>
] 1 2 3 4 3 3] 8 X

X | o 1 2 3 4 3 6 7 g

P (X =X ) 0.004 0.035 0144 0.363 0.636 0.855 0.985 0.996 0.1000

Example:

Let a coin be tossed 10 times. Calculate the probability of getting heads 4 times

Since we are interested in random events where the binomial distribution is suitable and
there are two situations as successful and unsuccessful, it can be defined as:

successful: getting heads (p=0.5)

unsuccessful: not getting heads (g=0.5)

Since n=10; X=4, the desired probability is:

n!
P(X; n, p) = puTe=y p* g™
10!
P(4;10,0.5)= T(10-0) 0.5%(1-0.5)¢ =0.205
Example:

There are 16 missiles. 4 out of 16 missiles do not work. What is the probability of 12
attempts working?

Probability of not working, q=0.25, probability of working, p=0.75 has a binomial
distribution.

Number of missiles expected to be launched, weight average or expected value:

E(X )=np=16x0.75 =12

Variance:

Var (X )=np(1- p)=16x0.75%x0.25 =3
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The probability of exactly 12 missiles flying successfully,

. 16 ) 16! )
P(X :12):[12Jx0.?51~x0.25* =1 x0.75"7 x0.25" =0.225

214!

The probability of at least 14 missiles flying successfully,
P(X 214)=P(X =14)+P(X =15)+ P(X =16)

16
15

16
16

16
P(X 214):{

x0.75% %025 +
14

JXO.?SH x0.25! { Jx 0.75%%x0.25°

P(X 214)=0.134+0.054+0.010 =0.198

0.225

A 0.208

Probability 0.180

0.134
0110
0.052 0.054
0.020
0.000 0.000 0.001
0.000 0.000 0.0 0.006 | 0.010
1 >
1 2 3 4 5 3] 8 9 10 11 12 13 14 15 16 X
¥ | 1 2 3 4 3 6 g o 10 11 12 13 14 15 16

. 0.000 0.000 0.000 0.007 0.079 0.389 0.802 0.990

P (X =X ) 0.000 0.000 0.001 0.027 0.189 0.594 0.936 0.100
Example:

Calculate the probability of getting a six exactly 12 times if a dice is rolled 20 times.
Successful: Getting a 6 (p=1/6)

Unsuccessful: Not getting a 6 (q=5/6)

Since n=20; X=12, the desired probability is

n!

P(X;n, p) = oo PPa™
P(12;20,1/6)= Woin)! (1/6)2 (5/6)® =0.0000135
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Example:

5 out of 10 tablets in a box are mobile phones. What is the probability that 2 of the 3 tablets
are mobile phones when they are taken from the box? Calculate the weighted mean and
variance values. Comment.

Here, n=3, p=1/2, P(X=2).

2 4. 3-2 i 3
e =) @) - gy @) =0

Example:
A 5000 page encyclopedia has 1500 pages of typographical errors. What is the probability

that at most 4 of 5 randomly selected pages from this encyclopedia have typographical
errors?

Asymmetric binomial distribution. Typographical error rate:
p= (1500 / 5000) =0.30 g=0.70

P(x<4)=1-P(x=5)
P(x=5) = (5! / (5!*0!))*(0.30)° *(0.70)° = 0.00243
P(x<4)=1-0.00243 =0.99757

Example:
It is known that 3 of 12 bulbs in a box are defective. When 3 bulbs are randomly drawn from

this box and returned;

e What is the probability that 2 of them are defective?

e What is the expected average number of defectives and standard deviation at the end of
this experiment?

The probability that 2 of them are defective is,

p=3/12=0.25

q =1-0.25=0.75
P(x=2) = (3! /(21*11))*(0.25)>* (0.75)* = 0.1406
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Example:
It is known that 5% of the parts produced by a machine are defective. 6 products produced

by this machine were examined.

6
x 6—x
P(x,6,0.05) = (x) (0057095 =+ _012,....6
0, diger x'lericin
a)  Thereis no possibility of any product being perfect.

P(x=0) = (g) (0.05)°(0.95)6-0

(§)=%=1

P(x =0) = 1x1x(0.95)%=0.735

b)  The possibility of a product being defective

P(x=1) = (i) (0.05)1(0.095)61

(6) _ 6! —6
1/ 16 -1)!

P(x =1) = 6(0.05)*(0.095)> = 0.22
a) Enaziki Grindn kusurlu ¢ikma olasiligi

P(x>2)=1-[P(x=0)+P(x =1)] =1 - 0.735 — 0.22 = 0.045
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6.3. Poisson Distribution

The Poisson probability distribution function is an expression of the arithmetic mean. The Poisson
(pronounced “puason”) distribution is also known as the rare event distribution. In statistics and
probability theory, it is a discrete probability distribution that expresses the probability of the
number of occurrences in a certain fixed time unit interval. It is assumed that the average number of
occurrences of an event in this time interval is known and that the time difference between any
event and the event immediately following it occurs independently of the previous time differences.

The Poisson distribution emerges with the Poisson process. The Poisson process takes the form of
some events that are intermittent in nature (i.e., occurring 0, 1, 2, 3 .. times) occurring with a fixed
probability in a unit of time, area, space or volume. Examples of such events and the application of
the Poisson distribution are as follows:

¢ Number of soldiers killed by horse and mule kicks each year in the Prussian cavalry: This classic
example was published in a book by Ladislaus Josephovich Bortkiewicz in 1868 and was given to
military and civilian high school students for years.

e Number of connections to a certain Internet site in an hour,

e Number of trucks arriving at a shipping depot for loading and unloading in half an hour,

¢ Number of cars passing through a certain traffic intersection in 1 minute,

¢ Number of planes landing at an airport every hour,

¢ Number of monthly traffic accidents occurring at a certain traffic point,

¢ Number of defects in a manufactured product,

¢ Number of abnormal cells in 1 cm3 of blood

¢ Number of defects in 10 m2 of fabric.

Let X be the random variable for the number of successes in an area or volume in a given time
interval. X that satisfies the following conditions is called a Poisson random variable.

¢ An experiment consists of counting the number of times an event (successes) occurs in a given
time, area or volume.

e The number of successes to be achieved in an area or volume in two discrete unit times is
independent of each other.

* The probability of success in a unit time interval, area or volume is the same for all units.

¢ |t is almost impossible for two or more successes to occur in a very small time interval, area or
volume. That is, the probability of multiple successes in this case approaches zero.

¢ The average number of occurrences of an outcome in a unit time interval, area or volume is A.

The random variable that the Poisson distribution generally focuses on is a countable event; this
event occurs discretely in a fixed-length (usually time) interval, and the number of events observed
in this interval is the random variable for the Poisson distribution. The expected value of the number
of events occurring in this fixed interval (the average number of occurrences) is fixed as A, and this
average value is proportional to the interval length. If an average of 5 events occur in every 4-minute
time interval, then an average of 10 (=8x5/4) events occur in a fixed 8-minute interval.
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The interval between successive Poisson-type events is an exponential distribution, which is
mutually related. If x is a random variable and all the values it can take are represented by a non-
negative integer x (x =0, 1, 2, 3...n), the probability of the event occurring is expressed as follows:
e ¥
P(X =x,1) = ——
x!
Here,
e e, base of natural logarithm (e = 2.71828...);
e n, number of occurrences of the event whose probability is given by the function;
e x!, factorial for x
e A is the arithmetic mean, the expected value of the number of occurrences in the
given fixed interval; is a positive real number. This function of x is the probability
mass function for the Poisson distribution.

Arithmetic Mean, Variance and Moments of Poisson Distribution:
Arithmetic mean: Ux = E (X) =n.p=A

Variance: 02 =E [ (X- ux)?]=n.p. q=A

Here, p: probability of occurrence, g: probability of non-occurrence

Moments:
H1=0
W =02 =A
M3 =A
e = A+ 3A%

e Asymmetry (Skewness) and Kurtosis Coefficients:

ks L _ba_g, 1
CK_03_\/X ve BK 2 3+A

When the conditions n> 100 and n.p <10 are met for the Poisson distribution, the Binomial
distribution approaches and the Poisson distribution can be used instead of the Binomial.
The Binomial distribution is used to find the average probability in the Poisson distribution.
A=p=n.p

The Poisson distribution gives quite accurate prediction results in problems where the
number of experiments is very high and the probability of occurrence is very low. (p <0.01
and A=n.p<5)

Example:
The arithmetic average of the incorrect grades entered in a year in a University with 10,000
students is 0.5.

1. Aritmatrik ortalama, A= 0.5
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2. n=10000
£ 0.5

3. p=—= = (0.00005
n 10000
4. The expected result of the random trial is two-sided, error-free, and can be repeated
n times.

Under these conditions, the Poisson function of this event can be expressed as follows.

Bu Poisson dagiliminin,
e Aritmetik ortalamasi: Ux = E (X) =n.p=A
ux=0.5

e Varyans: 02 =E[(X-w)?]=n.p.(1-p)=A
062=0.5

e Momentleri:

=0
H2=02=A=0.5
us=A=0.5

Ws=A+3A*=1+3(0.5)2=1.75

e Asimetri (Carpiklik) ve Basikhk Katsayilari:
1

—E—i: —_— =
CK—GS— 7 — 1.414
BK=15=3+ 2=3+7-=5

Bir yilda gerceklesebilecek hata sayisinin (x) olasiliklari hesaplayabiliriz.

e~ %5 (0.5)*

x!

P(x=0) =

e Bir yil boyunca hi¢ hata olmama olasilig::

—-0.5 0
P(x=0) = =—Y_ — 0.6065
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e Biryil boyunca bir adet hata olmama olasiligi:

-0.5 1
P(x=1) = =— &2 _ (3033

e Biryil boyunca iki adet hata olmama olasiligi:

2
P(x=2) = @ - 0.0758

e Bir yil boyunca li¢ adet hata olmama olasiligi:

3
P(x=3) = 223 _ 0126

Example:

A bank branch receives an average of 15 customers every half hour. Assuming that the
arrival of customers follows a Poisson process, calculate the probability that at least 1
customer will arrive at the bank in 10 minutes.

If 15 customers arrive in 30 minutes, an average of 15/3 = 5 customers will be expected in
10 minutes.
A =5 s taken,

P(least 1) = 1 — P(x=0)
e 550
P(x=0) = o =0,00674

P(enaz 1) =1-0.00674 = 0.99326

Matlab:

clear all

close all

lambda = 5;

x =0:15;

P = poisspdf(x,lambda)

P= 0.0067 0.0337 0.0842 0.1404 0.1755 0.1755 0.1462 0.1044 0.0653
0.0363 0.0181 0.0082 0.0034 0.0013 0.0005 0.0002

Probability of no customers coming, x =0

Probability of one customer coming, x =1
Probability of 15 customers coming, x = 15
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Example:
An average of 4 failures occur in a power plant per month. What is the probability that no
failures will occur in this plant within a month?

ek x

P(x) =
A=4
P(x=0)= 0.01832

, x=0,1,2,...n

x!

Matlab:
clear all
close all
lambda = 4;

x =0

P = poisspdf (x, lambda)
P= 0.0183

Example:

On average, 5% of the parts on a production line are defective. What is the probability that
2 of the 22 randomly selected parts are defective?

If we calculate with binomial distribution:

n

PO n,p) = Zo— P (1-p)™ = (7 p* (1-p)™
p=0.05,

n=22,

q=1-p=0.95,

X=2,

P(k=2)= 0.2070

If we calculate with Poisson distribution;
A = np, the average number of occurrences of the expected result (Arithmetic mean),
np=A=22*0.05=1.1

e K X
P(x) = - x=0,1,2,..n

P(x=2)=0.201

Here, e = 2.71828 is the base of the natural logarithm.
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Example:
On average, 2% of those who contract the coronavirus die. What is the probability that 2 out
of 10 randomly selected people who test positive for the coronavirus will die?

If we calculate with a binomial distribution:

n

PO n,p) = o P*(1-p)™ = (7 p* (1-p)™

p=0.02,

n=10,

q=1-p=0.98,

X=2,

P(X=2)= Cif p* (1-p)™ = = (11(?12)! 0.022 (0.98)1°2 =0.015

Matlab:

clear all

close all

defects = 0:10;

P = binopdf (defects,10,.02)

P=0.8171 0.1667 0.0153 0.0008 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000

If we calculate with Poisson distribution;
A = np, the average number of occurrences of the expected result (Arithmetic mean),
A =np=10 *0.02=0.2

e—I( I{X e—O.Z 02x
P(x) = = , x=0,1,2,....n
x! x!
e~020.22
P(x=2)= o = 0.016

Here, e = 2.71828 is the base of the natural logarithm.

Matlab:

clear all
close all
lambda = 0.2;
x = 0:10

P

poisspdf (x, lambda)

P= 08187 0.1637 0.0164 0.0011 0.0001 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000
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Example:
If 1% of the batteries a factory produces are defective, what is the probability of 3 defective
batteries being produced in a production of 200 units?

n=200, p=0.01, np= A =200*0.01= 2

e—A X

P(x) =

x!
P(x=3)=0.18045

Example:

An insurance company has insured 1000 people against traffic accidents. If the fatality rate
in these accidents is 1%, what is the probability that the insurance company will pay money
to 5 people?

p=0.01, A =1000*0.01=10
P(x=5)=0.0375
e gx _ e—10105

P(x=5) = = =0.0375

x! 5!

Ornek:
Bir siniftaki Ogrencilerin %2’sinin boylari 190 cm’nin Uzerindedir. Rasgele secilen 100

o6grenciden; 6’sinin, en az 2’sinin boylarinin 190 cm’den fazla olmasi olasiliklarini bulunuz.

e—& X

P(x) = , x=0,1,2,....n

x!

A =2, (100 6grenciden 2 si)

P(x=6)=0.1203

P(x=0)=0.13534

P(x=1)=0.27068

P(x >2) = 1- P(x =0) — P(x =1) = 1 — 0.13584 - 0.27068 = 0.59398
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Ornek:
Bir sehirdeki 30 yasin Gzerindeki ntifusun %5’nin Gniversite mezunu oldugu bilinmektedir. 30
yas Uzerindekilerden rasgele secilecek 100 kisi arasinda;
a) 5 Universite mezunu bulunmasi,
b) Hig Universite mezunu bulunmamasi olasiligini hesaplayiniz.
A =n*p=100*0.05=5,

e g e 555
a) P(X=5)= = =0.175
x! 5!
—£ I{X -5 50
b) P(X=0)=*—"= £ -0.0067
x! 0!
Ornek:

Bir makinenin kusurlu Grin Uretim orani % 0.01 dir. Her saat basinda liretim hattindan
alinan 100 parcanin incelenmesi sonucu 2’den fazla bozuk Urin Gretldiginde (retim
durdurulacaktir. Uretimin durdurulma olasiligi nedir?

e~ )

P(x,A) = po

P(x>2) = 1-P(x<=2) = 1 —[P(x=0) + P(x=1) + P(x=2)]

e 110 e 111 7172
Px>2)=1—-] ol + 1 + T

P(x>2) =0.0803

Ornek:

Bir fabrikada ¢ok nadir olan arizadan dolayi, bir hafta icinde arizalanan makine sayisi 4’ddr.
Belirli bir hafta icin bu arizadan

a) Hic bir makinenin arizalanmama olasiligi nedir?

P(X =0)

b) En az iki makinenin arizalanma olasiligi nedir?
PX=22)=1-PX<2)=1—-(PX=0)+P(X =1))

¢) 3 makinenin arizalanma olasiligi nedir?
P(X =3)

X, bir haftada arizalanan makine sayisi
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e 3%

x!

f(x)=PX=x)= , x=012,.4A=4

=t — 0.0183

a) P(X = 0) =

b)P(X=>2)=1-P(X<2)=1—-(PX=0)+P(X = 1)):1_(
=1 — (0.0183 + 0.0733) = 1 — 0.0916 = 0.9084

e a0 %4l
0! 1!

9—443

3!

) P(X=3)= = 0.195

Ornek:

Tehlikeli bir kavsagin giivenligi arastiriliyor. Ge¢mis polis kayitlari bu kavsakta ayda ortalama
bes kaza oldugunu géstermektedir. Kazalarin sayisi bir Poisson dadilimina gére daditilir ve O,
1, 2, 3 veya 4 kazadan herhangi bir ayda olma olasiligini hesaplayin.

Cozim: Poisson formliini kullanarak, kaza olmama olasiligini hesaplayabiliriz:

n,—21 0,-5

P(0) At _5%75 (1)(0.0067)=0.00674
x! 0!

Bir kaza olma olasiligi:
n,—A1 1,-5

P(l) =7\ e’ _ 5'e _ (5)(0.0067) - 0.03370

x! 1!
iki kaza olma olasilig:

n,—21 2,-5

P(Z) _ Ate _ 5%e _ (25)(0.0067) - 0.08425
x! 2! 2x1

Ug kaza olma olasihig:
n,—1 3,-5

P(3) _AteTh _5%eTS | (125)(0.0067) _ o404y
x! 3! 3x2x1

Dort kaza olma olasilig:
n,—21 4,-5

P(4) _AteTh _steTd | (625)(0.0067) |y 4 ccs
x! 4! 4x3x2x1

Herhangi bir ayda 0, 1 veya 2 kaza olasiligini bilmek istiyorsak, bu olasiliklari su sekilde
ekleyebiliriz:
P(0,1, or 2) = P(0) + P(1) + P(2) =0.00674 +0.03370 + 0.08425 = 0.12469
P(3 veya daha az kaza) = P(0, 1, 2, or 3) = P(0) + P(1) + P(2) + P(3)
=0.00674 + 0.03370 + 0.08425 + 0.14042 = 0.26511
Ucten fazla olasiligini hesaplamak istiyorsak, 1- 0.26511=0.734809).
Onemli nokta: Poisson dagilimi, n, 20'den biiyiik ya da esit oldugunda ve p, 0.05'e kiiiik ya
da esit oldugunda binom dagiliminin iyi bir yaklasimdir.
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Ornek:

Bir firma, Gretmekte oldugu ampullerin son asamada kontroliinde her gilin
ortalama 10 ampuliin bozuk oldugunu tahmin ediyor.

a. Bir kontrol glinlinde 3 ampuliin bozuk ¢ikmasi,

b.Bir kontrol gliniinde 2 veya 3 ampuliin bozuk ¢ikmasi olasiliklarini
hesaplayiniz?

Bu soru Poisson dagihmi kullanilarak c¢oéziilebilir.

. __v";')."
P(X —/\)—T
5 l(l103
a) P(3) = ———=0.007567

i
e 10

b) P(3)+ P(2)=0.007567 +

=0.007567 +0.00227
=0.009837

Ornek:

Gunde 200.000 civatanin Uretildigi bir isletmede uygunsuzlarin orani 0.00003
olarak tespit edilmistir.

a. Buna gore higbir civatanin arizali gckmamasi olasiligini,

b. En az iki civatanin bozuk ¢ikma olasiligini belirleyiniz?

A =(200000*0.00003) =6

60
a) P(0)=‘m =0.002487
Gg0 671
b)P(Xzz»=1-1)(-¥g1)=1_[" 6 &6
o 1l

=09826
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Ornek:
Bir civata ureticisi Gretmekte oldugu civatalar igin kusurlu oranini %5 olarak

belirlemistir. Gretimden 60 birimlik bir 6rnek alindiginda bu érnekte 2 tane
kusurlu gikma olasiligini belirleyiniz?

n =060
p=0.05
A=n*p=60%0.05=3

-

-
=5k

R o]
e—*3

P(x=2)="-"==0224
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6.4. Hypergeometric Distribution

In probability theory and statistics, the hypergeometric distribution describes the
distribution of the number of successes in a finite population of n consecutive objects
without replacement, as a discrete probability distribution. Assumptions of the
Hypergeometric Distribution: n trials can be repeated under similar conditions. Each trial
has two possible outcomes. Non-refundable sampling is done from a finite population. Since
sampling is non-refundable, the probability of success ( p ) varies from experiment to
experiment.

Hipergeometrik Dagilimin Olasilik Fonksiyonu:

B-N-B
¥ ?;/_x = (Basarili olma)*(Basirisiz olma)/ Tiim
n

P(X=x)=

n : 6rnek hacmi

N : anakitle eleman sayisi

B : yigindaki basari sayisi

X : 0rnekteki durum sayisi, x=0,1, 2, 3, .....,n

e Geri koyulmadan alinabilmesi miimkiin érnek sayisi C2'dir.
e Basarili durum sayisinin x olmasi icin C2 sayida ihtimal bulunur;
e Geride kalanlarin basarisiz olmasi icin de CY"Bihtimal mevcuttur.

Kombinasyon:
N!

Cm) =G = oy

Hipergeometrik Dagiliminin Aritmetik Ortalamasi, Varyansi
e Aritmetik ortalamasi: ux=E (X) = np

e Varyansi: 02 =E[(X-m)?]= (E) npq

B
Burada p = ¥ olur.

157



Ornek:

10 kisilik bir sinifta 6 6grenci dersten basarili olurken 4 6grenci basarisiz olmustur. iadesiz
olarak 5 6grenci secilmis. Secilen 5 6grenciden, basarili ve basarisiz 6grencileri siniflandiran
bir olasilik degiskenleri su sekilde gosterilebilir:

Anakutle eleman sayisi, N=10

Yigindaki basari sayisi, B=6

Ornek hacmi, n=5

Ornekteki basari durum sayisi, x=0,1, 2, 3, 4,5 }

Cx Cn=y
Y

P(X=x)=

e Geri koyulmadan alinabilmesi miimkiin érnek sayisi C2'dir.
10!

T5I(10-5)
e Basarili nesne sayisinin x olmasi icin CZ sayida ihtimal bulunur;

cy 252

e Geride kalanlarin basarisiz olmasi icin de C=Bihtimal mevcuttur.

a) Secilen 5 6grencinin de basarili olma olasiligini bulunuz.

¢ 6! . D!
oy GGy  5l(6—=5! (0@ 6x1
P(X=5)= (o0 = 101 =553 = 0.0238
5!(10 = 5)!
b) 3 6grencinin basarili olma olasiligini bulunuz.
o 6! . !
oy B3G5 31(6—-3) (2)!(4-2)! 206
P(X=5)= (10 = 101 =55 - 0.476
5!/(10 = 5)!

¢) En fazla 2 6grencinin ge¢mis olma olasiligini bulunuz.
6 ~10-6 6 ~10-6 6 ~10-6
Co Cs5—o Cr C5~1 C7 C5-3

10 10 10
CS CS CS

P(x <2)=P(X=0)+PX=1+PX=2)=

P(x <2)= 0262

d) En az 3 6grencinin ge¢cmis olma olasiligini bulunuz.
Px=23)=1-[PX=0+PX=1)+P(X=2)]=1-0.262=10.738
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e) Sirasiyla secilen 1, 2, 3, 4 ve 5’inci 6grencinin basarisiz olma olasiliklarini bulunuz.
Bu Ornekte bulunmasi istenen segilen 6grencinin basarisiz 6grenci olma olasiligidir. Basarisiz
ogrenci sayisi 4 oldugundan B=4 olacaktir.

CyC%* 1x6

x=0= "5 252
CHCi%*  4x15
P(x=1)= = = 0.238
r=1= "1 252
Cy C205% 6 * 20
x=2)="11 252
P(x=3)= Gls® _ 1+6 = 0.238
FEYT T T sy T
4C3%*% 1x6
P(x=4)= —% = = 0.0238

clo 252

Burada dikkat edilirse 6grencilerin basarisizhgiyla ilgili batln olasiliklar hesaplanmistir. Bu
olasiliklarin toplami 1’e esittir.
Px=0+Px=1)4+P(x=2)+ Px=3)+P(x=4)= 1

f) Bu dagihmin basarili ve basarisiz 6grenci sayisina gore Aritmetik ortalamasi ve standart
sapmasini bulunuz.

Basarili 6grenci sayisina gore:
B 6
N=10,B=6ven=>5.Burada p= ~ 0 " 0.6 olacaktir.

e Aritmetik ortalamasi: ux=E (X) = n.p=5*%0.6 =3

e Varyansi: 02 =E[(X-m)?]= (E) n.p. (1-p) = %:i) 3(1-0.6)=0.666
Basarisiz 6grenci sayisina gore:
N=10,B=4ven=5. Burada p= % = 14—0 = 0.4 olacaktir.
e Aritmetik ortalamasi: ux=E (X) = n.p=5*0.4=2
N- 0-5
e Varyans:oZ=E[(X-px)?]= (N—_Tll) n.p. (1—p)=( ﬁ) 2(1-0.4)=0.666
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Ornek:

Hastaneye gelen 100 kisiden 20 tanesinin koronaviriisii testi pozitif ¢cikmaktadir. ladesiz
rasgele secilen 12 kisiden 5 kisinin koronaviris testinin pozitif cikma olasiligl nedir?

N=100, B=20, n=12, x=0,1,2,....12

BrN-B 20 ~80
Cx Cn—x _ CS C7

P(x=5)= o= = 0.047

Hipergeometrik Dagihminin Aritmetik Ortalamasi ve Varyansini hesaplayiniz.
Burada p = % olur, p=B/N=20/100=0.2

e Aritmetik ortalamasi: ux = E (X) = n.p=12*0.2=2.4

e Varyansi: o2 =E[(X-m)?]= (E) npq =(88/99)*12*0.2*0.8=1.71

Ornek:
Bir makineden iretilen 100 {iriin icinde 60 tanesi testten gecmistir. iadesiz secilen 8 iiriinden
5 tanesinin testten ge¢me olasiligl nedir?

N=100, B=60, n=8, x=5

B,-~N-B 60 ~100—60
Cx Cn—x _ Cx Cg_yx

PX=x)= = o0 x=0,1,2,3, ..., 8
A ca
C60 C4—O
P(X=5)= 561—03 =0.29
8

160



6.5. Exponential Distribution Functions

+ Ustel dagilim fonksiyonu:

f(x)zie_‘_‘ x>0
u
* Beklenen deger:

oo

_x 1 = X u = x du = dx

E(X):Ix—e “dx:—J.xe “dx S S
0 M oy dv = e *dx v=—pe *
.[ua’v =uv — j vdu kismi integrasyo n islemi ile
E(X) = : - xy.e_’” |: +J.‘ue_;dx —xe * : - Ue 3 :
0

E(X)= u elde edilir .
Var(X) = u * olur.

Ornek:

Bir isletmenin dretilmis oldugu elektronik cihazlarin anzasiz calisma siirelerinin (saat cinsinden ) tstel dagilima uydugu
goriilmiistiir ve ortalama arizasiz caligma siiresinin 24 saat oldugu hesaplanmistir. Buna gore

a JRastgele secilen hir cihazin en az 12 saat arizasiz ¢alisma olasiligini hesaplayiniz

b) En fazla 36 saat anzasiz caligmasi olasiigini bulunuz ?

¢) Segilen cihazin 30 saatten fazla calisma olasiligi %80 olabilmesi igin bu cihazlarin ortalama anzasiz calisma siiresi ne
olmalidir?

F(x)= ¢

e *# X > 0
24
= 1 _x _1z
) P(X>12)=[—e Fdr=—e ¥ | =¢ ¥ =¢ "5 = 0,6065
2 24 12
T - “or 36 5
b) PO<wx<36)=[ e Fdr=-e ¥ [[=1-¢"=1-0.2231 =0.7769
0
: -5 NESEN - »
c) jl_e dx = 1_(—.,1.)‘; T =08 —e 7 - 0,8
,& /l 30
i0 30
® 30 _30
-e 4 +e 4 =0.8 e 4

= 0,8 > -T: In0,8 = A =134 saat
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Ornek:

Let X ~ uniform(0,1). Find E(X).
X has range [0,1] and density f(x) = 1. Therefore,

1 21
E(X):/ Id;l::% é
0 0

Not surprisingly the mean is at the midpoint of the range.
Ornek:

Let X have range [0, 2] and density %;{:2. Find F(X).

2 2 A
_ ) dr — 3 3y _ 3T _
E(X) = /0 cf(x)dr _/0 g7 dr = ﬁo— 5t
Does it make sense that this X has mean is in the right half of its range?
Yes.

2 T3

Since the probability density increases as x increases over the range, the
average value of = should be in the right half of the range.

Example:

Let X be the random variable with probability density function
etifr <0

f(x) ,
Oifz >0

Compute F(X) and Var(X).
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Integrating by parts with © = x and dv = e*dz, we see that
f:t:e““’dm = ze* —e® + C. Thus,

E(X) = /m af(z)dr = fo zedx

= lim redr = lim [-1—re" +¢€"|
r——oo r——00

—— =0

[We used L'Hépital’s rule to see that lim,_, ., re” = lim, _,_ = =lim, o —=

We compute
/x2emda: = x2ew—2/xexd:c
= z2e® —2ze® +2e* +C
So,

0

/m 22 f(z)dx = /_ oom2emd:1:

= lim (2—7%" +2re” — 2¢")

r——00

= 2

This gives Var(X) =2 —12 = 1.
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Ornek:
Probability Density Function, pdf: f(x)
Let X ~ exp(}A). Find E(X).

The range of X is [0,00) and its pdf is f(z) = Xe=* . Therefore

E(X) = f: of(z)ds = /:C Aze M dy

(using integration by parts with u =z, v/ = de ™ = o/ =1, v = —e?)

o0 =+l
+ / e d
o 0

o0

—

0 A
We used the fact that ze=** and e * go to 0 as = — oo.

2 f(z) = Ae M=

: T

p=1/A

Mean of an exponential random variable
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Ornek:
Let X ~ exp(A). Find E(X2).

E(X?) = / 2 f(z)de = / Az?e ™ d
0 0

(using integration by parts with u = 22, v/ = Ae ™ = o/ =2z, v = —e_h}
oo o0
= —g%e® —|—/ 2re M dr
0 0
(the first term is 0, for the second term use integration by parts: w = 2z, v/ = e ™ =
—Ax
u=2v=—-2)
—Az |%9 oo Az
e e
= —2x —f—] dr
Ao 0
0— 2o |" 2
—VTEf e | T
A2, A
Ornek:

Let X ~ exp(A). Find Var(X) and ox.

E(X)= [} e M dg = % and E(X?)= L 2T dp — %

Var(X) = B(X?) - B(X)* = 2_1_1 ox =

1
A2 A2 A2 A

We could have skipped Property 3 and computed this directly from Var(X) = fom (x — 1/A)2Ae A" dar.

Example:

Suppose that the random variable X has a cumulative distribution

function
Fle) = sin(z) if 0 <z < 7
Oifx <Oorz> 3

Compute E(X) and Var(X).
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First, we must find the probability density function of X.
Differentiating we find that the function

f(z) = cos(z) f 0 <z < %

0 otherwise

is the derivative of F' at all but two points. Thus, f(z) is a
probability density function for X.

E(X) = fm 2 f(2)dz

Integrating by parts, we compute

[SE]

Var(X) = /[;:EQCOS(:B)dm—E(X)Q

= (z®sin(z) — 2sin(x) + 2z co%(m))\izg — (g —1)?
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6.6. Expected Value and Variance in Uniform
Distribution Functions

Suppose a random number generator is programmed to produce a real number between 0 and 1,
with each number in this range being equally likely. This is an example of a continuous uniform
distribution.

If the probability of each value occurring in a certain interval of a continuous random variable X is
equal, then the distribution of this random variable is called a uniform distribution.

Types of Uniform Distribution
Types of uniform distribution are:

1. Continuous Uniform Distribution: A continuous uniform probability distribution is a
distribution that has an infinite number of values defined in a specified range. It has a
rectangular-shaped graph so-called rectangular distribution. It works on the values which are
continuous in nature. Example: Random number generator

2. Discrete Uniform Distribution: A discrete uniform probability distribution is a distribution
that has a finite number of values defined in a specified range. Its graph contains various
vertical lines for each finite value. It works on values that are discrete in nature. Example: A
dice is rolled.

Continuous Uniform Distribution:

Uniform probability density Function (pdf): F(x) = ﬁ , a<x<h

Moments

The mean (first raw moment) of the continuous uniform distribution is:

b 2 _ 2
dz b* —a b+a
X)) = = =
B(X) _/;wb—a 2(b—a) 2

The second raw moment of this distribution is:

b 3 3

, dz b’ —a
E(X?) = 2 = .
(X%) ,[;mb—a 3(b—a)

In general, the n-th raw moment of this distribution is:
dz bn—l—l _ an+1

b
E(Xn)zl e i Db_a)

The variance (second central moment) of this distribution is:

V(X) = B ((X - B(X))") :f: (m_ a;rb)gbd_wa _® Iza)z_
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Example:
For a random variable x with a uniform distribution between 0 and 1

.F
CR y
o 1 1
— — — 1
f(x)dx= | f(x)dx= | 1dx=1
Jreose=[reoec=

Ornek:
Stper marketteki kasaya 30 dakikalik periyotta bir musteri gelmistir. Bu misterinin son 5 dakikada
gelmis olma ihtimalini hesaplayiniz.

Olasilik yogunluk fonksiyonu:
1

1 — 0<x=<30
— <x<b = = =& =
f()={p-a % 1 !300 0 i
0 diger 1ger
fx) P(25 < X < 30)
J’“’f( ) F“ 1 q 30 — 25 1/6
b5 ,5 30 30
3
25 30 X

Bu 6rnek MATLAB komutu yardimiyla kolaylikla hesaplanabilir: prob=unifcdf(5,0,30)
Continuous uniform cumulative distribution function: unicdf

Example:
A tea lover enjoys Tie Guan Yin loose leaf tea and drinks it frequently. To save money, when the
supply gets to 50 grams he will purchase this popular Chinese tea in a 1000 gram package.

The amount of tea currently in stock follows a uniform random variable.
Solution

XX = the amount of tea currently in stock

aa = minimum =50 grams

bb = maximum = 1050 grams

f(x)=1/(1050 - 50)=0.001
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f(x) = 0.001
/

v

50 1050

The expected value, population variance and standard deviation are calculated using the formulas:

a+b s (b—a)? b—a

= T TV T2

For the loose leaf tea problem:

50 + 1050
p= B+ Y _ 5509
2
1050 — 50)2
o2 = ( 5 ) — 83,333

o =+/83333 = 289g

Probability problems can be easily solved by finding the area of rectangles.
Find the probability that there are at least 700 grams of TYin tea in stock.
P(X=700)= width x height =(1050-700)(0.001)=0.35

f(x) = 0.001

50 700 1050

The pth percentile of the Uniform Distribution is calculated by using linear interpolation: z, = a + p(b — a)
Find the 80 percentile of Tie Guan Yin in stack:

xgp = 50 + 0.80(1050 — 50) = 850 grams
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Xso

0.80 /

50 850 1050

Example:

The uniform distribution on the interval [0, 1| has the probability density function

Oifzr<0orz>1
lifo<z <1

fz) =

Letting X be the associated random variable, compute E(X) and Var(X).

— o0

o0 0 1 o0
E(X) = / zf(z)dr = / x X Uda:+/ xr x ldz +f x x Odz
—00 0 1

o
=
b
=
2
=
=
I
;\7_.
=
b
=,
]
I
'—l.
=
(%]
B
[l
et
|
| =

va(x) = [ f@ar-BX? = -7 = 3

— 0

Qo] =
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Discrete Uniform Distribution: i

Expected Value

The expected value of a uniform distribution is:

E(X) = inf(-rz) = Z% _ zi:: Ti _
=1 i=1

4243444546 _ 146 _ g9

In our example, the expected value is - 3

Variance

The variance of a uniform distribution is:

(b—a+1)°—1

Var(X) = 13
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7. Probability Distribution in Continuous Random

Variables

7.1. Normal Distribution

The array consists of one-dimensional numerical values. It is called a vector; its behaviors
such as direction and speed are discussed. With IoT and the internet of things, everything
including humans is turning into smart objects that are sources of information. When a
person is sick, we look at it as a model, it is seen as a source of information and
communication is established. Data is collected by communication.

In the distribution of observation values, it is desired to gather around the average value
and the number of observations to decrease as it moves away from the average or to be in
this way. It is desired not to be flat, skewed to the left or right. Variance measures how
much each value deviates from the average. Whether the average value can represent the
array is decided with variance. The probability of the values forming the array will be
calculated. The array elements are ranked from smallest to largest. What is the probability
of being more or less than any array element?

For example, when an intelligence test is applied to a large population, it is observed that
the observation values are gathered around the average intelligence test score and that the
number gradually decreases as the average value is moved away from the average value,
and the number of those with the lowest and highest intelligence scores decreases very
much. This situation is evaluated as a normal, expected or normal situation.

The normal distribution is a continuous probability distribution. As it is known, the word
normal is a word used in the meanings of ordinary, common, and commonly seen, etc. The
origin of the normal distribution being called “normal” is that it is a commonly seen
distribution.

In all probability distributions, two important measures are used to characterize the
distribution. These measures are the expected value of the distribution (arithmetic mean),
in other words, the mean of the distribution, and the standard deviation or variance of the
distribution.

The normal distribution is also a continuous distribution whose mean is expressed by E(x)=p
and its standard deviation is expressed by [l or its variance by B2. The shape of the normal
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distribution is symmetrical and is also known as the bell curve because its shape resembles a
bell (Gaussian curve).

%]
Figure: Normal Distribution

The sum of the probabilities of all variables in the series is equal to 1. The area covered by
the curve is equal to 1.

Since there is a continuous random variable in the normal distribution and the state of
continuity is defined as the ability of the variable to take infinite values between two values,
the values that the random variable can take are very close to each other. This situation
transforms the shape of the distribution into a curve. Because the values that the random
variable can take are so close to each other that the points on the X axis showing the values
that the random variable will take are very close to each other and therefore the shape of
the normal distribution is in the form of a bell curve.

As can be seen from the figure above, the normal distribution is a distribution with
maximum probability on the mean value (u) of the distribution, is symmetrical and the right
and left tails of the distribution are asymptotes to the X axis, that is, it is assumed that the
tails of the distribution approach the X axis at infinity.

In the normal distribution, the probability calculation is done by calculating the area
between two values and the total area under the curve is equal to 1, which is the total
probability and expresses the full system value. The mean, which is the middle point of the
distribution, or , divides the area under the curve into two equal parts, and the areas to
the right and left of the mean represent a probability of 0.5. In other words, the probability
of a randomly selected unit having a value below the mean is 0.5, and similarly, the
probability of having a value above the mean is also 0.5.
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The probability density function of the normal distribution:

1(X—)’
I
f(x)=-———e¢
2TG
formiliyle ifade edilmektedir. Ayrica, yukaridaki normal dagilimda, X tesadifi degiskenin u
agirhk ortalamasi ve o standart sapmasidir. Yukaridaki normal olasilik yogunluk
fonksiyonunun (-0, 400) arasinda tanimli bir fonksiyon oldugu goralar.

Normal dagilimin formuliinde yer alan ifadeler:

X, surekli bir tesadufi degiskeni,
e |, tesadiifi degiskenlerin ortalamasini,
e o, tesadifi degiskenlerin standart sapmasini,
e 11, matematikte sabit pi sayisini, 3.14159265...
e ¢, dogal logaritma tabanini, 2,71828...

ifade etmektedir.

Formilden de gorilecegi gibi, normal dagilim fonksiyonunu niteleyen iki olgl
bulunmaktadir; ortalama ve standart sapma. Dolayisiyla, formilde yer alan diger tim
degerlerin sabit olmasi sebebiyle, fonksiyonun belirleyicisi ya da niteleyicisi ortalama ve
standart sapma ifadeleri olmaktadir. Bu sebeple de ortalamasi ve standart sapmasi farkli
sonsuz sayida normal dagilimdan soz edilebilmektedir. Dagilm fonksiyonunun séz konusu
tanim araliginda integrali alindiginda,

+ + ' :
1 ——{(X;— n)/a)*
X) = —p 2 =1
freo- =

esitligi gerceklesir.

Ote yandan, olasilik hesabinin, alan hesabi ile yapilmasi sebebiyle a < b olmak kosuluyla a ve
b gibi iki deger arasindaki olasllik, yani a ile b arasindaki alan hesabinin da,

h

b 1 ,
1 ——{(X;i—w/e)?
X) = —e °
[re fﬂ\l,m

o

bicimindeki integralin hesaplanmasiyla yapilmasi gerekecektir.
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Normal Dagilimin Ozellikleri:
X rassal degiskeninin ortalamasi p ve varyansi 0% olan normal dagihima uydugu dusunilirse
asagidaki 6zelliklere sahip olacaktir:

1. Xrassal degiskeninin ortalamasi E (X) = pn

2. Xrassal degiskeninin varyansi Var (X) = E[ ( X- u)?] = o2

3. Skewness = 0 (Basiklik katsayisi)

4. Kurtosis=0 (Carpiklik Katsayisi)

X rassal degiskeninin dagilimin ortalamasi ve varyansi bu degiskenin olasilik fonksiyonunun
seklini belirler. Dagilimin iki parametresi olan ortalama ve varyansi degistikce normal
dagilim grafiginin seklide asagidaki 6érneklerde gorildigi Gzere degisecektir.

Sekil A’da normal dagilima sahip ortalamalari ayni varyanslari farkli iki tane olasilik yogunluk
fonksiyonu verilmektedir. Sekilden de gorildiigii lizere varyans azaldik¢a olasilik yogunluk
fonksiyonu sivrilesmektedir (Basiklig1 azalmaktadir).

Sekil B’"de normal dagilima sahip varyanslari ayni ortalamalari farkl iki tane olasilik yogunluk
fonksiyonu verilmektedir. Sekilden de gorildigl Uzere ortalama artikca yogunluk
fonksiyonu yana kayarken biciminde herhangi bir degisme s6z konusu degildir.

Rassal Degiskenlerin Kiimiilatif (Birikimli) Olasilik Fonksiyonu:

Ortalamasi p ve varyansi o2 olan normal dagilima sahip bir X rassal degiskeninin Kimilatif
olasihk fonksiyonu F (x) = P ( X < xo ) olarak gosterilir. X rassal degiskeninin belli bir xo
degerinde kicik olma olasiligini gosterir.
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PiX<xa)

===

Yukaridaki sekilde gri tarali alan, normal dagilima sahip X rassal degiskeninin herhangi bir xo
degerinden kiiglik olma olasiligini vermektedir. Bu alan asagidaki genel forml yardimiyla bulunabilir.

X0

F(x)=P X < x9) = f

— 00

1 _ = 1;)2 p
e 2o X
oVan

Rassal Degiskenlerin Aralikh Olasilik Fonksiyonu:

Ortalamasi L ve varyansi 62 olan normal dagihima sahip bir X rassal degiskeninin aralikli olasilik
fonksiyonu F (a) — F (b) =P (a < X < b ) olarak gosterilir. X rassal degiskeninin a ve b gibi iki deger
arasinda olma olasihgini gosterir (a < b kosuluyla).

====P(a<X<hb)

Yukaridaki sekilde gri tarali alan, normal dagilima sahip X rassal degiskeninin a ve b gibi iki deger
arasinda olma olasihgini vermektedir. Bu alan asagidaki genel formil yardimiyla bulunabilir.

b
fo=pa<x<h=| L -y
xX) = a< X< = e 20 X
acn/Zn

Ornek:
Normal dagilima sahip rasgele degiskenin olasilik yogunluk fonksiyonunun grafigini
cizdirecek Matlab programini yaziniz.

2

F) = =e
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Cozim -1:

clc; clear all; close all
x=-4:0.01:4;
s=1/sqrt(2*pi);
y=s*exp(-0.5*x.12);
figure,plot(x,y)

Cozim -2:

x=-4:.1:4,

ort=0;

std=1;

figure, plot(x,normpdf(x,ort,std))

Ornek:

2
m=2ve 0 =16 icin olasilik yogunluk fonksiyonunun grafigi,

clc; clear all; close all
x=-15:.1:15;
plot(x,normpdf(x,2,4))
grid on

0.1

0.09

0.08

0.07

0.06

0.05

0.04

0.03

0.02

-15 -10

Ornek: Normal dagilimlarin gizilmesi
N1= 40
N2= 30
N3= 50
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al=1:3*N1;

a2 =1:3*N2;

a3 =1:3*N3;
ortl= 56.7750
ort2 = 51.0333
ort3 = 48.9200
Stdl = 33.5960
Std2 = 25.8090
Std3 = 28.1822
figure,
plot(al,normpdf(al,ortl,Std1),'-',a2,normpdf(a2,ort2,5td2),'-.",a3,normpdf(a3,ort3,Std3),'--')
grid on

0.016

0.014

0.012

0.01

0.008

0.006

0.004 -~

0.002

0 50 100 150
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7.2. Standart normal dagilim

A Kimesi

A Kiimesi rassal degiskenlerin olasiliklarindan olusmaktadir. Sistem olarak da tanimlanir.
Veri yi1g1 dizi, vektor (Siddet, yon), matris olarak verilmektedir.

Olasilik Yasalari:
1. Bir kiimeyi olusturan olaylarin olma olasiliklari toplama 1’e esittir.
2. Bir kimedeki herhangi bir olayin olma olasiligi, 1 = p(4) =0
3. Eger kiimedeki herhangi bir olayin olma olasiligi 1 ise digerlerinin olma olasiligl
sifirdir.
4. Bir kimedeki herhangi bir olayin olma olasiligi ile olmama olasilig toplami 1’e esittir,
p(A’) + p(A)=1. Bir kimedeki herhangi bir olayin olmama olasihgi p(A’)= 1- p(A).

Aritmetik Ortalama:

n
=X Xt Xpt et Xy

n n

Medyan - Ortanca:

Siniflandiriimamis serilerde ortanca hesaplanirken, veriler 6ncelikle kiglikten blyige dogru
siralanirlar. n cift ise n/2 deger ile n/2+1 degerlerin ortalamasi, n tek ise (n+1)/2 degeri
ortancadir.

Mod (Tepe) degeri:

Mod dagihm kiimesinde olasiligl en yiksek degerdir. Dizide en ¢ok tekrarlanma sayisidir.
Dagilimda en vyiksek olasilik degeri birden fazla nokta ile temsil ediliyorsa, mod bu
degerlerin hepsine karsilik geldiginden sonug tek anlamli olmaktan ¢ikar. Béylesi durumlarda
dagihmin bimodal, trimodal ya da multimodal oldugundan s6z edilir. Frekans, bir saniyedeki
titresim sayisi, siklik sayisidir.
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Varyans - Standart Sapma:

tp

> Xi

H-0 M HU+o

Standart sapma, degiskenlerin aritmetik ortalamasindan kaynaklanan kok ortalama karesi
(RMS) sapmasidir. Veri yiginindaki herbir deger agirlik ortalamadan ne kadar sapmaktadir?
Aslinda agirhk ortalamadan olan sapmalari karesine bakilmaktadir. Neden? Varyans
hesaplanarak verinin dagilimi hakkinda yorum yapilabilir. Olasilik ve istatistikte, bir olasilik
dagiliminin standart sapmasi, rasgele degisken veya yigin veya degerlerin yayilmasinin bir
Olclsudir. Genellikle o harfi ile belirtilir (kiicik harf sigma). Standat sapma, varyansin
karekoki olarak tanimlanir. Varyans, veriler ile aritmetik ortalama farklarinin karelerinin
toplamidir.  Olgiilen verilerin ortalamaya yayilmasini olger. Standart sapma, aritmetik
ortalamadan olan sapmayi verir.

Blyuk veri yigini saglikli analiz edilemez. Neden? Gurltila, hata, eksik data, manipiile, ..
Blyiik veri yiginini temsil eden minumum sayida érnek veri yigini alinir. Ornek veri yigini
blyuk veri yiginini temsil ediyor mu? Bunun igin varyans, ¢arpiklik ve basiklik katsayilarina
bakilir.

Veri degerleri aritmetik ortalamaya yakinsa, standart sapma kiguktlr. Ayrica, bircok veri
noktasi ortalamanin uzagindaysa, standart sapma buyutktir. Tim veri degerleri esitse,
standart sapma sifirdir.

Bir veri dagilimindaki degisimin énemli bir 6lglisi varyanstir. Varyansin karekokd alinarak
standart sapma elde edilir.

Standart sapma dizideki herbir degerin aritmetik ortalamaya yakinhgini gosterir. Standart
sapmanin kicik olmasi ortalamalarda sapmalarin ve riskin az oldugunu, standart sapmanin

blyik olmasi ortalamalarda sapmalarin ve riskin ¢cok oldugunu gosterir.

Eger bir calismada ana kiitlenin tiimiinden veri toplanirsa buna tamsayim denir. Orneklem
ise bir ana kiitleden segilen belirli elemanlarin olusturdugu veri grubudur.
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Ana kiitlenin (Buyik veri yigini) standart sapmasi:
2 _ Zisa(xi=w)?

Ana Kitle igin Varyans : o N

Burada standart sapma ya da arimetik ortalama ve rassal degiskenler arasindaki iligkinin
yorumlanmasi gerekmektedir. Eger standart sapma degeri 0 ile 1 arasinda ise aritmetik
ortalama dizi igerisindeki veri degerleri arasinda yakin bir iliski vardir, aritmetik ortalama
diziyi temsil eder. Eger 1’den biliylk ise kareler toplami ¢ok daha biiyik olacagindan temsil
etmez.

integral hesaplarini yaparak olasiliklari hesaplamak yerine, z déniisimii ile herhangi bir
normal dagilimi standart normal dagilima donistirmek ve standart normal dagilim igin
hazirlanmis olasilik degerleri tablosunu kullanarak rassal degiskenlerin olasilhigi kolaylikla
hesaplamak mimkiinddir.

Aritmetik ortalamasi, y; standart sapmasi, o olan normal dagilimin X tesadiifi degiskenine
iliskin her X;idegerine karsilik gelecek bir zjdegeri hesaplanmakta, baska bir deyisle X
tesadiifi degiskeni z tesadifi degiskenine donistirilmektedir. Bu durumda z-dontsimi,

_Xi—p

Z;
()
formiliyle yapilmaktadir ve bir degerin kendi ortalamasindan kag¢ standart sapma uzaga
dustliglni gosteren bir olglidir. Diziyi olusturan degerleri normalizasyon yapilir. Formilde
yer alan u degeri dagilmin ya da tesadifi degiskenlerin agirlik ortalamasini ifade
etmektedir. Xi degerleri yol, zaman, siklik, puan gibi bagimsiz degiskenler. P(xi)

}P
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Sekil: Normal Dagilim ve Standart Normal Dagilim

Standart Normal Dagilim Tablosu Kullanilarak Olasiliklarin Belirlenmesi:

Olasiligin temel kurali: Normal egrinin altinda kalan toplam alan, daima “1”dir. Normal
dagilim s6z konusu oldugunda aritmetik ortalama, egri altindaki alani iki esit kisma ayirir.
Yani, ortalamanin saginda 0,5 ve solunda 0,5 olasilikla gerceklesecek iki alan olusur.

Standart normal dagilim tablosu, ortalama ile ilgili z degeri arasindaki alani yani olasiligi
vermektedir. Dolayisiyla, bunun disinda olasilik hesabi yapmak gerektiginde yukarida
bahsedilen egri altindaki toplam alanin “1” oldugu ve ortalamanin egri altindaki alani 0,5
olasilikli iki esit kisma ayirdigi unutulmamalidir.

Temelinde siirekli bir degiskenin bulunmasi sebebiyle, normal dagiimda rassal degiskenin
alabilecegi degerler birbirine o derece yaklasmistir ki tek bir deger igin olasilik sifirdir.
Dolayisiyla, olasilik tek bir deger igin degil belirli bir aralik igin hesaplanmasi
gerekmektedir.

Standart normal egri alanlari tablosu sadece pozitif z degerleri i¢cin hazirlanmistir. Normal
dagihmin simetrik olmasi ve aritmetik ortalamanin egri alanini iki esit kisma ayirmasi
sebebiyle, z degerinin pozitif ya da negatif olmasi sadece ortalamanin altinda ya da Ustiinde
bir deger oldugunu ifade eder, + ya da — bolgede olsa da ortalamaya uzaklik ayni olacagi icin
olasilik degerleri de ayni olacaktir.
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Sekil: Standart Normal Dagilim Tablosunda Okunan Olasiliklarin

Standart normal dagilim Ozellikleri:

1) Dagihim ortalamaya gore simetriktir. %50'si sagda, %50'si soldadir.

2) Normal dagihm egrisinin altinda kalan alan 1’e esittir.

3) Aritmetik ortalama, ortanca, tepe deger (mod) birbirine esittir ve maksimum
yuksekligin bulundugu yerdedir.

4) Zi=0ile Zi=Zmax arasindaki degerlerin olasiliklarinin toplami 0.5’e esittir. Olasilik
degerleri tablo halinde verilir. Zmax=3 alinir.

5) Normal dagihmi gosteren degiskenlerin aldiklari degerler;
e Gozlemlerin %68.26" i ortalama ile Zmaks=+ 1 standart sapma araligina,
e GoOzlemlerin %95.44° i ortalamaile Zmaks=% 2 standart sapma araligina, ve
e Gozlemlerin %99.74 ‘i ortalama ile Zmaks= + 3 standart sapma araligina diser.

AN
=
[0

£

-1 [ [~
-3 -2 -1 0 1 2 3
Normal dagihimlar, standart normal dagilimlara kolaylikla gevrilir. Normal dagilima (gauss)

sahip olan bir fonksiyonu aritmetik ortalamasi, i ve standart sapmasi, o biliniyorsa olasilik
fonksiyonu standart normal dagilima cevrilir. Secilen deger, X, ortalamadan Z=(X-u)/o,
kadar standart sapmanin Ustlindedir ya da altindadir diye yorumlanir. Bu ¢evirme isleminden
sonra olasiliklar, standart normal dagilim (Z) tablosu yardimiyla bulunur.

Z tablosu:
e +3.09 arasinda degismektedir. Normal standart dagilimina ¢evrilebilmesi igin
hesaplanan Z degerinin +3.09 arasinda olmasi gerekmektedir.
e Bu, teorik evrenin %99.98’ine karsilik geliyor.
e Ztablosu 1/10’luk aralarla standart sapmayi gosteriyor.

183



Ornek: Can egrisi ile not hesaplama:

Bu yontemin kullanilmasindaki temel amag, belirli bir dersi alan 6grencileri 100 puan
Uzerinden aldiklari mutlak notlara gore degil, o dersi alan grup icinde gosterdikleri
performansa gore notlandirmaktir. Performans, bir 6grencinin sinif ortalamasina gére hangi
konumda oldugudur. Bu sistemde sinifin ortalamasi ve standart sapmasi ¢ok bliyiik 6nem arz
ediyor. Notlar hesaplanirken;

Z=(HBN - Sinifin HBN aritmetik ortalamasi) / Standart sapma

formiltyle aldiginiz notlar Z Standart Notuna ve Z standart notlari da (T=10Z+50) formiluyle
T Notuna donustirilir. Hesaplanan T Notu (TSkor), yeni not olur.

HBN:Ham Basari Notu

Asagidaki tabloda cesitli Z degerleri icin normal egrilerin alanlarini hesaplanmistir. Bu
tablolar yardimiyla dogrudan olasiliklar hesaplanabilir. Tabloda verilen degerler olasilik
yogunluk fonksiyonun (st ya da alt yarim egriler icindir (0 ile 0.5 arasindadir).

184



Standart Normal Dagilim Tablosu
E 0.00 0.0l 0.02 0.03 0.04 0.05 006 0.07 0.08 009

0.0 | 00000 | 00040 | 00080 [ 001200 ) 00160 | 00199 | 00239 | 00279 | 00319 [ 0.0359
0.1 | 0.0398 | 00438 | 000478 | 00517 | 00557 | 0.05%6 | 0.0636 | 0.0675 | L0714 | 00753
0.2 | 0.0793 | 00832 | 00871 | 00910 | 00948 | 00987 | 01026 | 01064 | 01103 | 0.1141

0.3 | 01079 ) 01217 | L1255 [ 001293 | 01330 | 0 1368 | 01406 | 01443 | 0U1480 [ 01517
0.4 | 01554 ) 01591 | 0 1628 | 01664 | 00700 | 01736 | 01772 ) 01808 | 001844 | 01879
0.5 | 01915 | 01950 | 01985 [ 0.2019 ) 02054 | 02088 | 02123 | 02157 | 02190 | 0.2224
0.6 | 02257 | 02291 | 0.2324 [ 02357 | 02389 | 0.2422 | 0.2454 | 02486 | 02517 | 0.2549

0.7 | 02580 | 02611 | 02642 | 02673 | 02704 | 02734 | 02764 | 02794 | 002823 | 0.2832
0.8 | O.Z8ED | 02910 | 02939 | 02967 | 0.2995 | 03023 | 03051 [ 03078 | 03106 | 03133
0.9 03159 | 03186 | 05212 | 03238 | 03264 | 03289 | 03315 [ 03340 | 003365 | 03359

L0 | 03413 | 03438 | 03461 | 03485 | 0.3508 | 03531 | 03554 | 03577 | 03599 | 03621
L1 | 03643 | 03665 [ 036860 | 03708 | 03729 | 03749 | 03770 | 03790 | 03810 | (3830
1.2 | 03849 | 0386% [ O3EEE | 03907 | 003925 [ 03944 | 03%62 | 03980 | 03997 | 04015

L3 | 04032 | 04049 [ 04066 | 04082 | 04099 | 04115 | 04131 | 04147 | 04162 | 04177
L4 | 04192 | 04207 | 04222 | 04236 | 04251 | 04265 | 04279 | 04292 | 04306 | 04319
L5 | 04332 | 04345 | 04357 | 04370 | 04352 | 04394 | 04406 | 04418 | 04429 | 04441
L6 | 04452 | 04463 [ 04474 | 04484 | 04495 | 04505 | 04515 | 04525 | 04535 | 04545

LT | 04554 | 04564 [ 04573 | 04582 | 04591 | 04599 | 04608 | 04616 | 04625 | (4633
L8 | 04641 | 04649 | 04656 | 04664 | 04671 | 04678 | 04686 | 0.4693 | 04699 [ 04706
L9 | 04713 | 04719 [ 04726 | 04732 | 04738 | 04744 | 04750 | 04756 | 04761 | 04767

200 | 04772 | 04TTE | 0.4TH3 | O4TEE | 04793 | 04798 | 04803 [ 04806 | 04812 | 04817
2.1 | 04821 | 04826 | 04830 | 04834 | 04838 | 04842 | 04846 [ 04550 | 04854 | 04857
2.1 | 04861 | 04864 | 04868 | 04871 | 04875 | 04878 | 04881 [ 04584 | 048RBT | (4890
2.3 | 045593 | 048%6 | 04898 | 04901 | 04904 | 04906 | 04909 [ 04911 | 04913 | 04916
2.4 | 04918 | 04920 | 04922 | 04925 | 04927 | 04929 | 04931 [ 04932 | 04934 | 04936
1.5 | 04938 | 04940 | 04941 | 04943 | 04945 | 04946 | 04945 [ 0.4949 | 04951 | 04952
2.6 | 04953 | 004955 | 04956 | 04957 | 0.4959 | 04960 | 0.4%6] | 04962 | 04963 | 04964

2.7 | 04965 | 04960 | 04967 | 04968 | 04969 | 04970 | 04971 [ 04972 | 04973 | 04974
2B | 04974 | 04975 | 049760 | 04977 | 04977 | 04978 | 0.4979 [ 04979 | 04980 | 04981
2.9 | 04981 | 04982 | 04952 | 04983 | 04984 | 04984 | 04985 | 04985 | 04986 | 04956
3.0 | 04987 | 04987 | 04987 | 04988 | 04988 | 04959 | 04989 [ 04989 | 04990 | (499

Tablonun en solundaki degerler ile en Ustteki degereler toplanarak Zi degerleri bulunur.

Onemli uyari: Olasilik hesaplamada tek basina dizideki herhangi bir degiskenin olma olasilig
hesaplanmaz. Blylik esit ya da kiiclk esit degerlerine yonelik olasilik degeri hesaplanir.
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Ornek:
Z<=0.78’deki P olasilik degerini bulunuz. Tablodan olasilik degerini bulabilmek i¢in Z=0.7 +
0.08 ayrimi yapilir. 0.7 degeri en soldaki deger; 0.08 degeri ise en Ustteki deger olarak alinir.

Tabloadan
P1(0<Z<0.78)=0.2823

P(Z<=0.78)= P1(0<Z<0.78) + 0.5 = 0.2823 + 0.5 = 0.7823, %78,23 olasilikla Z degeri 0.78 den
kiiclik ya da esittir.

7>0.78 durumunda Pk=1-P=1-0.7823=0.2177

Z>0.78’deki P olasilik degeri bulunurken Z<=0.78'deki P olasilik degeri bulunur. Bulunan
deger 1 den gikarihr.

Ornek:

7<=0.68'deki P olasilik degerini bulunuz. Z=0.6 + 0.08 ayrimi yapilir. 0.6 degeri en soldaki
deger; 0.08 degeri ise en Ustteki deger olarak alsinir.

Tablodan,

P1(0<Z<0.68)=0.2517

P(Z<=0.68)= P1(0<Z<0.68) + 0.5 =0.2517 + 0.5 = 0.7517, %75,17 olaslilikla Z degeri 0.68 den
kiiclik ya da esittir.

Z>0.68 durumunda Pk=1-P=1-0.7517=0.2483
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Ornek:
0.52<=7<=0.78’deki P olma olasilik degerini bulunuz.

Tabloya bakildiginda iki olasilik degerinin tablodan bulunacagi goriilmektedir.
1- P1(0-21)
2- P2(0-22)

P(Z2 -71)=P2-P1
Taploadan Z2=0.78 i¢in P2=0.2823
Taploadan Z1=0.78 i¢in P1=0.1985

P(0.52<= Z<=0.78)= P2(0<Z<0.78) - P1(0<Z1<0.52) =0.2823 - 0.1985 =0.0838
%8,38
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Ornek:

-0.52<=Z<=0.78'deki P olasilik degerini bulunuz.

P(-0.52<= Z<=0.78)= P2(0<Z<0.78) + P1(0<Z1<0.52) = 0.2823 + 0.1985 =0.4808
%48,08

Ornek:

integral hesaplarini yaparak olasiliklari hesaplamak yerine, z déniisiimii ile herhangi bir
normal dagihmi standart normal dagilima donulstiirmek ve standart normal dagilim igin
hazirlanmis olasilik degerleri tablosunu kullanarak olasiligi kolaylikla hesaplamak
muamkuindur.

Formdilde yer alan p degeri veri yiginin ya da tesadufi degiskenlerin agirlik ortalamasini, X;
veri yiginindaki tesadiifi degiskenleri, o ifadesi standart sapmayi ifade etmektedir.

Bir veri yiginin agirlik ortalamasi, u=50, standart sapmasi, 0=25, X=60 ise Z =7?
Z = (60-50)/25 =10/25 = 0.4

Standart sapma ve agirlik ortalama degismedigi halde Z=0 ¢ikmasi durumunu yorumlayiniz.
Standart normal dagilimda agirlik ortalama veri yiginindaki tesadiifi degiskene esit olursa
Z=0 olur.

Standart normal dagilim tablosundan Z <=0.4 (X<=60) icin olasilik ne olur? Yiizde olarak
ifade ediniz. Tablodaki degerler 0.5 olasilik olarak ortadan ikiye ayrilmaktadir. Bu nedenle

tablodan bulunan degere 0.5 eklenir.

P=0.1554 + 0.5 = 0.6554 bulunur. %65,54
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Ornek:
Universite &grencilerinin gelirleri normal dagilima sahip olsun. Ortalamasi, p=400TL ve
standart sapmasi, o= 50 oldugu bilindigine gore tesadifii secilen bir 6grencinin geliri X= 500
TL ise olsun. Normal standart dagilimina gevrilebilir mi?

a) Ogrencilerin gelirlerinin 400TL ile 500TL arasinda olma olasiligi nedir?

b) Ogrencilerin gelirlerinin 500TL’den az olma olasilig nedir?

c) Ogrencilerin gelirlerinin 500TL’den fazla olma olasiligi nedir?

400 450 500 i
. - L .

0 1

r

500TL Normal dagilimin standart dagilimina gevrilebilir olmasi i¢in Z'in maksimum +/- 3
degerleri arasinda olmasi gerekir.

a)
X- 500—400 . - .
Z= G”z o - 2, Bu durumda secilen 6grencinin geliri, ortalamadan 2 standart

sapma daha ylksektir. Tablodan bulanan 2’ye karsilik deger 400TL ile 500TL araligindaki
olasilik degeri, P(0<Z<2)=P(400<X<500)=0.4772 dir. (%47.72)

Standart Normal Dagilim Tablosu
] 0.00 .01 0.0z 0.03 0.04 0.05 .06 0.o7 0.08 0.09

L9 | 04713 | 04719 | 04726 | 04732 | 04738 | 04744 | 04750 | 04756 | 0.4761 | 04767

2.0 @ 04778 [ 04783 [ 04788 [ 04793 | 04798 | 0.4803 | 04808 | 0.4812 | 04817
2.1 [ 04821 | 04826 | 04830 | 04834 | 04838 | 0.4842 | 0.4846 | 0.4850 | 0.4854 | 0.4857

Ogrencilerin gelirlerinin 400TL den biiyiik 500TL den kiiciik olma olasiligi nedir?
Agirhk ortalama=400TL, Z=0 oldugu icin. Z’in 0 ile 2 arasindaki degeri P(0<Z<2)=0.4772;
%47.72

b) Ogrencilerin gelirlerinin 500TL den kiiciik olma olasiligi nedir? 0 ile 400TL ya da Z’in -3
degeri ile 0 arasindaki olasilik degeri 0.5 dir.

Z-Tablosundan, P(Z<2.00)=P(Z<0)+ P(0<Z<2)=0.5+0.4772=0.9772 elde edilir.
X—p  550-400
= = 3'
o 50

7=

c) Ogrencinin gelirinin 550 TL'den fazla olma olasiligi nedir?
Z-Tablosundan, P(Z>3.00)=0.5- P(0<Z<3)=0.5-0.4987=0.0013 elde edilir. (% 0,13)
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d) Ogrenci gelirlerinin 450TL den kii¢iik olma olasiligi nedir?
Z=(450-400)/50=1.00

Standart Normal Dagilim Tablosu

z .00 0.01 0.02 0.03 004 0.05 0.06 007 008

0.9 [ 03159 | 03186 | 03212 | 03238 | 03264 | 03289 | 03315 | 03340 | 0.3365 | 03389

{i.343'd 0.3461 | 03485 | 03508 | 0.3531 | 03554 | 03577 | 03599 | 03621

1.1 | 03643 | 03665 | 03686 | 03TOR | 03729 | 03749 | 03770 | 03790 [ 03810 | 03830

Z-Tablosundan, P(Z<1.00)= P(Z<0)+ P(0<Z<1)=0.5+0.3413=0.8413 elde edilir.

e) Ogrenci gelirlerinin 350TL ile 500 TL arasinda olma olasiligi nedir?
Z1=(350-400)/50=-1.00
Z2=(500-400)/50=2.00

+P
/N
i A
.-"fr \\‘M
/ \
/ \

_—-ﬂ""f’f ]\"*-___ >

10 +1 !

Z-Tablosundan,

P(0<Z1<1) =0.3413

P(Z1<1) = P(Z1<0) + P(0<Z1<1) =0.5+0.3413=0.8413
P(Z1<-1)=1-P(Z1<1)=1-0.8413=0.1587

P(0<Z2<2) = 0.4772

P(Z2<2) = P(Z2<0) + P(0<Z2<2) =0.5+0.4772=0.9772
P(-1<Z<2)=P(Z2<2)-P(Z1<-1)= 0.9772-0.1587=0.8185

O halde Ogrenci gelirlerinin 350TL ile 500 TL arasinda olma olasilig1 %81.85 dir.
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f) Ogrenci gelirlerinin 350TL ile 450 TL arasinda olma olasiligi nedir?
Z1=(350-400)/50=-1.00
Z2=(450-400)/50=1.00

AP

NY

-1 o +1
Z-Tablosundan,
P(0<Z1<1) =0.3413
P(Z1<1) = P(Z1<0) + P(0<Z1<1) =0.5+0.3413=0.8413
P(Z1<-1)=1-P(Z1<1)=1-0.8413=0.1587

P(0<Z2<1) = 0.3413
P(Z2<1) = P(Z2<0) + P(0<Z2<1) =0.5+0.3413=0.8413
P(-1<Z<2)=P(Z2<2)-P(Z1<-1)= 0.8413-0.1587=0.6826

0 halde Ogrenci gelirlerinin 350TL ile 500 TL arasinda olma olasilig1 %$68.26 dir.
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Ornek:

Psikoloji klinigine basvuran hastalarin gelirleri normal dagilima sahip olsun. Ortalamasi,
p=20.000TL ve standart sapmasi, o= 100 oldugu bilindigine gore tesadifli secilen bir
hastanin geliri X= 25.000 TL ise olsun.

a) Normal standart dagilimina gevrilebilir mi?

Not: Normal standart dagilimina gevrilebilmesi igin hesaplanan Z degerinin +3.09 arasinda
olmasi gerekmektedir.

Z=(25000-20000)/100=5000/100=50, Normal standart dagilimina ¢evrilemez.

b) Eger normal standart dagilima cevrilemiyorsa standart sapmayi 5000 alarak yeniden Z

degerini hesaplayiniz, bu durumda normal standart dagihimina gevrilebilir mi?
Z=(25000-20000)/5000=5000/5000=1, Z degeri +3.09 arasinda oldugu i¢in normal standart
dagihimina gevrilir.

c) Standart sapmanin 5.000TL olmasi durumunda hasta gelirlerinin 30000TL az olma
olasiligl nedir?

Z=(30.000-20.000)/5.000=10.000/5.000=2

Z-Tablosundan, P(2<2.00)=P(Z<0)+ P(0<Z<2)=0.5+0.4772=0.9772 elde edilir.

d) Hasta gelirlerinin 10.000TL den fazla olma olasiligi nedir?
Z=(10.000-20.000)/5.000=-10.000/5000=-2

Tablonun simetrik o6zelliginden dolayr Z=2 alinir. (0 ile 2 arasindaki olasihk degeri
hesaplanir.)

Z-Tablosundan, P(0<Z<2.00)= 0.4772
O halde 10000TL den fazla olma olasiligi, P(-2<Z)=0.4772+0.5=0.9772
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Ornek:
Standart normal dagilima dontstirilen bir normal dagilimin P(Z<0.68) oldugunu varsayalim.

= P(Z<0.68) = 7517

V] 0.68 Zi

Standart Normal Dagilim Tablosu
Z 0.00 0.01 0.0z 0.03 o4 0.05 006 0.o7 .08 0.09
0.5 | 01915 | 01950 ) 01985 | 0.2019 | 0.2054 [ 02088 | 0.2123 | 0.2157 | 0.21%0 | 0.2224

b6 | 02257 | (L2291 | 0:2324 | 02357 [ 02389 | 0.2422 | 0.2454 | 02486 {h.3549
0.7 | 02580 | 02611 | 02642 [ 02673 | 02704 [ 02734 | 02764 | 02794 | 02823 | 02832

0.68 icin .6 satir ve .08 siitunun kesistigi nokta (.6 + .08 = .68) aranir. Once P(0<Z<0.68) =
0.2517 bulunur. Buradan P(Z<0.68) = P(Z<0) + P(0<Z<0.68) = 0.5 + 0.2517 = .7517 bulunur.

Ornek:

Standart normal dagilima donustirilen bir normal dagilimin P(Z2<1.36) oldugunu varsayalim.
P(Z<1.36), tanimi: P(Z<1.36)=P(Z<0)+P(0<Z<1.36)

= P(Z=1.36) = 9131

<] 0.68 1.38 Zi

Standart Normal Dagilim Tablosu
Z 0.00 .01 0.02 0.03 o4 0.os 0.06 0.o7 o8 o9

1.2 | 03849 | 03869 | 03888 | 03907 | 03925 | 03944 | 0.3%62 | 03980 | 0.3997 | 04015

1.3 | 04032 | 04049 | 04066 | 04082 [ 0.4099 | 04115 W 04147 [ 04162 | 04177
1.4 | 04102 | 04207 | 04222 | 04236 | 04251 | 04265 | 03770 | 04292 | 0.4306 | 04319

1.3 ve .06 noktalarinin (1.3 + .06 ) kesistigi yerde aranir. P(Z=1.36)=0.4131 bulunur. Buradan
Boylece P(Z<1.36) = 0.5+0.4131=0.9131 bulunur.

P(Z<1.36), olma olasiligl %91.31

P(2>1.36)=1- P(Z<1.36)=1-0.9131=0.0869
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Ornek:
Standart normal dagilima donustirilen bir normal dagilimin P(Z>2.18) oldugunu varsayalim.

Standart Normal Dagilim Tablosu
3 .00 0.01 0.02 003 0.04 0.05 006 0.07 0.08 .09

O (04772 [ 04778 [ 04783 [ 0478 | 04793 | 04795 | 04803 | 04808 | 0.4812 | 04817

2.1 [ 04821 [ 04826 | 04830 | 04834 | 04838 | 0.4842 | 0.4846 | 0.4850 @ 04857
2.2 [ 04861 | 04864 | 04868 | 04871 | 04875 | 04878 | 04881 | 0.4884 | 0.4887 | 0.48%0

o P(0<Z<2.18)=0.4854
o P(Z<2.18)= P(z<0) + P(0<Z<2.18) = 0.5 + 0.4854 = 0.9854
e P(Z>2.18)=1-P(Z<2.18) = 1- 0.9854 = 0.0146 seklinde bulunur.

P(Z=2.18) =0.0146

o 2.18

Ornek:
Standart normal dagilima donustlridlen bir normal dagilimin P(-1.26<Z<1.26) oldugunu
varsayalim. Bu araliklardaki olasilik nedir?

P(0<Z<1.26)=P(-1.26<Z<0); ¢unkli simetri vardir.
P(0<Z<1.26) = 0.3962
P(-1.26<Z<1.26)=2*0.3962=0.7924

Standart Normal Dagilim Tablosu
i .00 .ol 0.02 0.03 0.04 0.05 0.06 0.o7 .08 0.09

L1 | 03643 | 03665 | 03686 | 03708 | 03729 | 03749 | 03770 | 03790 [ 03810 | 03830

1.2 | 03849 | 03860 | 03888 | 0.3907 | 0.3925 | 0.3044 @ 0.3980 [ 03997 [ 0.4015
1.3 [ 04032 | 04049 | 04066 | 04082 [ 04099 [ 04115 | 0.4131 | 0.4147 [ 0.4162 [ 04177
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Ornek:

Standart normal dagilima donustlrilen bir normal dagilimin P(1.36<Z<1.96) oldugunu
varsayalim.

o P(z<1.96)=0.5+0.475=0.975
o P(2<1.36)=0.5+0.4131=0.9131

Standart Normal Dagilim Tablosu
3 .00 .01 0.2 0.03 004 005 0.vé 007 .08 009

LB | 04641 | 04649 | 04656 | 04664 | 0.4671 | 04678 | 0.4686 | 0.4693 | 0.4699 | 0.4T06
L9 | 04713 | 04719 | 04726 | 04732 | 04738 | 04744 U.—ﬂﬁﬁ 04761 | 04767
L0 [ 04772 | 04778 | 04783 | 04788 | 0.4793 | 04798 | 04803 | (4808 | 04812 | 04817

Standart Normal Dagilim Tablosu
z (X111 .01 002 .03 004 005 (LY 0.o7 0.08 .09

1.2 | 03849 | 03869 | 03888 | 03907 | 0.3925 | 0.3944 | 03962 | 03980 | 0.3997 [ 0.4015

1.3 [ 04032 | 0.4049 | 0.4066 | 0.4082 | 0.4099 | 0.4115 £0.4131 J0.4147 | 0.4162 | 0.4177
1.4 [ 04192 | 04207 | 0.4222 | 0.4236 | 0.4251 | 0.4265 | 0.4279 | 0.4292 | 0.4306 | 0.4319

e Bu araliklardaki olasilik P(1.36<Z<1.96)= P(Z<1.96) - P(Z<1.36) = 0.9750 - 0.9131
=0.0619 seklinde bulunur.

P(1.36<Z<]1.96) =0.0612
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Ornek:

Bir imalathanede Uretilen millerin ¢aplarinin ortalamasi 3.0005 in¢ ve standart sapmalarinin
ise 0.001 in¢ olan normal dagilma uydugu tespit edilmistir. Uretilen miller eger 3.00 +/-
0.002ing¢ arahginin disinda iseler bu miller hatal Uretim kabul edilmektedir. Buna gore
toplam Uretimdeki hatali Girtin olasiligini bulunuz.

istenilen olasilik ifadesi: P(Hatali Griin)=1-P(2.998<X<3.002)
Bu olasilik degerini hesaplamak icin X slrekli normal degiskeni standart normal hale
dondastaralar.

X_
7 = H
o
Z _X—p_ 2998-3.0005 .
17 s 7 0.001 -
X—u  3.002—3.0005
ZZI = =

o 0.001

P(Z < 2.5)= P(Z 2 -2.5)=0.4938+0.5=0.9938
P(0> Z >-2.5)=0.4938

P(Z<1.5)=0.4332+0.5=0.9332
P(1.5 > Z> 0)=0.4332

P(1.5 > Z>-2.5)= P(0> Z >-2.5) + P(1.5 > Z> 0)= 0.927
1-P(1.5 > Z> -2.5)=1-0.927=0.073
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Ornek:

Bir sinifta égrencilerin aldigi puanlar kayit altina alinmistir. Ogrencilerin aldigi puanlarin
ortalamasi 60 ve standart sapmasi 12 hesaplanmistir. Puanlarin normal dagilimi bilindigine
gore, asagidaki siklarda istenen olasiliklari hesaplayiniz.

1) Tesadiifen secilecek bir 6grenci 60 ile 70 arasinda puan alma olasiligi nedir?

Bunun igin oncelikle 70 puana karsilik gelen Z-standart degerinin hesaplanmasi yeterli
olacakti. Clinki 60 puan degeri ortalama deger oldugundan Zgo=0 (%50) cikacaktir.
Z70=(70-60)/12=0.83 bulunur.

Sekilden de goéraldigu gibi, herhangi bir 6grencinin 60-70 araliginda standart Z-degerlerine
olasihk degeri, P(0.83 >Z > 0)= P(0.83) — P(Z=0) dir.

4

/ A
\

// l\ |

0 083

Sekil: Ortalama ile ortalamadan buyuk bir deger arasindaki alan igin olasilik hesabi

Standart normal dagilim tablosundan P(0.83 > Z > 0)=0.2967 bulunur. Dolayisiyla, tesadifen
segilecek bir 6grencinin 60-70 arasinda puan alma olasiligr % 29,67’dir.

2) Tesadiifen secilecek bir 68rencinin 45-60 arasinda puan alma olasiligi nedir?

45’in Z standart degeri, Z45=(45-60)/12=-1.25 bulunur.

Z degerinin negatif ctkmasinin, puanin ortalamanin altinda oldugunu goéstermek disinda bir
anlami yoktur. Zira, normal dagilim simetrik bir dagilim oldugundan ve ortalama bu dagilimi
tam ortadan iki esit kisma ayirdigindan, - 1,25 degeri ile + 1,25 degeri ortalamaya esit
uzakliktadir.

P(1.25 > Z >0)=P(0 > Z > -1.25)=0.3944 bulunur.
Dolayisiyla, secilen 6grenciler arasindan tesadiifen secilecek birinin 45-60 arasinda puan

almaolasiligr % 39,44'dir ya da diger deyisle, 6grencilerin % 39,44’ 45-60 arasinda puan
almistir.
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0,3944

N\

Z,
-1,25 0

Sekil: Ortalama ile ortalamadan kuiglik bir deger arasindaki olasiligin belirlenmesi

3) Tesadiifen segilecek bir 6grencinin 45-75 arasinda puan alma olasilig nedir?

Bu ornekte, 45 degeri ortalama deger olan 60’in altinda, 75 degeri ise Uzerinde yer
almaktadir.

Z45=(45-60)/12=-1.25

Z75=(75-60)/12=1.25

/
/
/ 03944

/

-1,25 0
Sekil : P(-1,25 <Z < 1,25)

/

P(-1,25<Z<1,25)=P(0<Z<1,25) + P(-1,25<Z < 0)
P(0<Z<1,25)=P(-1,25<Z<0)
P(-1,25 < Z<1,25) = 2*P(0 < Z < 1,25)

Tablodan, P(0 <£Z < 1,25)=0.3944 bulunur.
P(-1,25<Z<1,25) = 2*P(0 £ Z < 1,25)=0.7888

Dolayisiyla, tesadiifen segilecek bir 6grencinin 45 ile 75 arasinda puan alma olasiligr %
78,88'dir. Bagka bir deyisle 6grencilerden % 78,88'i 45-75 araliginda puan almistir.
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4) Tesadiifen secilecek bir 6grencinin 80 fazla puan alma olasiligi nedir?

80 adete karsilik gelen Z degeri, Z=(80-60)/12=1.67 olarak hesaplanir. Ogrencinin 80’den
fazla puan alma olasiligi istendigine gore, P(X > 80) olasiliginin hesaplanmasi gerekiyor.
P(2>1.67)=1-P(2<1.67)

P(2<1.67)=0.5 + 0.4525 =0.9525
P(2>1.67)=1-0.9525= 0.0475

Dolayisiyla, tesadiifen segilecek bir 6grencinin 80’den fazla puan alma olasiligi, % 4,75
olmaktadir. Baska bir deyisle, 6grencilerden % 4,75’i 80 lizerinde puan almistir.
P

0 1,67

sekil: P(z > 1,67)

5) Tesadiifen segilecek bir 6grencinin 45’den az puan alma olasiligi nedir?
Standart deger donlsimii ile, 45’e karsilik gelen Z degeri, Z=(45-60)/12=-1.25 hesaplanir.
P(Z=-1.25)=P(Z=1.25)=0.3944

P( Z £ -1.25) = P(Z > 1.25) =0.5-0.3944=0.1056 olarak hesaplanir. Bu durumda, tesadiifen
secilecek bir 6grencinin 45’den az puan alma olasihigi % 10,56’dir, Baska bir deyisle
ogrencilerin % 10,56’s1 45’den az puan almistir.

™
WI0EG
/

1,25 0
Sekil: P(-1,25 < z)
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6) Tesadiifen segilecek bir 6grncinin 70-80 arasinda puan alma olasiligi nedir?
Oncelikle 70 ve 80 puanlarinin standart deger karsiliklarini bulalim:

Z70=(70-60)/12=0.83
Z30=(80-60)/12=1.67

0,2967
-

0 083 167

Sekil: P(0,83<z<1,67)

P(0,83<z<1,67)=P(Z=1.67) — P(2=0.83) =0.4525-0.2967=0.1558
Dolayisiyla, segilecek herhangi birinin 70 ile 80 arasinda puan alma olasiligi % 15,58 olarak
hesaplanmakta, baska bir deyisle 6grencilerden % 15,58’i 70-80 arasinda puan almaktadir.

7) Tesadiifen gekilecek bir 6grencinin 35-45 arasinda puan alma olasiligi nedir?
Oncelikle 35 ve 45 puanlarina karsilik gelen z degerlerini hesaplayalim:

Z35=(35-60)/12=-2.08
Z45=(45-60)/12=-1.25

Y

0,0868
0,3944

2,08 -1.25

0

Sekil: P(-2,08 < Z < -1,25)

P(-2,08 <Z <-1,25)=P(2,08 > Z > 1,25) = P(Z=2.8)-P(Z=1.25)=0.4812 - 0.3944 =0.0868

Bu deger ayni zamanda,

gOstergesidir.

ogrencilerin

% 8,68’inin 35-45 araliginda puan aldginin
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8) Tesadiifen segilecek bir 6grencinin 40’dan fazla puan alma olasiligi nedir?
Once, 40 puana karsilik gelen standart degeri hesaplayalim: Z40=(40*60)/12=-1.67

P(Z>-1.67) =P(02Z>-1.67) + P(Z> 0)=P(02Z >-1.67) + 0.5
P(0>2Z>-1.67) =P(1.67 2Z >0) =P(Z=1.67)=0.4525 olarak bulunur.
4]

04525 05

/

-1,67 0

sekil: P(z >-1,67)

P(Z>-1.67) =0.5 +0.4525=0.9525

Dolayisiyla, tesadiifen secilecek bir 6grencinin 40 puanin lstiinde puan almis olma olasilig1 %
95,25’dir veya baska bir deyisle, sinava girenlerin % 95,25’i 40 puandan fazla puan almistir.

9) Tesadiifen segilecek bir 6grencic 45 puandan az ya da 80 puandan fazla puan almis
olma olasiligi nedir?

45 ve 60 puanlara karsilik gelen Z-degerlerini bularak, seklimizi cizelim ve istenen olasilik

bolgesini tarayalim. Z45=(45-60)/12=-1.25, Z60=(80-60)/12=1.67

p:
Azl o)
A &l 2 )
/ (=) (= \\
/ X
g_‘ 1.25 0 1,67 - Z'

1,00

Sekil: P(-1,25<z;z>1,67)
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P(Z21.67)=1-P(Z<1.67)
P(Z < 1.67)= 0.5 + P(Z=1.67) = 0.5 + 4525 =0.9525
P(Z>1.67) = 1-0.9525 =0.0475

P(Z<-1.25) =P(Z > 1.25)
P(Z>1.25)=1-P(Z<1.25)

P(Z < 1.25)= 0.5 + P(Z=1.25) = 0.5 + 0.3944 =0.8944
P(Z>1.25) = 1-0.8944 =0.1056

P(X < 45 veya X> 80) = 0,1531 olarak hesaplanir.

Bu sonuca gore, sinava giren O0grencilerarasindan tesadifen secilecek herhangi birinin 45
puandan diisik ya da 80 puandan yilksek puan almis olma olasihigr % 15,31’dir. Baska bir
deyisle, sinava giren 6grencilerin % 15,31’i 45 puandan az ya da 80 puandan yliksek puan
almstir.

Ornek:

Bir margarin fabrikasinda tretilmekte olan margarinlerin agirliklarinin ortalamasi 250 gr (u=

250 gr) ve standart sapmasi 8 gr (o =8 gr) olarak normal dagildigi bilinmektedir. Glinliik

Uretim icinden tesadifen secilecek bir margarin paketinin,

1) Tesadiifen secilecek bir margarinin 250-255gr arasinda bulunma olasihgini
hesaplayabilmek icin O©ncelikle, 255degerine karsilik gelen standart Z-degerini
hesaplamaliyiz.

Z»55=(255-250)/8=0.625

P(0.625 > Z > 0)=P(Z=0.625) — P(Z=0)=0.2357 — 0 =0.2357 bulunur.

Tesadifen secilecek bir margarinin 250-255 gr arasinda bulunma olasiigini % 23,57
olarak hesaplamis olunur.

\
02357
-

0 063

Sekil: P (0<z<0,63)
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2) Tesadifen secilecek bir margarinin 255 gr'dan fazla olma olasiligini bulmak icin,

P(X > 255) = 1-P(X<255)

P(2>0.625)=1-P(2<0.625)=1-0.5-0.2357=0.2643 hesaplanir.

Tesadifen segilecek bir margarinin 255 gr'dan fazla olmasi olasiligi % 26,43’tlr. Baska bir
deyisle, bu fabrikada Uretilmekte olan margarinlerin % 26,43’lG 255 gramin Ulzerinde
agirhga sahiptir.

0,2357

05

sekil: P (2> 0,63)

3) Tesadifen secilecek bir margarinin 255 gramdan az olmasi olasiligini hesaplamak igin,
P(Z<0.625=0.5+P(Z=0.625)=0.5 + 0.2357=0.7357

Dolayisiyla, tesadiifen segilecek bir margarinin 255 gramdan az agirliga sahip olmasi
olasiigi % 73,57 olmaktadir. Baska bir deyisle bu fabrikada Uretilen margarinlerin %
73,57’si 255 gramdan az agirliga sahiptir.

P

0 0,63 !

Sekil: P (z2<0,63)
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7.3. Normal Dagilim Olasiliklari Kullanilarak
Beklenen Deger Hesabi

Normal dagilima sahip tesadifi degiskenlerin belirli bir aralikta deger alma olasiliklarini
hesaplamayi 6grendik. Bunun yaninda, kitlenin iginde kag¢ birimin ilgili aralikta deger
alacagini da belirleyebiliriz. Bagka bir deyisle, hesapladigimiz olasilik degeri Gzerinden, ilgili
aralikta yer alacak birimlerin frekansinin ne olacagi hesaplanabilir.

Olasilik bolim icinde 6grendigimiz beklenen deger kavramini hatirlayalim. Beklenen deger,
gozlem sayisi ile olasiligin carpimidir. Agirlik ortalama degerine denktir:

E(X) =n.p

Dolayisiyla, normal dagihm c¢oéziimlemelerinde de hesaplanan olasilik toplam frekans ile
carpilarak ilgili olasilik alanina diisen gézlem sayisi ya da birim sayisi kolaylikla hesaplanabilir.

Ornek:
Margarin fabrikasi 6rneginde bir glinde toplam 1000 adet margarin Uretimi yapildigini
varsayalim.

Tesadiifen secilecek bir margarinin 250-255 gram arasinda olmasi olasiligini 0,2357 olarak
hesaplamistik. Bu durumda, glinlik Gretim icinde 250-255 gram araliginda agirliga sahip
margarin agirlk ortalamasi da,

E(X)=n.p

E(X) = 1000 . 0,2357 = 235,7= 236 gram olarak hesaplanacaktir.

Benzer sekilde, ka¢ adet margarinin 255 gramdan fazla olacagini da belirleyebiliriz. Bunun
icin, tesadifen secilecek bir margarinin 255 gramdan fazla olmasi olasiligi olan 0,2643
degerini toplam frekans ile carpmamiz yeterli olacaktir.

E(X)=n.p

E(X) =1000.0,2643 = 264,3= 264

Dolayisiyla bir glin iginde Uretilen 1000 adet margarinin 264 tanesinin 255 gramdan daha
fazla agirhiga sahip olmasini bekleyebiliriz.
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Ornek:
Bir konserve fabrikasinda Uiretilmekte olan konservelerin agirligi normal dagiliyor. Ortalama
agirlik 500 gr ve standart sapma 10 gr olduguna gore tesadifen secilecek bir konserve
kutusunun,
1. 525 gramdan fazla olmasi olasiligl nedir?
2. Gilinde 5000 adet konserve Uretilmesi durumunda kag¢ konservenin 525 gramdan
fazla olmasi beklenir?

1) Tesadifen secilecek bir konserve kutusunun 525 gramdan fazla olmasi olasiligini
hesaplayabilmek icin 6ncelikle 525 degerine karsilik gelen z degerini hesapliyoruz.

Xi—u 525 —-500 "
Zope = p = 10 = +L,0

Standart normal egri alanlar tablosunda z=2,5 standart degerine karsilik gelen alan,
tablonun ilk sttununda bulunan 2,5 degeri ile ilk satirdaki 0,00 degerlerinin kesisim
noktasinda yer alan 0,4938 olasiligini vermektedir. Bu deger Z=0 ile Z=2.5 arasindaki
degerlerin olma olasiligini verir. O ile 3 arasindaki deger 0.5 ise

Bu durumda, tesadifen secilecek bir kutunun 525 gramdan fazla olmasi olasiligl,
0,5-0, 4938 = 0,0062 olarak hesaplanmaktadir.

Tesadifen secilecek bir konservenin 525 gramdan fazla olmasi olasiligi % 0,62 olmaktadir.
b-Gilinde 5000 konserve lretilmesi halinde,

E(X) = n.p =5000 . 0,0062

E(X) = 31 adet konservenin 525 gramdan fazla olmasi beklenebilir.
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Ornek:

50 oOgrencinin bir dersten aldigl puanlar verilmistir. Agirlik ortalamasini ve standart
sapmasini hesaplayiniz. C6ziimde Matlab kullaniimistir.

clear all

close all

x =[2030 508090 60 70 20 60 50 80 70 40 90 30 40 50 40 80 90 65 45 15 35 85 85 90 60 75
754050 60 80 70 80 95 100 65 75 85 35 75 50 75 85 45 80 95 100];

N = length(x); Mx=max(x); Mn=min(x)

ort = mean(x); M = median(x); Std=std(x)

k = kurtosis(x); s = skewness(x)

sortl=sort(x);

N= 50
Mx = 100
Mn= 15
ort = 64.2000
M= 70
Std = 22.8429
k= 2.1097
s= -0.3833

70-80 arasinda puan alan 6grenci sayisini standart normal dagilim ile hesaplayiniz.
Oncelikle 70 ve 80 puanlarinin standart deger karsiliklarini bulalim:

70 — 64.2

Z70 = o429 -~ 026
, _B0-6t2
807 228429 ~

Her iki z degeri de pozitiftir ve ortalamanin saginda kalan bélgede yer almaktadir.
P(0,26 £z2<0.70)

0< z<0.26 alanistandart normal dagilim tablosundan 0.1026 + 0.5=0.6026
0 <z<0,70 alani standart normal dagilim tablosundan 0,2580 + 0.5=0.7580 olarak belirlenir.
P(0,25<7<0.69)=0.7580 — 0.6026 = 0,1554 hesaplanir.

Ogrencilerin 70 ile 80 arasinda puan alma olasiligl % 15,54 olarak hesaplanmakta, baska bir
deyisle 6grencilerin % 15,54’i 70-80 arasinda puan almis olmaktadir. O halde toplam 6grenci
sayisl 50 olduguna gore 70 ile 80 puan arasinda not alan 6grenci sayisi=50*15.54/100=7.77
yaklasik 8 6grenci olarak bulunur.
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7.4. Orneklem Biiyiikliigiiniin Belirlenmesi

Blyik bir veri yiginini (Anakitle) temsil edebilecek 6rnek veri yigini (6rnek kitle) olusturma
islemine 6rnekleme, olusturulan temsili veri yiginina da 6rneklem denir.

Anakutle ya da buyuk veri yigini, arastirmaya konu olan tiim verilerin olusturdugu kitledir.
Bir istatistik arastirma ya da incelemede, arastirma konusu ile ilgili bitin verilerin
olusturdugu topluluga anakitle denir.

Parametre: Anakutleyi karakterize eden ya da baska deyisle niteleyen ve bu anakitleyi diger
anakitlelerden ayirt etmeye yarayan 6zelliklere ve dlciilere parametre denir.

Ornek kitle: Anakiitle icinden anakiitleyi temsil etmek Uzere secilmis daha az sayida
birimden olusan numune, topluluk.

Anakutleyi olusturan bitiin veriler gozlenerek elde edilen tim Olgliler parametre
degerleridir ve o anakitle igin kesin degerlerdir. Dolayisiyla, tam sayim yapilmasi
durumunda parametreye yonelik bir tahmin islemi s6z konusu degildir ve hesaplanan deger
dogrudan parametre degeri olmaktadir.

Ancak, bazi hallerde tiim birimlerin gbzlenmesi ya da incelenmesi cok maliyetli olmakta veya
cok zaman almaktadir. Ote yandan, anakiitlenin kag¢ birimden olustugunun tam olarak
bilinmedigi ve sonsuz birim iceren anakutleler seklinde nitelenen anakiitlelerde, anakitlenin
birimlerinin tamamini goézlemek yani tam sayim yapmak mimkin olamamaktadir. Sonug
olarak, yukarida cesitli 6rneklerle aciklamaya calistigimiz sebeplerle, anakiitlenin tamamini
gozlemek suretiyle tam sayim yapmak ve anakitleyi karakterize eden degerler olarak
niteledigimiz parametre degerlerini dogrudan belirlemek mimkiin olmaz. Boyle durumlarda
ornekleme yéntemlerine basvurulur.

Cok sayida birim iceren bir anakiitleden, anakitleyi temsil edecek nitelik ve yeterlilikte 6rnek
birimler se¢me ve segilen birimler izerinden anakitle parametresini tahmin etme islemine
ornekleme denir. Diger bir deyisle drnekleme, bir arastirmada anakitleyi olusturan birimler
arasindan, anakitlenin yapisini ve 6zelliklerini yansitacak sekilde 6érnek se¢cme ve secilen bu
ornek icinde yer alan birimleri incelemek suretiyle anakiitle parametrelerini tahmin etme
siirecidir. Ornegin, bir cuval dolusu piring icinden alinacak bir avug pirincin incelenmesiyle
tim cuval dolusu piring hakkinda cesitli 6zellikleri itibariyle genelleme yapilabilir. Burada,
cuvaldaki toplam piring miktari ana kitle (yigin)’dir. incelemek amaciyla aldigimiz bir avug
dolusu piring ise 6rnektir.
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Ornekleme kurami, ana kitleyi olusturan her davranisin érnege girme sansinin esit olmasini
ongorir. Ornekleme kuramina goére, orneklerden elde edilen bilgilerin matematik ve
istatistik tekniklerle test edilip genelleme yapilabilmesi igin 6rneklemenin uygun olarak
yapilmasi gerekir. Ana kitle hakkinda tahminde bulunurken yapilan tahminin gegerli
olabilmesi icin drnekleme tesadiifi (rastgele) olabillir. Tesadifi 6rnekleme kavrami, 6rnekte
yer alacak degerlerin belirlenmesinde hicbir dis etkinin rolliniin olmamasini ifade eder.

Elde edilecek bilgi, ana kitleyi olusturan degisik Ozellikteki gruplara gore farkhlik
gosteriyorsa, ana kitleyi olusturan siniflara gére 6érnekleme yontemi kullanilir. Kimelere gore
orneklemede kitle 6nce kiimelere ayrilir, sonra kimelerden o6rnekler secilir. Bu tir
ornekleme, saglikli bir ana kitle ¢ergevesinin elde bulunmamasi ya da ¢ok biyiik ana kitleden
¢ekim yapmanin ¢ok zor ve maliyetinin yiksek olmasi durumunda uygulanir. Bu tir
ornekleme tesadifi ornekleme olmasina karsin, ana kitleyi ne olglide temsil ettigi
tartigilabilir. Bu nedenle de ¢ok dikkatli yapilmasi gerekir.

Sistematik 6rnekleme, sec¢im islemlerinin kolay olmasi nedeniyle 6zellikle ana kitlenin buylik
oldugu durumlarda kullanilan bir 6rnekleme yontemidir. Cok sayida birim iceren kayit
sistemlerinin incelenmesinde. Ornedin, hasta dosyalari, hasta ya da isci kayitlari, kayit
defterleri, fisler , listeler gibi. Bu yontemde baslangi¢ sayisi dagilimi biiyiik oranda etkiler.

Ornekleme Calismalarinda Ortaya Cikabilecek Temel Hata Tiirleri
Ornekleme calismalarinda ortaya cikabilecek temel hata tirleri tesadifi ve sistematik
hatalar olmak lizere iki ana baslkta toplanmaktadir.

Tesadfi hatalar, farkh yonlerde ve genellikle zit yonlerde ortaya gikan hatalar olup, genel
olarak degerlendirildiginde c¢alismanin buitlnine yonelik etkisi disik dizeyde olan
hatalardir. Ornegin, sayim gérevlilerinin bir kadini erkek, ya da bir erkegi kadin olarak
kodlamasi. Bu tir bir hata hep ayni yonde gerceklesmez. Yani, devamli olarak erkekler kadin
ya da kadinlar erkek olarak kodlanmaz. Dolayisiyla, her iki ydonde de yapilabilecek bu tip bir
hatanin galisma lizerinde etkisi, zit yonde gergeklesen hatalar birbirini yok edecegi igin, ¢ok
dustk olacaktir.

Sistematik hatalar ise hep ayni yonde tezahiir eden, gerceklesen hatalardir. Bu tir hatalara
ornek olarak, genc¢ goriinmek arzusuyla yasin oldugundan kiiclik sdéylenmesi ya da vergi
korkusu ile gelirin oldugundan disiik beyan edilmesi verilebilir. Sistematik hatalari tesadifi
hatalardan ayiran en temel 6zellik, hatalarin hep ayni yonde gerceklesmesi ve birim sayisini
arttirmak suretiyle bu tiir hatalarin azaltilamamasidir. Oysa, birim sayisi arttikca tesadufi
hatalar hem oransal olarak azalmakta hem de arti ve eksi yonde gerceklestikleri icin
birbirlerinin etkisini n6tr hale getirmektedirler.
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Orneklemenin amaci, daha yiiksek dogrulukta, daha az zaman ve daha az maliyetle anakiitle
hakkinda bilgi sahibi olmaktir diyebiliriz. Ornek secme isleminin nasil yapilacagina yénelik,
anakitlenin yapisini, birim sayisini ve arastirma yapilan konuyu temel alan c¢ok sayida
ornekleme yontemi mevcuttur.

Anakitlenin tam sayiminin yapilmasi maliyetli, zaman alici ve ¢ogu zamanda olanaksiz
olmasi nedeniyle érnekleme siirecine bagvurulmaktadir. Ornekleme, drnek istatistiginden
anakiilte parametresinin tahmin edilmesi siireci olarak adlandirilabilmektedir.

Ornek biiyiikligiiniin belirlenmesi:
Ornek biyiikligiiniin hesaplanmasinda asagidaki formiiller kullanilabilir.
Ana kitle varyansi biliyorsa,

Z?%0?
n=-——-—
(x—w?
Ana kitle varyansi bilinmiyorsa
Z?s?
n=-——-—
(x — w)?

Burada,

Z: Belirlenen gliven dizeyi icin Z tablosundan bakilan deger
o?: Ana kitle varyansi

$2: Ornekleme varyansi

% : Ornekleme ortalamasi

u: Ana kitle ortalamasi

(X — w): Goze alinan 6rnekleme hatasi

Ornek : Bir is kolunda calisan iscilerin ortalama saat licretleri gercek ana kiitle ortalama saat
Ucretinden en fazla 100 TL sapma gosterecek sekilde ve %90 giliven araliginda tahmin
edilmek isteniyor. Gegmis kayitlara dayanarak bu is kolu icin hesaplanan standart sapma 500
olduguna gore ornek biyikligi ne olmahdir.

%90 glven araliginda oldugundan olasilik degeri 0.9 dur. 0.9 olasilik degerine karsiik Z
degerini tablodan bulabilmek icin 0.9/2=0.45 degeri alinir. Clinkii tabloda verilen degerler
standart olasilik yogunluk fonkisyonun yarisina gcre verilmistir. O halde 0.45 degerine
karsilik gelen Z degeri 1.64 diir.

Standart Normal Dagilim Tablosu
z | 000 | 001 | 002 | 003 | 004 | 005 | 006 | 007 | 008 | 0.09

1.4 | 04192 | 04207 | 04222 | 0.4236 | 04251 | 04265 | 0.4279 | 0.4292 | 0.4306 | 0.4319
1.5 | 04332 | 0.4345 | 04357 | 04370 | 04382 | 0.4394 | 04406 | 0.44158 | 04429 | 04440

1.6 | 0.4452 | 04463 | D.4474 {1.4434{”:’-1!5 04515 | 04525 | 0.4535 | 04545

1.7 | 04554 | 04564 | 04573 | 04582 | 04591 | 0.4599 | 04608 | 04616 | 0.4625 | 04633
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Z20% _ (1.64)%(500)

e C T rae

Bu sonuca gore gergek ortalamainin £100TL sinirlari sgsnde ve %90 glven araliginda istenen
amaci gergeklestirmek igin 6rnek buyukligi 68 olmaldir.

Ornek biyikligi de belirlendikten sonra 6rnekleme plani olusturulur.  Ornekleme
yontemlerine dayali olarak yapilan tahminlerde 6rnekleme hatalari yapilir. Bunlar 6rnek
sayisinin yeterli olmamasindan kaynaklanan tesadifi olarak yapilan hatalar ve sistematik
olarak adlandirilan hatalar ise; drnekleme stirecindeki hatalardan kaynaklanir ve sonradan
giderilmeleri mimkin degildir. Clnk,

e Ornekleme yéntemi dogru secilmemistir,

Ana kitle yanlis tanimlanmstir,

Ornekleme cercevesinin yanlis belirlenmistir,
e Ornekler dogru secilmemistir,
e Ornek biyikligi dogru hesaplanmamistir.
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7.5. Guvenilirlik Arahgi

Blylik veri yiginindan hipotez testi icin érnek veri yigini alinsin. Blyuk veri yigininin varyansi
ve ornek veri yiginin agirhik ortalamasi biliniyorsa belirli bir olasiliga gore bliylk veri yiginin
agirhk ortalamasinin giiven agirhgr hesaplanmaktadir.

Ana kiitle ortalamasinin giiven aralig:
Ana kitleyi incelemek ¢ogu zaman olanaksizdir. Bu gibi durumda ana kiitlenin ortalamasi

hesaplanmasinin  bir katma degeri yoktur. Guvenirlilik arahg sikintiidir. Ancak
orneklemler yardimiyla ana kitlenin ortalamasinin icinde bulundugu sinirlar,
secilen yanilma olasiiginda tahmin edilebilir. Orneklem kitlesine ait ortalamanin

icinde bulundugu sinirlara “Ana kitlenin ortalamasinin Giiven Aralig1 ya da Giiven Sinirlan”
adi verilir.

> Y¥—data values

X .
|_ N—sample size

mean
2(X - X)?

0O =

n
|~standard deviation

Not: Karesi almak demek,
Eger fark 1 den kiclkse karesi daha da kiculir.
Eger fark 1 den biyliukse karesi daha da biyir.

Ana kitleden alinan kiglk bir yiginin normal dagilimindan alinan n adet bir érneklemin
ortalamasinin ana kitlenin ortalamasina yani p'ye esit olmasi beklenemez. Bu durumda p
icin gliven araligl tahmin edilebilir.

Ana kitlenin standart sapmasi, ¢ bilindiginde ana kiitlenin ortalamasinin aralik tahmini:
Normal dagilimin simetri 6zelliginden given araliginin boyu (1-a), ortalamanin iki yanina esit
dagitildiginda, baska bir ifadeyle a’nin a/2 ve a/2 seklinde iki tarafa bolundugd durumda
minimum olacaktir. Dolayisiyla Gliven Araligi,

o) o)
X—Zyn—=)S U< X+2Zy,p,—
( a/2 \/H) U ( a/2 \/ﬁ)
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Bu ifadede,
X: Buyuk veri yiginin agirlik ortalamasi,

Buna gore 6rneklem standart hata:

Verilen gliven arahgi olasiligindaki Z degeri:

Za/z

al2 10 N

Ornek Ortalamalarin Dagilimi:

Toplam birim sayisi N, varyansi ¢, aritmetik ortalamasi p ve dagilimi normal olan bir ana
kiitle N(u, o?) seklinde gosterilir. Orneklerin basit tesadiifi érnekleme ydntemine gore
alindiklari varsayilarak, ornekler icin 6rnekleme dagilimlari: Bir yigindan n biyukliginde

¢ekilmesi mimkiln tim 6rneklerin gekilsin ve her biri igin aritmetik ortalamanin hesaplansin;
CY sayisi kadar olan bu &rnek ortalamalarinin dagilimi, teorik bir dagihmdir. S6z konusu
dagihm, ornek ortalamalarindan olustugu icin buna "6rnek ortalamalarinin 6rnekleme

dagilimi" adi verilir.

Ornek ortalamalar, ana kiitle ortalamasi etrafinda normal bir dagilim gésterirler. Standart
hata ise érnek ortalamalarin normal dagiliminin standart sapmasindan baska bir sey
degildir. Bu normal dagilimin ortalamasi ile standart sapmasi arasindaki iliskiden hareketle
herhangi bir drnek ortalamasinin belirli olasilik kademelerine goére bulunabilecegi sinirlar
tahmin edilebilir.
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H-30x H-20x M-Ox pt+ox p+20x Ut+30x
Sekil: Normal dagilan 6rnek ortalamalarinin gesitli standart hata sinirlar

Sekilde gorilecegi gibi, 6rnek ortalamalarinin % 99.72’si ana kitle ortalamasindan + 3 oy
standart hata sinirlari arasinda bulunur. Bunun gibi diger olasilik kademeleri icin de benzer
acitklamalar yapilabilir. Buna gore, ana kitle ortalamasi p ve 6rnek ortalamalarin standart
hatasini ox seklinde gosterilecek olursa 6rnek ortalamalari su sekilde hesaplanir:

% 68.26' U M - Ox ile K + Ox Sinirlari arasinda
% 95.44" i H-20x ile KU+ 2 oy Sinirlari arasinda
% 99.7' si m-3ox ile K+ 3 ox Sinirlari arasinda

Dagilimi normal ve varyansi belli olan yigindan cekilen 6rnek ortalamalari ana kitle
ortalamasi etrafinda normal dagilim gosterir. Bu dagilimin ortalamasi (6rnek ortalamalarinin

ortalamasi) ana kitle ortalamasina esittir ve X = U seklinde gosterilir.

Ornek ortalamalar dagiiminin standart sapmasi, standart hata olarak bilinir ve asagidaki
formiille hesaplanir:

Formuldeki, ’% ifadesi, dizeltme faktori olup, % < 0.05 ise, sonucu etkilemeyecegi igin,

standart hata hesabinda ihmal edilebilir. Boyle durumlarda standart hata asagidaki gibi
belirlenmektedir:
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o bilinmiyorsa, Standart sapma hatasi, Sx verilmis ise g, = \/_% olarak yazilir. Ana kitle

ortalamasi bilinmiyorsa 6rneklemden yola ¢ikarak belli bir gliven araliginda tahmin edilebilir.

Ornek:

Bir klinikteki test sonuglarinin ortalama degeri 100 birimdir. Varsayimin belirli bir gliven
arahigi icerisinde ne kadar isabetli tahmin edebildigi test edilecektir. Bu, hipotezi test etmek
icin rastgele 1024 hasta secilmis ve standart sapmanin 20 birim oldugu bulunmustur. %95
glven araliginda aritmetik ortalama hangi aralikta degisir?

Ana kiitle ortalamasinin giiven araligini asagidaki ifadeyi kullanarak hesaplayiniz.

o o
X—Zyp—=)SUusX+2Zyp—
( a/2 \/H) U ( a/2 \/ﬁ)

Bu ifadesde,
X: Buyuk veri yiginin agirlik ortalamasi,
Buna gore n érneklem igin standart hata:

o
O, = _n
20 20 5 0625
Oy = =—=-=0. ram
¥ {1024 32 8 9

% 95 glven araligi olasilikla Z degeri:
P(Za/2)=0.95/2=0.475 elde edilir. Standart normal dagilm tablosundan P(Zq32)= 0.475
degerini karsilayan Zq/2 degeri belirlenir. Zo/2=1.96 dir.

100 - (1.96)(0.625) < p < 100 + (1.96)(0.625) = (100-1.225) < p< (100+1.225) olarak bulunur
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Ornek.

Uriin agirliklan ile ilgili degiskenligin standart sapmasi, o = 5 gram oldugu bilinmektedir.
Ornekleme orani %1 olacak sekilde alinan 100 birimlik (n) érnegin ortalamasi 100 gr. ()_()
bulunduguna goére, ana kitledeki Urinlerin ortalama agirhgini belirli olasilik kademelerine
(gliven arahgina) gore tahmin edin.

Buna gore 6nce orneklem standart hata bulunur,

o 5
O, = \/_H: ﬁ=05gr olur.

Ornek ortalamalari ana kiitle ortalamasi etrafinda normal dagildigina gére; normal dagilimin
Ozelliklerinden yararlanarak, ana kutle birimlerin ortalama agirhgi,
X: Orneklem agirlik ortalamasi

o) o)
X—Zypp—=)SUusX+2Zyp—
( a/2 \/?l) U ( a/2 \/ﬁ)

seklinde tahmin edilebilir. Formildeki "Z" ifadesi belirli olasilik kademelerindeki standart
normal dagilimin kritik degerleridir. Cesitli olasilik kademeleri icin yigin ortalamasinin
tahmini ise asagida gosterildigi gibi hesaplanir.

% 68 olasilikla, ana kiitlenin ortalamasinin aralik tahmini yapilacak ise,
P(Za/2)=0.68/2=0.34 elde edilir. Standart normal dagilim tablosundan P(Zq/2)= 0.34 degerini
karsilayan Zq/2 degeri belirlenir. Zo/2=1 dir.

Standart Normal Dagilhim Tablosu

z | 000 | 0.0 002 | 003 | 0.4 | 005 | 006 0.07 | 008 | 0.09
0.9 (03159 | 030186 | 03212 103238 | 03264 | 03289 | 03315 | 0.3340 | 0.3365 | 0.3359
L0 gmp 0.3438 | 0.3461 | 03485 | 03508 | 03531 | 03554 | 03577 | 0.3599 | 0.3621
L1 | 0.3643 | 0.3665 | 0.3686 | 03708 | 0.3729 | 0.3749 | 03770 | 0.3790 | 0.3810 | 0.3830

Ana kitlenin agirlik ortalamasinin aralik tahmini,
(e}

/2 \/ﬁ

X-Z <pus<X+2Z

(@)
wzﬁ

100 - (1)(0.5) £ u <100 +(1)(0.5) =99.5gr < <100.5gr olarak bulunur (% 68 olasilikla).
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% 95 olasilikla, ana kiitlenin ortalamasinin aralik tahmini yapilacak ise,
P(Za/2)=0.95/2=0.475 elde edilir. Standart normal dagihm tablosundan P(Zq;2)= 0.475
degerini karsilayan Zq/> degeri belirlenir. Zq/2=1.96 dir.

Standart Normal Dagilim Tablosu
] 0.00 0.01 .02 0.03 0.04 0.05 .06 0.07 .08 LN

1.8 | 0.464] | 04649 | 04656 | 04664 | 04671 | 04678 | 04686 | 04693 | 0.4699 | 0.4T06

19 [ 04713 | 04719 [ 04726 [ 04732 | 04738 | 04744 RLATS0D04756 | 0.4761 | 0.4767

20 (04772 | 04778 | 04783 | OATES | 04793 | 04798 | 04803 | 04808 | 04812 | 0.4817

Ana kitlenin ortalamasinin aralik tahmini,
100 - (1.96)(0.5) £ <100 + (1.96)(0.5) =99.02gr < u< 100.98gr olarak bulunur.

% 99 olasilikla, ana kutlenin ortalamasinin aralik tahmini yapilacak ise,
P(Za/2)=0.99/2=0.495 elde edilir. Standart normal dagilm tablosundan P(Zq;2)= 0.495
degerini karsilayan Zq/> degeri belirlenir. Zy/2=2.58 dir.

Standart Normal Dagilim Tablosu
z 0.00 .ol 0.02 0.03 0.04 0.05 0.06 0.07 .08 0.09

24 | 04918 | 04920 | 04922 | 04925 | 04927 | 04929 | 04931 | 0.4932 | 04934 | 0.4936

2.5 | 04938 | 04940 | 04941 | 04943 | 04945 | 04946 | 04948 | 04949 i!l.-i'ﬁ! :iﬂ.-ﬂi?

L6 | 04953 | 04955 | 04956 | 04957 | 04959 | 04960 | 04961 | 0.4962 | 04963 | 04964

Ana kitlenin ortalamasinin aralik tahmini,
100 - (2.58)(0.5) < <100 + (2.58)(0.5) =98.71 gr < u<101.29 gr olarak bulunur.
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Ornek:

Bir Universitedeki erkek 6grencilerin ortalama agirhg: 80 kilogram oldugu varsayimi belirli bir
gliven araligi icerisinde ne kadar isabetli tahmin edebildigi test edilecektir. Bu, hipotezi test
etmek icin rastgele 1.000 erkek 6grenci secildigini varsayalim. Buradaki standart sapmanin
13,6 kilo oldugunu varsayilir. istenen giiven araliginin %95 secildigini varsayalim. %95
araliginda aritmetik ortalama hangi aralikta degisiyor.

Buna gore 6rneklem standart hata,

o 13.6
Ox = == o5 = 0.43gr hesaplanir.

% 95 olasilikla, ana kutlenin ortalamasinin aralik tahmini yapilacaktir.
P(Za/2)=0.95/2=0.475 elde edilir. Standart normal dagilm tablosundan P(Zq32)= 0.475
degerini karsilayan Zq/> degeri belirlenir. Zq/2=1.96 dir.

Standart Normal Dagilim Tablosu
] 0.00 0.01 .02 0.03 0.04 0.05 .06 0.07 0.08 LN

1.8 | 0.464] | 04649 | 04656 | 04664 | 04671 | 04678 | 04686 | 04693 | 0.4699 | 0.4T06

19 [ 04713 | 04719 [ 04726 [ 04732 | 04738 | 04744 RLATS0D04756 | 0.4761 | 0.4767

20 (04772 | 04778 | 04783 | 04788 | 04793 | 04798 | 04803 | 04308 | 0.4812 | 0.4817

Ana kitlenin ortalamasinin aralik tahmini,

= = c
X — <X+Z,——
A/ N

(&)
szﬁsu

80-(1.96)(0.43) < u<80+(1.96)(0.43) =79.1572gr < u< 80.8428gr olarak bulunur

Ornek:

64 kisi Uzerinde yapilan bir arastirmada Tirkiye’de insanlarin ortalama glinde 8 dakika
televizyon seyrettikleri ve ana kiitlenin standart sapmasinin 4 dakika oldugu bilindigine gore
% 95 giiven araliginda ana ktle ortalamasini tahmin ediniz.

Buna gore 6rneklem standart hata,

Oy = \% = \/% = 0.5dk hesaplanir.

% 95 olasilikla, ana kitlenin ortalamasinin aralik tahmini yapilacaktir.

P(Z4/2)=0.95/2=0.475 elde edilir. Standart normal dagilm tablosundan P(Zq52)= 0.475
degerini karsilayan Zq/2 degeri belirlenir. Zo/2=1.96 dir.

217



Standart Normal Dagilim Tablosu
z 0.00 0.o1 0.0z 0.03 0.04 0.05 006 0.07 0n.os o9

1.8 | 0.464] | 04649 | 04656 | 04664 | 04671 | 04678 | 04686 | 04693 | 0.4699 | 04706

19 [ 04713 | 04719 | 04726 [ 04732 | 04738 | 04744 fLAIS0.D04756 | 0.4761 | 04767
20 | 04772 | 04778 | 04783 | 0.4788 | 0.4793 | 04798 | 0.4803 | 0.4508 | 0.4812 | 04817

Ana kitlenin ortalamasinin aralik tahmini,
8-(1.96)(0.5) £ u<8+(1.96)(0.5) = 7.02dk < p< 8.98dk olarak bulunur

Ornek:

Universitede 49 6grenci (izerinde yapilan calismada 1Q ortalamasi 110 ve standart sapmasi
14 bulunmustur. %99 giiven araliginda 6grencilerin 1Q ortalamasi hangi aralikta olacaktir.

Buna gore 6rneklem standart hata,

o 14
Oy = — = — = 2 hesaplanr.

vno V49

% 99 olasilikla, ana kutlenin ortalamasinin aralik tahmini yapilacaktir.
P(Za/2)=0.99/2=0.495 elde edilir. Standart normal dagihm tablosundan P(Zq;2)= 0.495
degerini karsilayan Zq/2 degeri belirlenir. Zy/2=2.58 dir.

Standart Normal Dagilim Tablosu
z 0.00 001 0.02 0.03 0.04 0.05 0.06 0.07 LR 009

24 | 04918 | 04920 | 04922 | 04925 | 04927 | 04929 | 04931 | 0.4932 | 04934 | 0.4936
2.5 | 04938 | 04940 | 04941 | 04943 | 04945 | 04946 | 04948 | 04949 i!l.-l'ﬁ! :i{l-ﬂ'ﬁl
2.6 | 04953 | 04955 | 04956 | 04957 | 04959 | 04960 | 0.4%61 | 0.4962 | 04963 | 04964

Ana kitlenin ortalamasinin aralik tahmini,
110-(2.58)(2) £ u<110+(2.58)(2) =104.76 <u<115.16 olarak bulunur.

% 99 glven dlzeyinde o6grencilerinin 1Q’leri 104.76 ile 115.16 arasindadir, seklinde
yorumlanabilir.
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7.6. Hipotez Testi

A Kimesi

Bliylk Veri Yigini (Ob, ub)

Kugtk veri yigini (Ok, Ak, N:
Orneklem sayisi)

Kiigiik veri yigini biiyiik veri yiginini hangi hipotez kosullari altinda temsil edebilir?

Hipotez, bir durum hakkinda ileri siiriilen bir varsayim ya da éngoriidiir. Bir hipotez ileri
siiriilerek; dogrulugu test edilir, sonucun dogru ya da hatali olmasi karar vermeye yonelik
olarak kabul edilebilir olmalidir.

Blyuk veri yiginin agirlik ortalamasi, 6érneklem veri yiginin agirhk ortalamasi ve varyansi
biliniyor. Belirli olasiliklarda ileri stirilen hipotezin tek tarafli ya da cift tarafli kabul edilip
edilmeyeceginin belirlenmesidir. Olasilik verilmektedir. Orneklem veri yigini biyiik veri
yiginini temsil edebilir mi?

istatistiksel hipotez, ana kitlenin (Veri yigini) durumu hakkinda ileri siiriilen bir varsayimdir.
Hipotez testinde amag, ileri siiriilen varsayimin karar vermeye dénistiiriilmesidir. istatistik
hesaplar yapilarak elde edilen bir varsayim, test sonucuna gore kabul veya reddedilecek
sekilde formiile edilir.

Anlamlilik testi: Bir orneklem veri seti kullanilarak ait oldugu veri yigin kiimesindeki bir
parametre hakkindaki bir hipotezi test etmek icin kullanilan matematiksel bir modeldir.
Yiginin Ozellikleri hakkinda daha kesin bilgiler toplamak icin secilen 6rnekler (izerinde
hesaplamalar yapilir, boylece tim veri kiimesiyle ilgili iddialari veya fikirleri test etmek icin
sistematik bir yol saglanmis olunur.
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Coziim adimlari:

1) Ortaya konan hipotezi (varsayim) test etmek igin, biyik veri yigini icinden érneklem bir
kiimesi belirlenir. Anakitle sonsuz blyukliktedir (Blylk Veri). Sonsuz sikintilar igerir;
eksik, hatali, gtirGltili, anomali, manipule, belirsiz...

2) Secim iadesiz se¢imdir ve tamamen rassal bir stiregle yapilmistir.

3) Dogru karar verme yetenegi gelistirmek icin érneklem veri sayisi minimum 30 olmalidir.
Orneklem kiitlenin ortalamasi hesaplanir. Daha sonra hesaplanan érnek ortalamasi
bilinen yigin ortalamasiyla karsilastirilir ve hipotez dogrulanmaya ¢alisilir.

4) Hipotezler belirlenir: istatistikte, HO sifir hipotezi, H1 ise alternatif veya arastirma hipotezi
isimleri ile adlandirilir. Sifir hipotezi, yigin parametresinin bilinen veya belirlenmis degerini
gosterir. H1, Alternatif hipotez ise, arastirmayi yonlendiren yani kanitlanmak istenen
asil hipotezdir. Hipotezlerden, biri red edildiginde digeri kabul edilecek sekilde
diizenlenir. Sifir hipotezinde, ana kiitle parametresinin belirli bir degere esit, esit degil;
kiicik ya da buylk kosullari ile belirlenir. Alternatifinde ise kanitlanacak durumun zitti
oldugu durumlar ileri stirtlir.

Verilen bilgiler kullanilarak bir karar verme asamasinda sifir hipotezi ya kabul edilir ya da
karsi hipotezin lehine sifir hipotez ret edilir.
Bu durumda sifir hipotezi icin karar siirecinde asagida verilen tabloda belirtilen sonuglarla

karsilastirilir.
Karar
Hipotezi Koru Hipotez Ret Edilmis
Dogru (HO) Dogru Tip-1 Hata
Olasilig 1-
Yigindaki Dogruluk asTet ¢ a
Tip-2 Hata Dogru

Hatali (HO)

B 1-B (Gug)

Yukaridaki tablodan goriilecegi tzere, sifir hipotezi dogru ve bu hipotez ret edilmis ise, hatali
bir karar verilmigtir. Bu hatali karar Tip-1 hata adini alir. Tip-1 hata yapma olasiligi a
olacaktir. o, hipotezin anlamlilik diizeyidir. Karar ya kabul ya da red edilecegine goére, karari
kabul etme olasiligi da (1-a) olur.
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Bu tabloya gore, yapilacak ikinci hataTip-2 hata olarak adlandirilir ve sifir hipotezi yanlis iken
kabul etme olasiligi B ile gosterilir. Yanlis bir hipotezi red etme olasiligi da (1-B) dir. (1-B)’ ya
testin giicii denir.

5) istatistiksel “Anlam Diizeyi” (Risk diizeyi, Yanilgi Payi, Hata payi) a belirlenir, kritik
deger, Z hesaplanir.

Cift tarafli testlerde giiven sinirini belirleyen alan, normal dagilimin orta bolgesidir.
"Uriinlerin ortalama agirhg 100 gramdan farklidir" seklindeki bir iddia, sifir hipotezi ile
birlikte su sekilde kurulabilir:

Ho : u =100 gr +/- delta

Hi: =100 gr.

Anlam diizeyi, 6nem seviyesi seklinde de ifade edilebilir. Ornek ortalamalari yigin ortalamasi
etrafinda normal dagilim gosterdiginden, Oornek ortalama olasiligl hesaplanirken gliven
sinirlari disinda kalan alanlar “Anlam Diizeyi” olarak bilinir ve bunlar sirasiyla % 10, % 5 ve %
1 dir. Olasilik degerleri %90, %95, %99 olur.

Ho Ho Ho
Red Bolgesi Kabul Bolgesi Red Bdlgesi
a/2 1-a a/2

-Zk M +/k

Dikkat:
e Z-Tablosundan bulunan olasilik hesaplamalari 0 ile 0.5 arasinda oldugundan cift
yonll testlerde 2 ile carpmak yeterli olacaktir. Oysa Tek yonli testlerde bulunan
degere 0.5 eklemek gerekmektedir.

e Olasilik degerinden Z belirlenirken c¢ift yonli teslerde simetri 6zelliginden dolayi

belirlenen Z degeri gliven siniri icerisinde olacaktir. Tek tarafl testler de ise simetri
ozelligine indirgemek icin anlam diizeyinin 2 kati g6z 6niline alinir.
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Ornek:
%90 cift yonla olasilik alinirsa, a/2=0.05 olur. 1- 2*a =P(Zk)=0.90
Z-Tablosunun simetrik 6zelliginden a degerini bulmak igin P(Zk)=0.90/2=0.45,

Standart Normal Dagilim Tablosu
z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

1.5 04332 | 0.4345 [ 0.4357 | 04370 | 04382 | 0.4394 | 04406 | 0.4418 | 04429 | 0.444)
1.6 | 04452 | 0.4463 | 0.4474 | 04484 | 0.4495 04515 | 0.4525 [ 0.4535 | 0.4545
1.7 | 04554 | 0.4564 | 0.4573 | 0.4582 | 0.4591 | 0.4599 | 0.4608 | 0.4616 | 0.4625 | 0.4633

Zk = 1.65 elde edilir.

%95 c¢ift yonla alinirsa, a/2=0.025 olur. P(Zk)=0.95
Z-Tablosundan deger bulmak icin P(Zk)=0.95/2=0.475,

Standart Normal Dagilim Tablosu
z [ NIT1] 0.01 0.02 0.03 .04 .05 006 0.o7 n.og 0.0

1.8 | 04631 | 0.4649 | 0.4656 | 0.4664 | 0.4671 | 0.4678 | 0.4686 | 0.4693 | 0.4699 | 0.4706
1.9 [ 04713 | 0.4719 | 0.4726 | 04732 | 0.4738 | 0.4744 @.4?5& 04761 | 04767

20104772 | 04778 | 04TE3 [ D4TER | 04793 | 04798 | 04803 | 04808 | 04812 | 04817

Zk = 1.96 elde edilir.

%99 ¢ift yonla alinirsa, a/2=0.005 olur. P(Zk)=0.99
Z-Tablosundan deger bulmak icin P(Zk)=0.99/2=0.495,

Standart Normal Dagilim Tablosu
z 0.00 0.1 0.02 0.03 0.04 0.05 0.06 0.o7 .08 009

24| 04918 | 04920 [ 04922 | 04925 | 04927 | 04929 | 04931 | 04932 | 04934 | 04936
25| 04938 | 04940 | 04941 | 04943 | 04945 | 04946 | 04948 | 045949 £1.4951 30 4952
26 | 04953 | 04955 | 04956 | 04957 | 04939 | 04960 | 04961 | 04962 | 04963 | 04964

Zk = 2.58 elde edilir.

Cift tarafl hipotez test, % 10 anlam dlizeyine gore (%90 olasilik) kabul ve red bolgeleri: Z =
+1.65, a/2=0.05

Cift tarafl hipotez test, % 5 anlam diizeyine gore (%95 olasilik) kabul ve red bolgeleri: Zx =
+1.96, 0/2=0.025

Cift tarafl hipotez test, % 1 anlam diizeyine gore (%99 olasilik) kabul ve red bolgeleri: Zx =
+2.58, a/2=0.005
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Tek tarafli testlerde giiven sinirini belirleyen alan, testin yoniine bagh ve normal egrinin
sadece bir ucundadir.

"Uriinlerin ortalama agirligi 100 gramdan hafiftir" seklindeki bir iddia su sekilde kurulabilir:
Ho: 1 =100 gr.

Hi:u<100 gr.

"Uriinlerin ortalama agirlig 100 gramdan agirdir" seklindeki bir iddia ise su sekilde gésterilir:
Ho: 1 <100 gr.
Hi: u> 100 gr.

Tablonun simetrik 6zelliginden Z degeri bulunurken diger ugtaki degerin benzeri 6teki
uctada olmak zorundadir. Glven araligi iki kati alinarak tablodan deger bulunur. Blylk ve
kiiciik olma degerleri arastirildiginda tek tarafli test yapilir.

.
f’f/ﬁ x\\
i Ho \ Ha

/Kabul Bolgesi Red Bolgesi
a 1-2a0 Lo

_—-—""H-F-’ A hx\""'\--___-
H +/k
Guven sinirlari, normal egrinin her iki ucunda ve bu sinirlarin disinda kalan olasiliklarin

toplami oldugundan, her bir uctaki alan glven sinirinin yarisi (%10 icin %5, %1 icin sirayla
%20, %10 icin %2) kadardir.

Ornek ortalama olasiligl, %90 alinirsa, a=0.1 olur. Dogru Z degerini bulabilmek icin gz
onlne alinacak deger %80 olmak zorundadir. Clinkli, red bolgesi %10 ise kabul bolgesi
%80+%10=%90 olur. P(Zk)=0.80, %80’e hesaplamalar yapilir. Tablodan 0.80/2=0.40"lik kisim
bulunur, ardindan 0.5 degeri de ilave edilrerek %90’lik kismin Zk degeri hesaplanmis olur.
Tablodan Zk degerini dogru bulabilmek i¢in olasilik ifadesi de simetrilk hale getirilir.

Glnku, sekilden gorilecegi Uzere egrinin simetri 6zelliginden faydalanarak tablodan Z
degerine bakilacagi icin sol tarafdaki deger olasiligin icerisindedir. Anlam dizeyi %10 sag
taraftadir. Sol taraftaki %10 ise islemin icindedir. Z-Tablosundan deger bulmak icin
P(zk)=0.80/2=0.40,

Standart Normal Dagilim Tablosu
z [ 000 [ 001 | 002 | 003 | 004 | 005 [ 006 | 007 | 008 | 0.09

L1 | 03643 | 03665 | 03686 | 03708 | 0.3729 | 0.3749 | 0.3770 | 0.3790 | 0.3810 | 0.3830

1.2 | 03849 | 0.3869 | 0.3888 | 0.3907 | 0.3925 | 0.3944 | 0.3962 | 0.3980 | 0.3997 | 0.4015

1.3 04032 | 04049 | 04066 | 04082 | 04099 | 04115 |1 04131 | 04147 | 04162 | 04177

Zk=1.28 degerini alir.
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Ornek ortalama olasilig1 %95 alinirsa, a=0.05 olur. P(Zk)=0.90
Z-Tablosundan deger bulmak icin P(Zk)=0.90/2=0.45,

Standart Normal Dagilim Tablosu
z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

1.5 | 04332 | 0.4345 | 0.4357 | 04370 | 0.4382 | 0.4394 | 0.4306 | 0.3318 | 0.4429 | 0.4331
1.6 | 03352 | 03363 | 04374 | 04484 | 0.3495 04515 0.4525 | 0.4535 | 0.4535
1.7 | 0.3554 | 0.4564 | 0.4573 | 0.4582 | 0.3591 | 0.4599 | 0.4608 | 0.3616 | 0.4625 | 0.4633

Zk=1.65 degerini alr.

Ornek ortalama olasilig1 %99 alinirsa, a=0.01 olur. P(Zk)=0.98
Z-Tablosundan deger bulmak icin P(Zk)=0.98/2=0.49,

Standart Normal Dagilim Tablosu
] 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 n.os noe

2.2 | 04861 | 04864 | 04868 | 04871 | 04875 | 04878 | 04881 | 04884 | 04887 | 04890
2.3 [ 04893 | 04896 [ 04898 | 04901 | 04904 | 04906 | 04909 | 04911 | 04913 | 04916

24 (04918 | 04920 | 04922 | 04925 | 04927 | 04929 | 04931 | 04932 | 0.4934 | 04936

Zk =2.33 degerini alir.

Tek tarafli test, % 10 anlam dlizeyine gore (%90 olasilik) kabul ve red bolgeleri: Zx = £1.28,
a=0.10

Tek tarafli test, % 5 anlam diizeyine gore (%95 olasilik) kabul ve red bolgeleri: Zx = +1.65,
a=0.05

Tek tarafli test, % 1 anlam diizeyine gore (%99 olasilik) kabul ve red bolgeleri: Zx = £2.33,
a=0.01

Z\' nin kritik degerleri onem diizeyine gére asagida verilmistir.

Sol Kuyruk Testi Sag Kuyruk Testi Cift YOnIU Test
Anlam Duzeyi Ho => 100 Ho <= 100 Ho, =100

Hi1< 100 Hi1 > 100 Hi # 100
0.10 -1.28 (%80) +1.28 (%80) +1.65 (%90)
0.05 -1.65 (%90) +1.65 (%90) +1.96 (0.95)
0.01 -2.33 (%98) +2.33 (%98) +2.58 (%99)

224




6) Hipotez test edilir:
Bir hipotez kurulduktan sonra 2 asamada test edilir.
1. Asama: Orneklemden yola cikilarak Zh degeri hesaplanir.

X —
7y = H
GX
. g —_
Orneklem standart hata, 0, = \/_ﬁ hesaplanir. X £ ox belirlenir.
2a. Asama:

< o
Orneklem ortalama, p, kritik ortalam degeri, X, oldugunda p > X, ise sifir hipotezi

reddedilir ve ve alternatif hipotez kabul edilir.

2b. Asama:
Hesaplanan Z, degeri Zx degeri ile karsilastirilir.
Zn > Z ise Ho hipotezi reddedilir ve alternatif hipotez kabul edilir.

7) Test sonucu degerlendirilir ve yorumlanir:
1) zn<zk oldugunda, H, hipotezi kabul edilir ve;
e Bu iki 6rneklemin ¢ekilmis oldugu anakiitle ortalamalarinin birbirlerine esit olduklari,
e Bu iki anakutlenin ayni anakiitleden ¢ekilmis birer rassal 6rneklem oldugu,
o ki 6rneklem ortalamasi arasinda gozledigimiz farkin bir olasilik eseri olarak ortaya
¢ikmis, istatistik bakimindan anlamli olmayan, énemli olmayan kiguk bir fark oldugu
distnalir.

2) zn>zk oldugunda, Ho hipotezi ret edilir ve;

¢ Ho hipotezine ait olan dislincenin tersi kabul edilir, yani H1'i kabul edilir.

e Bu blylklikteki zn degerinin olasiiga bagl olarak ortaya ¢ikmis olmasi olasihig
(ihtimali) gok duguktlr. Bu olasilik (p degeri) sectigimiz a degerinden de kiigiiktiir. Bu
kadar kiglk bir olasilikla ortaya c¢ikan bu z degerini artik rastgelelige degil
anakitlenin gergekten farkli olmasi sonucuna varilir.
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Hipotez testinde kullanacagimiz yukarida degindigimiz bilgileri 6zetlersek:
Sifir Hipotezi (Ho): Tersine yeterli kanit bulununcaya kadar dogru kabul edilen fikirdir.

Alternatif Hipotez (H1): Sifir hipotezi karsisinda test edilen, sifir hipotezi red edildiginde kabul

edilen hipotez.
Tek Yanl Karsit Hipotez: Ana kitlede ilgilendigimiz parametre icin sifir hipotezince,

belirlenen bir degerden kiiglik ya da bliylk olanakli biitlin degerleri iceren karsit hipotez
Cift Yanh Karsit Hipotez: Ana Kitlede ilgilendigimiz parametre icin sifir hipotezince

belirlenen deger disinda olanakh bitiin degerleri igeren karsit hipotez
Hipotez Testi Karari: Arastirmaciyi 6rneklem kanitina dayanarak, sifir hipotezini kabul ya da

reddetmeye gotirecek sekilde gelistirilmis karar kural

Tip-1 Hata: Dogru hipotezin red edilmesi

Tip-2 Hata: Yanlis hipotezin kabul edilmesi

Anlamlilik Dlizeyi: Dogru olan sifir hipotezini reddetme olasiligl, a.

Testin Giicl: Yanlis bir sifir hipotezinin reddedilme olasiligl, 1-a.

Ornek:
Bir sistemi ya da bir modeli temsil eden veri yiginini test edebilmek icin iki parametreye
ihtiyag var;

1- agirhk ortalama,

2- 2-varyans ya da standart sapma.

Dikkat: Hipotez Uretilirken 6rnek sayisi her zaman 30’dan buyik olmalidir.

Bir klinikte kan sekeri Olcl testi yapan cihaz ortalama po=100 mg/dl 6lciim yaparken
arizalanir. Servis ¢agrilir cihaz tamir ettirilir. Acaba yine ortalama po=100mg/dl Glgim
yapabilecek mir?

Deneme yapilip 64 6rneklem o6lgim sonucunda agirhk ortalama 102.5 mg/dl , standart
sapma 16mg/dl olarak bulunmustur.

Orneklem istatistikleri hesaplanir:

n = 64 torba

Orneklem ortalamasi : X = 102,5mg/d|

Orneklem standard sapmasi: 6 = 16 mg/dl

Bu yeni liretim metotolojisni 100 +/- oxaraliginda kabul edebilir mi?

Orneklem standart sapma hatasi,
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X * ox =102.5 + 2mg/d| kosulu saglanabilmektedir mi?

istatistiksel “Anlam Diizeyinin” belirlenmesi (Risk diizeyi, Yanilgi Payi, Hata payi) a’nin
saptanmasi: a=0,05 olsun. Testin giiven diizeyi = 1 - a = 0,95 olsun. ilgilendigimiz
anakitlenin ortalamasinin (Zk=1.96) olarak bulunmustur.

Elimizdeki 6rnekleme ait Z, degeri 6rneklemin bir istatistigidir ve test istatistigi adi verilir. Zh
degerini hesaplayniz. Hesapladiginiz Zh degeri Zk degerinden kiiglik ise hipotez Kabul
edilecektir. Buldugunuz Zh degerini yorumlayiniz.

X — Ho

O'/\/ﬁ

Zh:

Zn=(102,5-100)/2 = 1,25. Hipotez dogrudur.

Ho Ho Ho
Red Bélgesi Kabul Bélgesi \ |Red Bolgesi
al2 1-a al2

-Zk M +Zk

Ozet:

Blylk veri yiginin agirlik ortalamasi ve belirli olasilikla kabul edilebilir standart sapmasi
biliniyor. Orneklem veri yiginin agirlik ortalamasi ve standart sapmasi biliniyor. Olasilik
dagilim ifadesine gore kabul edeilebilecek olasilik degerlerine karsilik gelen Zk degerlerini
biliyoruz. Cift tarafli ise (=) %90 igin Zk=1.65, %95 icin Zk=1.96, %99 icin ZK=2.58 aliniyor. Zh
ya da hipotezin agirlik ortalamasi hesaplanir. Kabul edilebilir bélgesinin icin de degil mi?

Tek tarafli ise (=>, <=) %90, Zk=1.28, %95 icin Zk=1.65, %99 icin Zk=2.33 alinir.Zh ya da
hipotezin agirlik ortalamasi hesaplanir. Kabul edilebilir bolgesinin icinde mi degil mi?
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Ornek:

Bir algi dolum makinesi po=20 kg ortalama agirlikli algi dolumu yaparken ariza yapar. Tamirci
getirip tamir ettirilir. Acaba yine po.=20kg’lik dolum yapabilecek midir? Deneme yapip 40
torba basit 6rneklem yontemine gore segilip agirliklari soyle olgllmistir: X1 = 19,8 kg, X1 =
20,5kg, Xo=21,2kg, X3=18,9Kkg, ..., Xa=20,8 kg

Orneklem istatistikleri hesaplanir:

n =40 torba

Orneklem ortalamasi : X = 21,4 kg

Orneklem standard sapmasi: o = 3,2 kg. Standart yapma, agirlik ortalamada olusan sapmalari
temsil eden ifadedir.

Bu yeni iretim metotolojisni 20+/- delta (g,) araliginda kabul edebilir miyim?

Orneklem standart sapma hatasi,

Delta= o, = \% = % = 0.506kg hesaplanir.

X*ox =21,4+0,506 kg

Hipotezlerin belirlenmesi:

Ho Hipotezi: Elimizdeki 6rneklem anakiitle ortalamasi "w, = 20 kg" olan bir anakitleden
cekilmis bir rassal 6rneklem olup, 6rneklem ortalamasi X- degeri anakiitle ortalamasina esit
olarak kabul edilebilir. Aradaki 21.4-20=1,4 kg'lik fark ise tesadiife baglanabilecek, 6nemli
olmayan, anlam tasimayan cok kiiciik bir farktir. Dolayisiyla X= . yazabiliriz.

H1 Hipotezi: Bu 6rneklem " po = 20 kg" olan bir anakitleden cekilmis bir rassal 6rneklem
olamaz. Aradaki 1,4 kg hk fark tesadiife bagh degil, ayarlamanin yapilmamis olmasi nedeni
ile gerceklesmistir. Bu érneklemin ¢ekilmis oldugu anakiitle 20 kg olamaz. Orneklemimiz

kendine ait baska bir anakitleden ¢ekilmis olmalidir.

istatistiksel “Anlam Diizeyinin” belirlenmesi (Risk diizeyi, Yanilgi Payi, Hata payi) a’nin
saptanmasi: Hatasiz bir test yapamayacagimiz icin her testte bir miktar yanilma riskimiz
vardir. O nedenle istatistikciler olabildigince az yanilma ile test yapmak isterler. Yine de a
=0,05 ve a=0,01 dizeyleri sik kullanilanir. a=0,05 olsun. Testin gliven diizeyi = 1 - a = 0,90
olsun.

Test istatistigi:
Elimizdeki ornekleme ait Zn degeri yardimiyla hipotez testini sonuclandiracagiz. O
nedenle, Zn degerine Test istatistigi adini veriyoruz.

f_
Zh: I'l
Ux
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Zn=(21,4-20)/0,51 = 2,74

Ho Ho Ho
Red Boalgesi Kabul Bolgesi Red Bolgesi
W 1-a al2

_Zk u +7K

Karsilastirma, sonug ve yorum:

Bu duruma gore: elimizdeki 6rneklemin ortalamasi (Zh=2,74), ilgilendigimiz anakitlenin
ortalamasindan (Zk=1.96) cok uzaga diisen bir blyukliktedir. Bu durumda X = p, biciminde
ifade ettigimiz ve p=po diizeyine yukselttigim Ho hipotezini kabul edilemez. Demek ki, bu
makine hatali dolum yapmakta, ortalamasi 20 kg olan dolumlar gerceklestirememektedir.

p+Zh degeri 6rneklem ortalamadan kiiglik ise hipotez dogrudur. O halde verilen soruda
hipotez dogru mudur?
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Ornek:

Bir algi dolum makinesi po=20 kg ortalama agirlikli algi dolumu yaparken ariza yapar. Tamirci
getirip tamir ettirilir. Acaba yine po,=20kg’lik dolum yapabilecek midir? Deneme yapip 40
torba basit 6rneklem yontemine gore segilip agirliklari soyle olgtlmistir: X1 = 19,8 kg, X1 =
20,5 kg, X2=20,2kg, X3=19,9kg, ..., Xa0=20,8 kg

Orneklem istatistikleri hesaplanir:

n =40 torba

Orneklem ortalamasi : X = 20,4 kg

Orneklem standard sapmasi: o = 3,2 kg

Bu yeni liretim metotolojisni 20+/- delta (g,) araliginda kabul edebilir miyim?

) 3.2
Orneklem standart hata, Delta=g, = \% = & 0.506kg hesaplanir.

X *ox =20,4 £0,506 kg

Hipotezlerin belirlenmesi:

Ho Hipotezi: Elimizdeki 6rneklem anakiitle ortalamasi "u, = 20 kg" olan bir anakitleden
cekilmis bir rassal 6rneklem olup, 6érneklem ortalamasi X- degeri anakiitle ortalamasina esit
olarak kabul edilebilir. Aradaki 20.4-20=0,4 kg'lik fark ise tesadiife baglanabilecek, 6nemli
olmayan, anlam tasimayan cok kiiciik bir farktir. Dolayisiyla X= . yazabiliriz.

H1 Hipotezi: Bu 6rneklem " po = 20 kg" olan bir anakitleden cekilmis bir rassal 6érneklem
olamaz. Aradaki 0,4 kg lik fark tesadlfe bagh degil, ayarlamanin yapilmamis olmasi nedeni
ile gerceklesmistir. Bu érneklemin ¢ekilmis oldugu anakiitle 20 kg olamaz. Orneklemimiz
kendine ait baska bir anakitleden ¢ekilmis olmalidir.

istatistiksel “Anlam Diizeyinin” belirlenmesi (Risk diizeyi, Yanilgi Payi, Hata payi) a’nin
saptanmasi: a=0,05 olsun. Testin gliven diizeyi=1 - a = 0,95 olur.

Test istatistigi:
Elimizdeki ornekleme ait Z, degeri 6rneklemin bir istatistigidir. Bu istatistik yardimiyla
hipotez testini sonuclandiracagiz. O nedenle, Z, degerine Test istatistigi adini veriyoruz.

X — Ho

U/\/H

Zh=

Zn= (20,4-20)/0,51 = 0,8
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Ho Ho Ho
Red Bolgesi Kabul Bolgesi Red Boélgesi
o

-Zk M \ +/k

Karsilagtirma, sonug ve yorum:

Bu duruma gore: elimizdeki 6rneklemin ortalamasi (Zh=0.8), ilgilendigimiz anakitlenin
ortalamasinin (Zk=1.96) i¢ tarafinda olan bir blyukliuktedir. %95 olasilikla kabul bolgesinin ig
alanina dismdistiir. Bu durumda X = o biciminde ifade ettigimiz ve p=p,diizeyine
yukselttigim Ho hipotezini kabul edilebilir. Demek ki, bu makine hatali dolum yapmamakta,
ortalamasi 20 kg olan dolumlar gergeklestirmektedir. Dolayisiyla; verdigimiz kararin dogru
olmasi olasiligi %95 iken hatali olmasi olasilig en fazla %5 tir.
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Ornek:

Kar getirecegi distnilen yatirim plani mevcuttur. Bir yatirimci, ancak ortalama 180S$’in
ustiinde aylik gelir elde ederse yatirim yapacaktir. Ortalamasi 190$ ve standart sapmasi 755
olan 300 ayhk getiri 6rnegine sahiptir. Bu plana gore yatirim yapmali mi? a = 0,05 (yani% 5
anlamlilk dizeyi)

HO: Bos Hipotez, ortalama = 180
H1: Alternatif Hipotez, ortalama< 180

Tek tarafl testlerde glven sinirini belirleyen alan, testin yoniine bagli ve normal egrinin
sadece bir ucundadir.

£ Hag \\ Ho

Red Balgesi “ | Kabul Balgesi
a (,f‘f 1-20 ., o

u,

e S
H +7k

Tek tarafli test, % 5 anlam diizeyine gore kabul ve red bolgeleri: Zx = +1.65, a=0.05 (%95)

_ )?h—180
1.65 = 75/7/300
_ 75
Xp, = 1.65 * e 180 = 187.12 olarak bulunur.

isin érneklem ortalamasi, X, =187.12 degeri 180 kritik degerden biiyiik oldugu igin, sifir
hipotezi kabul edilir ve sonug, ortalama aylk getirinin gercekten 180S$ 'dan fazla oldugu, bu
nedenle yatirirmci bu ise yatirrm yapmayi distnebilir.

Yontem-2: Standartlastiriimis test istatistikleri ve standartlastiriimis Z degeri kullanilabilir.

X—p 190 - 180
s 75/V300

y =2.309

Z = 2.309, %90 olasilikli Zx = 1.645'ten blylk oldugundan, kabul boélgesinin icerisindedir,
benzer bir sonucla kabul edilir.
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Ornek:

Yeni bir borsa firmasi, X, aracilik ticretlerinin mevcut hisse senedi komisyoncu firmasi A’nin
Ucretlerinden daha dislik oldugunu iddia ediyor. Bagimsiz bir arastirma firmasindan elde
edilen veriler, tim A broker musterilerinin ortalama ve standart sapmasinin sirasiyla 18S$ ve
standart sapmasi 6$ oldugunu géstermektedir.

100 A musterisinden olusan bir 6rnek alinir ve aracilik licretleri yeni X komisyoncusu oranlari
ile hesaplanir. Orneklemin ortalamasi 18.75$ ve standart sapmasi ise ayni 6S, A ile X
komisyoncusu arasindaki ortalama aracilik faturasi arasindaki fark hakkinda herhangi bir
¢ikarim yapilabilir mi?

HO: Bos Hipotez: ortalama = 18$
H1: Alternatif Hipotez: ortalama <> 18$ (Kanitlamak istedigimiz sey budur).Cift tarafli
testlerde giiven sinirini belirleyen alan, normal egrinin orta bolgesidir.

Reddetme bolgesi: Z <= - Zy5 ve Z> = Z25 (% 5 anlamlilik dlzeyi varsayilarak, her iki tarafa da
2,5 bolandr).

Zh = (6rnek ortalama - ortalama) / (std-dev / sqrt (6rnek sayisi))
Zh=(18,75-18) /(6 / (sqrt (100)) = 1,25

Hesaplanan bu Z degeri, asagidakiler tarafindan tanimlanan iki sinir arasindadir:

% 95 olasilikla, ana kitlenin ortalamasinin aralik tahmini yapilacaktir. P(Zq/2) = 0.95/2 =
0.475 elde edilir. Standart normal dagilim tablosundan P(Zy/2)= 0.475 degerini karsilayan Zq/2
degeri belirlenir. Zo/2 = 1.96 dir.

-225=-1,96 ve Z5,5=1,96.

Bu, mevcut komisyoncunuz ile yeni komisyoncunuzun oranlari arasinda herhangi bir fark
oldugu sonucuna varmak icin yeterli kanit olmadigI sonucuna varir.

Standart normal dagilimda iki u¢ nokta degeri, Zh=-1.25 ve Zh=+1.25 ise bu aralikta ve bu
aralik disindaki olasiliklari nedir?
P (1.25>Zk >-1.25) =0.3944*2 =0.7888, %78.88

Alternatif olarak, p-degeri = P (Zh <-1.25) + P (Zh> 1.25)

=2 *(0.5-0.3944) = 2*0.1056 = 0.2112 =% 21.12, bu da 0.05 veya % 5'ten buylktir ve ayni
sonuca goturdr.

Grafik olarak su sekilde temsil edilir:
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a/2 =2.5% on either side

Zan=-1.96 | Za;2=1.96

Rejection Region T Rejection Region
Z=1.25

Varsayimsal Test Yontemi icin Elestiri Noktalari:
e Varsayimlara dayali istatistiksel bir yontem
e Alfa ve beta hatalari agisindan ayrintili olarak hataya acik
e P degerinin yorumlanmasi belirsiz olabilir ve kafa karistirici sonuclara yol acabilir
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Ornek:

Bir firlnin Urettigi ekmek ortalama agirligi 500 gram oldugu iddia edilmektedir. Firini
denetleyen belediye yetkilileri 100 adet 6rnegin ortalama agirligini 490 gram ve standart
hatasini 30 gram bulmuslardir. %1 anlam diizeyinde (%99 giiven araliginda) ekmegin
ortalama agirlhigi 500 gram kabul edilebilir mi, test ediniz.

Hipotez testini kuralim.
Ho : =500 gr.
Hi: u# 500 gr.

Orneklemden yola cikilarak Z, degeri hesaplanir.

Standart sapma hatasi, Sx verilmis ise 6, = j—:_l =30/10=3

X— u_ 490 — 500

= —3.33
Ox 3

Zh:

%99 given araligindaki, P(Za/2) = 0.99/2 = 0.495 elde edilir. Standart normal dagilim
tablosundan P(Zy/2)= 0.495 degerini karsilayan Z,/> degeri belirlenir. Zx= Zo/2 = 2.58 dir.

Zn (-2.58) = Z (2.58), Z degerlerinin simetri 6zelligi g6z 6nline alinir.
Zn(-3.3) > Z« ( 2.58) oldugundan Ho hipotezi reddedilir ve alternatif hipotez kabul edilir.
Yorum: Firinin Urettigi ekmeklerin ortalama agirligi 500 gramdan farkhdir.

7 \\

Hg ;/ \ Ha

Red _/’ Ht': | \ Red
ey / Kabu .
bilgesi I‘I_.-‘ blgesi \ bilgesi

/
l—x = 0,99 “‘--?:_'iu's
-3.3 -2.58 0 +2.58
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Ornek:

Agri kesici bir ilacin ortalama 60 dakikadan daha az bir slirede etkisini gosterecegi iddia
ediliyor. Rasgele secilen hastalardan 64’line ilgili ila¢ veriliyor ve ortalama etki siiresi 63 ve
standart hatasi 12 bulunuyor. «=0.05 anlamlilik diizeyinde (%95 gliven araligi) iddianin
dogrulugunu test ediniz.

Hipotez testini kuralim:
Ho : 1 < 60 dakika
Hi : u> 60 dakika

o = 0,05 (yani% 5 anlamlilik dizeyi), %90’a karsilik gelir. Simetriden dolayi orta boélge %90,
uglar % 5’lik o degerlerine karsilik gelmektedir.

Yontem:
% 90 olasilikla, ana kitlenin ortalamasinin aralik tahmini yapilacaktir.
P(Z4)=0.90/2=0.45 elde edilir. Standart normal dagilim tablosundan P(Zs)= 0.45 degerini
karsilayan Zq degeri belirlenir. Z4=1.65 dir.
Sx

Standart sapma hatasi, Sx verilmis ise 6, = = = 12/8=1.5

=

165 = XL=60
1.5

X, =1.65* 1.5 + 60 =62.475 bulunur.

Orneklem ortalamasi (63) kritik degerden (62.475) daha biyiik oldugu icin, Ho hipotezi
reddedilemez.

Yorum: %95 glven diizeyinde ilag agriy1 en geg 63 dakika iginde gegirmektedir.

Ho Ho
Kabul Bolgesi Red Bolgesi
1-2a a

M +Zk
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Ornek:

Bilinen bir diyet ile 3 ayda en az 10 kilo verildigi iddia edilmektedir. 144 kisi Gizerinde 3 ay
uygulanan diyetin ortalama 9 kilo zayiflattigi ve standart hatanin 4 kilo oldugu tespit
edilmistir. %99 gliven araliginda iddianin dogrulugunu test ediniz.

Hipotez testini kuralim.
Ho : =10 kilo
Ho : 1< 10 kilo

Orneklemden yola ¢ikilarak Z, degeri hesaplanir.

Standart sapma hatasi, Sx verilmis ise o, = j—% =4/12=1/3

X—p_ 9-10 -1

=3
o5 1/3  1/3

Zh:

%98 glven araligindaki, P(Zo2) = 0.98/2 = 0.49 elde edilir. Standart normal dagihm
tablosundan P(Zy/2)= 0.49 degerini karsilayan Zy/> degeri belirlenir. Zx= Zo/2 = 2.33 dir.

Hesaplanan Z, degeri Zx degeri ile karsilastirilir.

Zn( 3) >Zx( 2.58) >Zc( 2.33) oldugundan Ho hipotezi reddedilir.

Hg Ho
Red Kabul
bdlgesi bdlgesi
o« -0,01

1—c = 0,9% \
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Ornek:

Bir kasabada aylik su tiketimini en az 20 litre olabilecegi ongorilmektedir. Eger bu 6ngori

dogruysa kasaba su sorunuyla karsi karsiya kalabilir. Bu amacla, rassal olarak secilen, 1000

kisiden veriler derlenmis ve aylik ortalama su tiiketiminin 22 litre ve standart sapmasinin da

8 litre oldugu tespit edilmistir. a = 0.01 anlam diizeyini (% 99 given dizeyi) kullanarak su

sorunu olup olmayacagina karar veriniz.

Hipotez

Ho : u =20 litre
Hi: > 20 litre
n =1000

X = 22 litre

i =20 litre

s = 8 litre

n > 30 oldugu icin normal dagilima sahiptir. Z degeri tablodan % 99 gliven diizeyi icin 2.33

bulunur. Bu bilgilerden sonra 2 asama ile ¢éziime ulasilir.

1. Asama: Orneklemden yola cikilarak Z» degeri hesaplanir.

s 8
7= 71000 0.253

X—p 22-20

h Sy 0.253

2. Asama: Hesaplanan Z, degeri Zx degeri ile karsilastirilir.
Zn(7.9) >Zx ( 2.33) oldugundan Ho hipotezi reddedilir ve alternatif hipotez kabul edilir.
Yorum: Kisilerin aylik su tliketimi 20 litreden fazladir.

M,

\

Hokabul bolgesi %99\ Red Bolgesi
e i
e =00l
}
=20
0
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Ornek:

Bir cikolata firmasi 500 gramlik paketler halinde iiretim yapmayi planlamaktadir. Uretimin
planlandigi gibi gergeklesip gerceklesmedigini kontrol etmek igin rassal olarak segilen 100
paketin ortalama agirhg 495 gram ve standart sapma da 20 gram olarak bulunmustur.
Uretimin planlandigi gibi gerceklesip gerceklesmedigini a = 0.05 anlam diizeyini (% 95 giiven
diizeyi) kullanarak karar veriniz.

Hipotez Simetrik
Ho : =500 gram
Hi:#500gram

n =100

X = 495 gram
=500 gram
s=20gram

n > 30 oldugu igin normal dagilima sahiptir. Z degeri tablodan % 95 gliven duzeyi igin
Zk=1.96 bulunur. Orneklemden yola gikilarak Z, degeri hesaplanir.

s _ 20
SX= T T Voo
, _X—u_495-500
h = P > = -2,

Hesaplanan Z, degeri Zx degeri ile karsilastirilir.
Zn(2.5) >Zc (1.96) oldugundan Ho hipotezi reddedilir ve alternatif hipotez kabul edilir.
Paketlerin agirligi 500 gramdan farkhdir.

HO Kabul Bélgesi

/N

Hy / \ Ho
Red Bélgesi -0 =095 N\ Red Baolgesi
o/2=0025 ' o/2=0.025
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7.6.1. Data Analitiginde Hipotez Testi

Data Analitigi konusunda uzmanlasan herkes hipotez testinden bahsedildigini duyar. Hipotez
testi, istatistiksel kararlar vermede kullanilan istatistiksel bir yontemdir. Hipotez Testi temel
olarak veri yigini parametresi hakkinda yaptigimiz bir varsayim dogrulugunun test
edilmesidir.

En iyi ortalama performansa sahip algoritmanin, daha kot ortalama performansa sahip
algoritmalardan daha iyi olmasi beklenir. Peki ya ortalama performanstaki fark istatistiksel
bir tesadiften kaynaklaniyorsa? Co6zim, herhangi iki algoritma arasindaki ortalama
performans farkinin gercek olup olmadigini degerlendirmek icin istatistiksel bir hipotez testi
kullanmaktir.

Ortalama model performansina gore model se¢cimi yapmak yaniltici olabilir. Bir hipotez testi,
hangi ifadenin 6rnek veriler tarafindan en iyi sekilde desteklendigini belirlemek igin bir
poptlasyon hakkinda birbirini dislayan iki ifadeyi degerlendirir. Bir bulgunun istatistiksel
olarak anlamli oldugunu séyledigimizde, bu bir hipotez testi sayesindedir.

Modele glivenmek ve tahminlerde bulunmak i¢in hipotez testi kullanilir. Modeli egitmek igin
ornek veriler kullanilacagl zaman, popilasyon hakkinda varsayimlarda bulunulur. Hipotez
testi yapilarak, bu varsayimlar istenen bir nem diizeyi igin dogrulanir.

Data Analitigi modelleri, genellikle k-kat ¢apraz dogrulama kullanilarak hesaplanan ortalama
performanslarina goére segilir. En iyi ortalama performansa sahip algoritmanin, daha koéti
ortalama performansa sahip algoritmalardan daha iyi olmasi beklenir. Peki ya ortalama
performanstaki fark istatistiksel bir tesadiften kaynaklaniyorsa? Coziim, herhangi iki
algoritma arasindaki ortalama performans farkinin gergek olup olmadigini degerlendirmek
icin istatistiksel bir hipotez testi kullanmaktir.

Model secimi, bir dizi farkl Data Analitigi algoritmasini degerlendirmeyi veya islem hatlarini
modellemeyi ve performanslarina gore karsilastirmayi icerir. Performans metrigine gére en
iyi performansi elde eden model veya modelleme hatti, daha sonra yeni veriler izerinde
tahminler yapmaya baslamak igin kullanabilecek son model olarak segilir. Bu, klasik Data
Analitigi algoritmalari ve derin 6grenme ile regresyon ve siniflandirma tahmine dayali
modelleme gorevleri icin gecerlidir.

Kusursuz olmasa da, istatistiksel hipotez testi, model secimi sirasinda hem yorumlamaya
hem de sonuglarin sunumuna olan giiveni artirabilir. istatistiksel hipotez testleri, Data
Analitigi modellerini karsilastirmaya ve nihai bir model secmeye yardimci olabilir. istatistiksel
hipotez testlerinin safca uygulanmasi yaniltici sonuglara yol acabilir. istatistiksel testlerin
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dogru kullanimi zordur ve McNemar testini veya degistirilmis eslestirilmis Student t testi ile
5x2 ¢apraz dogrulamayi kullanmak icin bazi fikir birligi vardir.

Data Analitigi modellerini istatistiksel anlamlilik testleri araciligiyla karsilagtirmak,
kullanilabilecek istatistiksel test tiirlerini etkileyecek bazi beklentiler getirir; 6rnegin:

Beceri Tahmini: Model becerisinin belirli bir 6l¢lisii segilmelidir. Bu, kullanilabilecek testlerin
tlrind sinirlayacak siniflandirma dogrulugu (bir oranti) veya ortalama mutlak hata (6zet
istatistik) olabilir.

Tekrarlanan Tahminler: istatistikleri hesaplamak icin bir beceri puani érnegi gereklidir.
Belirli bir modelin ayni veya farkli veriler (izerinde tekrarlanan egitimi ve test edilmesi,
kullanilabilecek test tirlnu etkileyecektir.

Tahminlerin Dagilimi: Beceri puani tahminleri 6rneginin dagilimi, belki Gauss ya da
olmayabilir. Bu, parametrik veya parametrik olmayan testlerin kullanilip kullanilamayacagini
belirleyecektir.

Merkezi Egilim: Model beceri genellikle, beceri puanlarinin dagilmina baglh olarak ortalama
veya medyan gibi bir 6zet istatistik kullanilarak agiklanacak ve karsilastirilacaktir. Test bunu
dogrudan hesaba katabilir veya almayabilir.

istatistiksel bir testin sonuglari genellikle bir test istatistigi ve bir p degeridir ve her ikisi de
modeller arasindaki farkin giiven veya anlamlilik diizeyini 6l¢mek i¢in sonuglarin sunumunda
yorumlanabilir ve kullanilabilir. Bu, istatistiksel hipotez testleri kullanmamaktan ziyade
model sec¢iminin bir pargasi olarak daha gii¢li iddialarda bulunulmasina izin verir. Model
se¢iminin bir pargasi olarak istatistiksel hipotez testlerinin kullanilmasinin istendigi goz
onine alindiginda, 6zel kullanim durumunuza uygun bir testi secilmelidir.

Regresyon modellerini ele alalim: Dogrusal bir regresyon modeli araciligiyla diz bir ¢izgi
uyduruldugunda, dogrunun egimi ve kesisimi elde edilir. Bir lineer regresyon modelinde beta
katsayilarinin anlamli olup olmadigini dogrulamak igin hipotez testi kullanilir. Dogrusal
regresyon modeli her calistirildiginda, katsayinin anlamli olup olmadig kontrol edilerek
dogrunun anlamli olup olmadigi test edilir.

Hipotez testi gerceklestirmek icin temel adimlar asagidaki gibidir:
e Bir hipotez formiile edilir.
e Onem diizeyi belirlenir.
e Testin tlirlnd belirlenir.
e Teste gore istatistik degerleri ve p degerleri hesaplanir.

e Karar verilir.
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Hipotez testinin tiiriinii se¢imi:
Tahmin degiskenine gore test istatistigi tlirl segilir: nicel veya kategorik. Asagida nicel veriler
icin yaygin olarak kullanilan test istatistiklerinden birkagi verilmistir.

Tahmin Dagilhm tipi istenen Test Nitelikler
degiskeni tipi
Nicel Normal dagilim e Blyluk numune boyutu
2~ Test e Bilinen populasyon standart sapmasi
Nicel T Dagilimi T Test o Ornek boyutu 30'dan az
¢ Popiilasyon standart sapmasi bilinmiyor
Nicel Pozitif carpik e 3 veya daha fazla degiskeni karsilastirmak
dagihm F-Test istediginizde
Nicel Negatif carpik e Bir hipotez testi gergeklestirmek icin 6zellik
dagiim NA dénisimi gerektirir
Kategorik NA Chi-Square e Bagimsizlik testi

test e Formda olmanin guzelligi

Z-istatistigi — Z Testi:

Ornek normal bir dagilim istendiginde Z-istatistigi kullanilir. Ortalama ve standart sapma gibi
veri yigini parametrelerine gore hesaplanir. Bir 6rneklem ortalamasini bir biyilk veri yigini
ortalamasi ile karsilastirmak istedigimizde bir 6rnek Z testi kullanilir. iki drnegin ortalamasini
karsilastirmak istedigimizde iki 6rnek Z testi kullanilir.

T-istatistigi — T-Testi:

Ornek bir T dagilimini takip ettiginde ve biyiik veri yigini parametreleri bilinmediginde T
istatistigi kullanilir. T dagilimi normal dagilima benzer, normal dagilimdan daha kisadir ve
daha diz bir kuyruga sahiptir.

F-istatistigi — F testi:
Uc veya daha fazla grup iceren numuneler icin F Testini tercih edilir. Birden fazla grup
Uzerinde t testi yapmak, Tip-1 hata olasiligini artirir. Bu gibi durumlarda ANOVA kullanilir.

Varyans analizi (ANOVA), U¢ veya daha fazla grubun ortalamalarinin farkl olup olmadigini
belirleyebilir. ANOVA, araclarin esitligini istatistiksel olarak test etmek icin F-testlerini
kullanir.

F-istatistigi, veriler pozitif olarak carpik oldugunda ve bir F dagihimini takip ettiginde
kullanilir. F dagilimlari her zaman pozitiftir ve saga carpiktir.

F = Numune ortalamalari arasindaki varyasyon/numuneler icindeki varyasyon
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Negatif carpik veriler icin 6zellik donisimi yapmamiz gerekir

Ki-kare testi:
Kategorik degiskenler igin ki-kare testi yapiyor olacagiz.

iki tir ki-kare testi sunlardir:

Ki-kare bagimsizlik testi — iki kategorik degisken arasinda anlamli bir iliski olup olmadigini
belirlemek icin Ki-Kare testini kullaniriz.

Ki-kare Uyum iyiligi, ornek verilerin populasyonu dogru bir sekilde temsil edip etmedigini
belirlememize yardimci olur.

Hipotezin temeli normallestirme ve standart normallestirmedir, tim hipotez bu 2 terimin
temeli etrafinda dénuyor.

Normal dagilim:

Bir degiskenin dagilimi normal bir egri - 6zel bir ¢can seklindeki egri - seklindeyse, bir
degiskenin normal olarak dagildigi veya normal bir dagilima sahip oldugu soylenir. Sayisal
degerleri normalize etmede kullaniimaktadir. Normal dagilimin grafigi, asagidaki 6zelliklerin
timiine sahip olan normal egri olarak adlandirilir: Ortalama, medyan ve mod.

X—X

min

KXew =

‘max min

Standartlastirilmis Normal Dagilim:
Standart normal dagilim, ortalamasi O ve standart sapmasi olan normal bir dagihmdir.

X— U
x”{"ﬂ‘ —

O
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7.6.2. T-Testi

Normal dagihm gosteren veri yigini parametrelerine dayali hipotezlerin, Normal dagilim
gosteren veri yiginindan alinan n birimlik érneklerin ortalamalari ve varyanslari kullanilarak
test edilmesini saglayan bir yontemdir. Bir T-Testi, iki grubun ortalamalarini karsilastirarak ve
sonuglarin tesadifen olma olasiligini bulur.

T test istatistigi test modeline gbore hesaplanan serbestlik derecesine (sd) gore farkh t
dagihimi gosterir. Ug Farkli tiird bulunur:

e Tek orneklem t test modellerinde sd=n-1,

e iki 6rneklem t test modellerinde sd=n1+n2-2

e Bagimli iki 6rneklem t test modellerinde sd=n-1

T-Degerleri ve P-degerleri

Her t-degerinin onunla birlikte hareket eden bir p-degeri vardir. Bir p degeri, 6rnek
verilerinizden elde edilen sonuclarin tesadiifen meydana gelme olasiigidir. Buraki p
degerleri 0 ila 1 arasindadir. Tim p degerleri toplami 1’e esittir. Genellikle ondalik olarak
yazilirlar. Ornegin, %5'lik bir p degeri 0,05'tir. Diisiik p degerleri iyidir; Verilerinizin tesadiifen
olusmadigini belirtirler. Ornegin, .01'lik bir p degeri, bir deneyden elde edilen sonuglarin
tesadiifen meydana gelme olasihiginin yalnizca %1 oldugu anlamina gelir. Cogu durumda,
verilerin gecerli oldugu anlamina gelen 0,05 (%5) p degeri kabul edilir.

Karar verme asamasinda Test istatistigi ve sd hesaplanir. Sd parametreli teorik t dagiliminin
a yanilma payina gore kritik degerleri belirlenir [ t(a,sd) ]

ikiydnli hipotez test sonuglarina gore;

e |t] < t(0.05,sd) P>0.05 Onemsiz
e t(0.05,sd) <= |t] <t(0.01,sd) P<0.05 Onemli
o t(0.01,5d) <=  |t| <t(0.001,sd)  P<0.01 Onemli
e t(0.001,5d) <= |t] P<0.001 Onemli

Tek veri yigin1 Ortalamasina Dayali Hipotezlerin Testi:
(X—pg)*n
S

Ho:p=po Hp:p#py t=

Ornek:

Calisan iscilerde is kazasi gecirme yas ortalamasi=35.5 standart sapmasi=11.3 dir. Bir
hastanede is kazasi nedeniyle muayene edilen 40 kisinin yas ortalamasi= 28.0 standart
sapmasi= 5.9 dur. Bu hastaneye yansiyan is kazalari yas dagilimi acisindan calisan iscileri
yansitmakta midir?
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Ortalamalar Arasi Farka Ait Hipotez Testi — Student t-test

Birbirinden bagimsiz iki veri yigini ortalamasini karsilastirirken bu hipotez testinden
yararlanilir. Ornegin A ve B gibi iki veri yigini cesidinin verimi karsilastirilmak istendiginde bu
hipotez testinden yararlanilir. Bu hipotez testlerinde hipotezler asagidaki sekilde kurulur ve
kullanilacak istatistiklerle ilgili kriterler asagidaki gibidir.

QAR } Cift Yonlu hipotez

H1 M1 #FE N2
b) Ho : p1= o2
H1 L <u2
) Ho : pi= o Tek Yonll hipotez
H1 LR >R
Ornek:

Brownsville'de rasgele secilen 17 polis memurunun yillik ortalama geliri 35.800S ve standart
sapmasi 7.8005’dir. Greensville'de, 18 polis memurundan olusan rasgele bir 6rneklemin yillik
ortalama geliri 35.100$ ve standart sapmasi 7.3755’dir. iki sehirdeki yillik ortalama gelirlerin
ayni olmadigini o = 0.01 anlam dizeyinde test edin. Kitle varyanslarinin esit oldugunu
varsayalim.

Hy' = py 0005
—a

H: u, # py (1ddia) % \/\'\ /

df.=n, +n, -

— __2575 —2576
:17+18—2=33
Standart hata
oo —o L1 :\/(n1—1)512+(n2—1)s§_ 1.1
o m n +n,—2 n

(17 -1)7800% + (18 -1)7375* [1 1
17+18-2 1718

~7584.0355(0.3382)

~ 2564.92
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Hy iy =

H; y, # p, (iddia) ) “¢
—t = _2 576 = 2 576

standartlastirilmis test istatistigi

(%,-%)— (1 — 1) (35800—35100)—
O%-x B 2564.92

H, reddedilemez

=

Ortalama yillik gelirlerin farklihk gosterdigi iddiasini desteklemek i¢cin% 1 diizeyinde yeterli
kanit yoktur.

Ornek:
Add up all of the sguared differences

Subject®# Score 1 |Score 2 XY -2

1 3 20 -17 289

2 3 13 -10 100

3 3 13 -10 100

4 12 20 -8 64

5 15 29 -14 196

G 16 32 -16 256

7 17 23 B 36

8 19 20 -1 1

g9 23 25 -2 4

10 24 15 g8 81

11 32 30 2 4
SUM: 73 113

o

Il
g
T
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(XD)/N

t=5p? (G2

TN DAD

-73711

= (-73)%
t | 1131 — (T)

J (11-1)an
-73111
t= 1131 - (ﬂ)

| 11
J 110

t=_ 2.74

Serbestlik derecelerini elde etmek icin 6rneklem boyutundan 1 ¢ikarin. 11 68emiz var, yani
11-1=10.

Serbestlik derecelerini kullanarak t-tablosunda p degerini bulun. Belirtilen bir alfa seviyeniz
yoksa, 0,05 (%5) kullanin. Bu 6rnek problem igin, df = 10 ile t degeri 2.228'dir.

(2.228) t-tablo degerinizi hesapladiginiz t-degeriniz (-2.74) ile karsilastirin. Hesaplanan t
degeri, .05'lik bir alfa diizeyinde tablo degerinden daha biyuktir. p degeri, alfa seviyesinden
klGguktlr: p <.05. Ortalamalar arasinda bir fark olmadigi sifir hipotezini reddedebiliriz.

7.6.3. Chi-Square Bagimsizlik Testi

iki kategorik degiskenin bagimsizhigi testi Chi-kare bagimsizlik testi kullanilarak
gerceklestirilir.

r = satir sayisi, ¢ = slitun sayisi olmak Uzere r x ¢ beklenmedik durum tablosu olarak da
adlandirilan iki yénli bir tabloda iki kategorik degisken 6zetleyebilir. ilgilenilen soru “iki

degisken bagimsiz mi?”

Sifir hipotezi: iki kategorik degisken bagimsizdir
Alternatif hipotez: iki kategorik degisken bagimlidir

Chi-Kare Testi istatistik
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T c
¥ Z (04 — Ey)?
i=1 =1 Eij

Burada O, gozlemlenen frekansi temsil eder. E beklenen deger, sifir hipotezi altinda
beklenen frekanstir ve su sekilde hesaplanir:

. (Satir Toplami) * (Stitun Toplamt)

Ornek Boyutu

Serbestlik derecesi = (r - 1) (c - 1) olan X2 kritik degeriyle test istatistiginin degeri,
karsilastirilir ve eger X2 > X2 varsa bos hipotez reddedilir.

Ornek:

Cinsiyet egitim seviyesinden bagimsiz midir? Rastgele 395 kisiden olusan bir 6rneklemle
anket yapildi ve her bir kisiden aldiklari en yiksek egitim diizeyini bildirmeleri istendi. Anket
sonucunda elde edilen veriler asagidaki tabloda 6zetlenmistir:

High School Bachelors Masters Ph.d. Total

Female 60 54 46 4 207
Male 40 44 53 57 194
Total 100 98 99 98 395

Cinsiyet ve egitim diizeyi %5 onem dlzeyinde bagimli mi? Baska bir deyisle, yukarida
toplanan verilere goére, bireyin cinsiyeti ile almis oldugu egitim diizeyi arasinda bir iliski var
midir?

iste beklenen sayilarin tablosu:

60 icin beklenen deger i¢in E= (201*100)/395=50.886
54 icin beklenen deger igin E= (201*98)/395=49.868
46 icin beklenen deger icin E= (201*99)/395=50.377
41 icin beklenen deger icin E= (201*98)/395=49.868

40 icin beklenen deger icin E= (194*100)/395=49.114
44 icin beklenen deger icin E= (194*98)/395=48.132
53 icin beklenen deger icin E= (194*99)/395=48.623
57 icin beklenen deger icin E= (194*98)/395=48.132
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High School Bachelors Masters Ph.d. Total

Female 50.886 49.868 50.377 49.868 201
Male 49.114 48.132 48,623 48132 194
Total 100 98 99 98 395

60 — 50.886)? 57 — 48.132)%
_( 2, )

XZ
50.886 48.132

= 8.006

Serbestlik derecesi = (r - 1) (c - 1) olan X2 kritik degeriyle test istatistiginin degeri, X2
karsilastirilir ve eger X? > X2 varsa bos hipotez reddedilir.

Serbestlik derecesi = (r-1) (c-1) = (4-1)(2-1)=3

3 serbestlik dereceli kritik degeri X2 =7.815'tir. X?> > X2 (8.006 > 7.815) oldugundan, sifir
hipotezini reddedilir ve egitim diizeyinin %5 anlamlihk diizeyinde cinsiyete bagli oldugu
sonucuna varilir.

Percentage Points of the Chi-Square Distribution

Degrees of Probability of a larger value of x .

Freedom 0.99 0.95 0.90 0.75 0.50 0.25 0.10 0.05 0.01
1 0.000 0.004 0.016 0.102 0.455 1.32 2.71 3.84 6.63
2 0.020 0.103 0.211 0.575 1.386 2.77 461 5.99 9.21
3 0.115 0.352 0.584 1.212 2.366 411 6.25 7.81 11.34
4 0.297 0.711 1.064 1.923 3.357 5.39 7.78 9.49 13.28
5 0.554 1.145 1.610 2,675 4351 6.63 9.24 11.07 15.09
6 0.872 1.635 2.204 3.455 5.348 7.84 10.64 12.59 16.81
7 1.239 2.167 2.833 4.255 6.346 9.04 12.02 14.07 18.48
8 1.647 2.733 3.490 5.071 7.344 10.22 13.36 15.51 20.09
9 2.088 3.325 4.168 5.899 8.343 11.39 14.68 16.92 21.67
10 2.558 3.940 4.865 6.737 9.342 12.55 15.99 18.31 23.21
11 3.053 4.575 5.578 7.584 10.341 13.70 17.28 19.68 24.72
12 3.571 5.226 6.304 8.438 11.340 14.85 18.55 21.03 26.22
13 4.107 5.892 7.042 9.299 12340  15.98 19.81 22.36 27.69
14 4.660 6.571 7.790 10165  13.339  17.12 21.06 23.68 29.14
15 5.229 7.261 8.547 11.037 14339 1825 2231 25.00 30.58
16 5.812 7.962 9.312 11912  15.338 19.37 2354 26.30 32.00
17 6.408 8,672 10085 12.792  16.338  20.49 24.77 27.59 3341
18 7.015 9.390 10.865 13.675  17.338  21.60 25.99 28.87 34.80
19 7.633 10.117 11651 14562 18338  22.72 27.20 30.14 36.19
20 8.260 10.851  12.443 15452 19337  23.83 28.41 31.41 37.57
22 9.542 12338  14.041 17.240 21337  26.04 30.81 33.92 40.29
24 10.856  13.848 15659  19.037 23337 2824 33.20 36.42 42.98
26 12.198 15379  17.292 20843 25336 3043 35.56 38.89 45.64
28 13565 16928 18939  22.657 27.336  32.62 37.92 4134 48.28
30 14953 18493  20.599 24.478  29.336  34.80 40.26 43.77 50.89
40 22164 26509 29051 33660 39335  45.62 51.80 55.76 63.69
50 27.707 34764  37.689 42942 49335  56.33 63.17 67.50 76.15
60 37.485 43188 46459 52.294  59.335  66.98 74.40 79.08 88.38
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7.6.4. Gug Analizi

Verilerden hesaplanan p-degerinin 0.12 oldugu bir arastirma deneyi disiiniin. Sonug olarak,
bu p degeri a= 0,05'ten biliylk oldugu icin bos hipotez reddedilemez. Bununla birlikte, sifir
hipotezini reddedemedigimiz iki olasi durum vardir:

1) sifir hipotezi makul bir sonugtur,
2) orneklem boyutu, sifir hipotezini kabul edecek veya reddedecek kadar buyik degil,
yani ek ornekler ek kanit saglayabilir.

Gicg analizi, arastirmacilarin, testin makul bir sonuca varmak icin yeterli giici icerip
icermedigini belirlemek igin kullanabilecekleri prosediirdir. Baska bir perspektiften, belirli
bir glic seviyesine ulasmak icin gereken numune sayisini hesaplamak igin gli¢ analizi de
kullanilabilir.

Ornek:

X, rastgele bir Gniversite 6grencisinin boyunu gostersin. X'in bilinmeyen ortalama degeri 1 ve
standart sapmasi 9 ile normal olarak dagildigini varsayin. n = 25 6grenciden rastgele bir
ornek alin, boylece a=0.05 durumunda I. Tip hata yapma olasiligini ayarladiktan sonra sifir
hipotezini Ho, u=170 degerini alternatif hipoteze Ha, u>175 karsi test edebiliriz.

Gercek poplilasyon ortalamasi u=175 ise, hipotez testinin glicli nedir?

- p

e

o
pea(2)
Vn,

9
= 170 + 1.645 ( )
2

]

=i
b2

= 172.961

Bu nedenle, gozlemlenen o6rnek ortalamasi 172.961 veya daha biyik oldugunda bos
hipotezi reddetmeliyiz:
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Power = P(Z > 172.961 when pu = 175)
=) 11 (4
_p [y 172961175
9/+/25
= P(z > —1.133)
= 0.8713

and illustrated below:

Power = 0.871

p=170 172.961 p=175

Ozetle, gercek bilinmeyen popiilasyon ortalamasi gercekte ise, Ha, u>175 alternatif hipotez
lehine Ho, u=170 sifir hipotezini reddetme sansimizin %87,13 oldugu belirlenir.

Numune Boyutu Béliimiiniin Hesaplanmasi
Orneklem biiyiiklugi sabitse, Tip | a hatasinin azaltilmasi Tip Il B hatasini da artiracaktir. Her
ikisinin de azalmasi isteniyorsa, 6rneklem biyukIGgu artiriimalidir.

Belirtilen a, B, Wa degerleri icin gereken en kiiglik 6rnek boyutunu hesaplamak icin, pa, glici
degerlendirmek istediginiz u'nin olasi degeridir.

Tek Kuyruklu Test icin Ornek Boyutu:

02 (2, + Zﬁ]i

n = -
(ko — pa)*
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iki Kuyruklu Test icin Ornek Boyutu:

CTE(ZQ-:.-'E —|— Zﬁ)z
(P’C' - .f-f'a}g

n —

Ornek:
X, rastgele bir lniversite 6grencisinin boyunu gostersin. X'in bilinmeyen u ortalama ve
standart sapma 9 ile normal olarak dagildigini varsayin.

0a=0.05 durumunda . sifir hipotezi Ho, u=170 degerini alternatif hipoteze Ha, u>175 karsi
test edebiliriz. u = 175 alternatifinde 0.90 giice ulagsmak icin gerekli olan numune boyutunu

n bulun.
“E(Za + Zﬁ}z
n =
[:Ju"[] — ;u'a)z
9%(1.645 + 1.28)°
(170 — 175)2
= 27.72
n = 28

Ozetle, veriler sifir hipotezinin reddedilemeyecegini goésterdiginde dogru kararin
verebilebilmesi i¢in gli¢ analizinin ne kadar 6nemli oldugu goérilmelidir. Ayrica, arastirmanin
ihtiyaclarini karsilayan bir farki tespit etmek igin gereken minimum 6rnek boyutunu
hesaplamak icin gli¢ analizinin nasil kullanilabilecegi de gorilmelidir.
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8. Markov Zincir Analizi

Stokastik (Rastgele - Rassal) siireg, varligi deneysel olarak kanitlanmis zaman veya mekana
gore degisen ya da evrilen olgulari tanimlamak icin kullanilan bir olasilik modelidir. Evrilmek:
Bir bicimden baska bir bicime dogal olarak donmek. Su an hava Glinesli yarin nasil olacak?
Yagmurlu mu? Bulutlu mu? Giinegli mi?

ister gecmiste, ister su an, ister gelecekte durumlariniz ve gecis olasiliklariniz biliniyorsa bir
sonraki adimdaki durumunuzun olasiliklari hesaplanabilir.

Stokastik bir stireg, zamana bagli olasilikli bir sekilde gelisen matematiksel modeldir. Markov
zinciri adi verilen 6zel bir stokastik stireg galisiimasinda, sistemin bir sonraki durumu énceki
durumlara degil, yalnizca mevcut, su andaki durumuna baghdir. Yarinin izleri bugltindedir.
Yarin icin buglin karar vereceksin. Stokastik slreglerin analizinde Markov Zincirleri teorisi,
ismini Rus matematik¢i A.A. Markov'dan (1856-1922) almistir. Herbir durum ancak ve
ancak bir énceki durumun sonucudur, ondan énceki durumlarin sonucu degildir. Rassal
degiskenlerin zamanla nasil degistigi stokastik siirecleri de icerir. Ornegin borsada bir
hissenin fiyatinin nasil degistigi veya bir firmanin piyasa payinin nasil degistigi stokastik
suregle ilgilidir. Bir stokastik slire¢ 6rnegi olan Markov Zincirleri egitim, pazarlama, saglik
hizmetleri, muhasebe ve iiretim alanlari gibi alanlara uygulanmaktadir. Ozellikle makine
o6grenmesine yonelik gelistirilen matematiksel modellerin temelini olusturmaktadir.

Markov zincirleri, ayrik zamanh stokastik slireclerin 6zel bir tlrtdir. Basit bir ifadeyle
herhangi bir zamanda ayrik zamanl stokastik slire¢ sonlu sayida durumdan birinde olabilir.
Ayrik zamanh stokastik slire¢ asagidaki kosulu sagliyorsa slire¢ Markov zinciridir.

Surecler {Xo, X1, X2,. . .}, seklinde yazilabilir, burada t= 0,1,2,... her bir durum icin X, t
zamanindaki durumdur. Durumlarin gegis diyagrami izerinden baktigimiz siireglerin ortak bir
ozelligi var: Xi1 durumu sadece Xt durumuna baghdir. Xo, X1, . . ., Xt-1 durumlarina bagh
degildir.

Y
R
A
RN
Yy
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Tanimlar:
Tanim-1: t zamaninda bir Markov zincirinin durumu X; degeridir.
Tanim-2: Bir Markov zincirinin durum (S) kiimesi, her bir X:'nin alabilecegi deger kiimesidir.

Ornegin, S=1{1, 2, 3, 4,5, 6, 7}. S kiimesi N duruma sahiptir.
Tanim: Bir Markov zincirinin yoriingesi, Xo, X1, X, icin belirli degerler kiimesidir. . ..

Daha genel olarak, eger s0, s1, s2, s3, ... yoriingesini takip edersek X0 =s0, X1 =s1, X2 =s2,
X3 =53, degerlerini alir. "Yoriinge" sadece "yol" anlamina gelen bir kelimedir.

Markov Ozelligini matematiksel gésterimle su sekilde formiile ediyoruz:

P(Xi1=s|Xe =5, X401 =501, Xo=s0) = P(Xeyq = s| Xy = s¢),

timt=1,2,3, ... icin vetims0, s1,..., st, sdurumlariigin.

Eger {Xo, X1, X2, . . .} Markov 6zelligini saglar ise {Xo, X1, X2, ... } ayrik rasgele degiskenlerin bir
sirasi Markov zinciri olur.

X

Gegis Matrisi % ~

Buttin Durumlarin Listesi

Bitin Olasiliklar
X, ¢ Durumlarin
Listesi »
Dij

pij = P(Xip1 =7 X = 1)

Gegcis matrisinin 6zellikleri:
1) Kare matristir, ¢clinkdl tim olasi durumlarin hem satir hem de siitun olarak kullanilmak
zorundadir.
2) Tim giris verileri 0 ile 1 arasindadir; Bunun nedeni biitiin girdilerin olasiliklari temsil
edilmesidir.
3) Herhangi bir satirdaki verilerin olasiliklari toplami 1 olmalidir, ¢linki satirdaki sayilar, bir
durumun diger durum olan tiim gecis olasiklarini verir.
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Bir deneyin denemelerinin bir sirasi, bir Markov zinciri olabilmesi icin

1) Her bir deneyin sonucu, belirli durumlardan bir tanesi olmaldir,
2) Bir deneyin sonucu, sadece su andaki duruma bagli ve gecmis herhangi bir duruma bagli
olmamalidir. Olasilik kaysayilari, gecmisteki gozlemlerden ya da dlgiimlerden elde edilir.

Durumlarin Gegis Tablosu:

Next Generation

State 1 2 3
Current 1 0.65 028 0.07
Generation 2 0.15 0.67 0.18
3 0.12 0.36 0.52

Durumlarin Gegis Diyagrami:

Bir gecis matrisinde, durumlar yanda ve Ustte gosterilir. P tablo icin gecis matrisini temsil
ediyorsa, bir durum olduktan sonra diger durumlarin olma olasiliginin veren matrisdir.

Gegis Matrisi:
1 2 3
1 0.65 028 0.07
2 1015 067 018 =P
31012 036 0352

p23 =0.18 nedir? 2.durumdan bir sonraki adimda 3. Duruma gitme olasilig1 %18 dir.
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Matris:

P matrisi N x N matrisi olsun. P=(pjj) bigiminde yazilir. P'nin (i,j) elemani hem pjj hemde

(P)ijolarak yazilir.

70N
\HP Situn
:
1
!
Satir j |- ___. Pii
N - N

Matris ¢arpimi:

A=(aij) ve B=(bij) N x N boyutunda matrisler olsun. Aile B matrislerinin ¢garpimi A x B =AB
dir.
N

(AB);j = z Ak by;

k=1

Bir matrisin karesi:
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8.1. Markov Zinciri

Markov Zincirleri, zamana bagh, uzaya bagli stokastik stiregleri modellemek i¢in basit ve ¢ok
kullanisli araglardan biridir. Finans (hisse fiyati hareketi), satislar (satis miktari bilgisi), NLP
algoritmalari (sonlu durum donustiriciler, POS Etiketleme icin Gizli Markov Modeli), hava
durumu tahmini vb. gibi birgok alan, tahminlerini kolay ve dogru bir sekilde yapmak igin
Markov zincirini kullanir.

Markov zinciri, gelecegin ge¢cmise bagli olmadigi, simdiye bagh oldugu bir stokastik siiregler
sinifini temsil eder. Bir stokastik silirec, eger siirec¢ gelecegi isleyecek olan Markovyen
Ozelliklerden olusuyorsa, Markov zinciri olarak diistintlebilir. Simdiki durum ve gegmis
surecgten bagimsiz bilgilere ihtiyacimiz var.

Xn durumunun n zamanda kaydedildigi bir durumu distnin. n+1 anindaki gelecek durum, n
anindaki duruma baglidir. n zamaninda vaka sayisinin Xn oldugu ve n+1 zamaninda vaka
sayisinin Xn+1 oldugu korona vakalarina bir 6rnek verelim. Dolayisiyla, Markov zinciri
tanimini izliyorsak, n+1 zamanindaki vakalarin sayisi, n zamanindaki vakalarin sayisina bagh
olacaktir (Xn+1, Xn'ye bagli olacaktir), ge¢cmiste {Xn-1, Xn olan vakalarin sayisina bagh
olacaktir. -2, ..., X0}. Markov zincirini anlamak icin temelde Markov zinciri kavrami
tarafindan kullanilan bazi terimleri anlamamiz gerekebilir. Bu terimler asagida agiklanmistir.

Durum uzayi:

Markov zinciri igin durum uzayi S = {1,2,3....., n} oldugunda S ile verilebilirse, slirecin durumu
Xn degeri ile verilebilir. Ornegin, Xn = 8 ise, siirecin durumu 8'dir. Dolayisiyla, herhangi bir n
aninda, slirecin Xn degeri tarafindan verildigi durumu séyleyebiliriz.

Ornegin, bir 6grenci sinifinda, eski basarisiz kaydi olan dgrencilerin basarisiz olarak nihai bir
sonug gelistirme olasiligi daha yiksektir ve 6nceki sinavda daha disiik not alan 6grencilerin
sonucu basarisiz olarak alma olasiligi daha yiksektir. Dolayisiyla bu durumda, eski basarisiz
kaydi olan 6grencilerin sinavdan kalma sanslarinin daha ytksek, notu distk olan
ogrencilerin ise daha diislik oldugunu soyleyebiliriz. Bu senaryoda iki durumumuz var: daha
distk sans ve daha yiksek sans. Ve S={1,2}.

Yériinge:
Markov zincirinin yoriingesi, stokastik stirecin basindan beri var oldugu durumlarin sirasi

olarak dusundlebilir.

Yani yoriinge degerlerini s0,s1,s2....... sn olarak gosterebilirsek, durum X0=s0, X1 =
sl......Xn=sn olarak degerler alacaktir.
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Gegis olasihigi

Markov zincirleri belirli bir zamanda kayitsiz durumlar olamaz, ancak zamanla durumlarini
degistirebilirler. Durumdaki degisiklik, durum gecisi olarak adlandirilabilir. Asagida verilen
ornekten, 6rnegin Markov zinciri ya daha dlsuk ya da daha yiksek sansa sahip olabilir.

0.7 higher
chances

higher
chances

Y

lower chances

0.3

state 1

Y

state 2

Yukaridaki resim, durumlarin gegisinin bir temsilidir. Durum 1'de zincir, devam etmekte olan
sinavin basarisizlik sansinin daha yiiksek oldugu durumda oldugunu soyleyebiliriz. Bir sonraki
sinavin basarisizlik sansi daha yiiksek olan bir duruma girme olasiligi 0.7'dir ve durumun
daha diisiik sansa gegcme olasiligi 0.3'tiir. Ogrencilerin mevcut sinavdan baska bir sinava
daha disuk sans durumuna ge¢me olasilig 0,3'tdr.

Sistemin daha diislik sans durumunda oldugunu ve benzer bir gecis diyagraminin gizildigini
varsayalim. Burada gecis olasiliklari 0.85 ve 0.15'tir. Her iki diyagrami da kullanarak tam bir
sureg gizebiliriz.

0.7 higher
chances

lower chances

lower chances lower chances

\i

0.3

state 1

state 2

Y
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Yukaridaki goérintl, Durum 1'den Durum 2'ye Birlesik-durum gecis diyagraminin bir
temsilidir. Bir zaman ornegi icin, bu siregler geriye dogru gidemezler, ancak bir sonraki
zaman orneginde geriye gidebilirler.

Durum gegis matrisi
Tum gegis olasiliklarinin matrisine ge¢is matrisi denir. Satirlarin baslangi¢ noktasi ve
sttunlarin bitis noktasi oldugu yer.

lower higher
chances chances
2 '
lower chances 0.15 0.85
< -
higher chances 0.3 0.7
. o

Yukaridaki matris, verilen érnegin gegis matrisinin bir temsilidir. sirecin diisiik sans
durumundan dusuk riske gegisi 0.15 olasiliga sahiptir. Diistk riskten ylksek sansa gegisin
olasilig 0.85'tir.

Markov Zinciri Kullanarak Tahmin

Markov zinciri, gelecekteki deger icin tahminler yapmak icin cok glicli bir aractir. Cesitli
faydali icgoriler sagladigindan, i¢cgorileri anlamak icin gecis olasiliklarini, gegis matrisini,
durum uzayini ve yoriingeyi bilmek cok gerekli hale gelir.

0.85 higher

chances

lower chances

lower chances

Y

0.15

state 1 state 2

Y
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Avyrica siire¢ hakkinda on bilgi sahibi olunmasi gereken temel seylerden biri de siirecin
baslangi¢ durumudur. Tahmin sirecini agiklamak icin, birkag degisikligin uygulandigi
yukaridaki 6grenci basarisizlik sansi 6rnegine bir goz atalim.

ilk Durum ve Tek Adimh Tahmin

Bu sefer bir miihendislik bolimu sinavlarindaki gozlem su ki, 6grenciler ilk yil matematik
sinavlarinda basarisiz olurlarsa, temel derslerinde tg kez basarisiz olurlar ve ilk yil
matematigi gecerlerse, cekirdek derslerini gecme olasiliklari daha yiiksektir. Ornegin gecis
matrisi

fail pass
4 '
fall 0.75 0.25
< >
pass 0.2 0.8
™ o

Boylece 6grencilerin matematik sinavini gegmeleri halinde sirecin ilk hali su sekilde
olacaktir:

Yukaridaki baslangic durumundan, 6grencilerin sadece baslangic durumu ve gecis matrisini
carparak cekirdek konuyu gecme olasiligi seklinde bir gelecek tahmini yapabiliriz.

Verilen 6rnek i¢in bir sonraki adim i¢in tahmin olacaktir.

0.2 0.8 031 069
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Yukaridaki sezgiden yola gikarak, ilk durumdan sonraki ilk durum icin tahminin asagidaki
formiille verilebilecegini sdyleyebiliriz.

ilk Durum X Gegis Matrisi = Tahmin

Uzun Donem Olasilik

Uzun dénem olasihgl, kararli durum olasiligi olarak kabul edilebilir. Clinki strecteki bir
durum kararh oldugunda kararli durum olasiligini hesaplayabiliriz. Burada Markov zincirinde,
eger ilk agsama kararli ise, yani bir kez sabit hale geldiginde, kararli durum olasiligini
hesaplayabiliriz.

Diyelim ki VO ilk durum olasilik vektorii ve T gegis matrisi, yani tek seferlik adim tahmini su
sekilde gosterilebilir:

V1=VOxT

Burada dikkate deger ve ¢ok basit bir matematik olan bir sey, bir vektérdeki vektor ve
matrisin nokta carpimidir ve bu sezgiyle, bir kerelik adimi tahmin etme siirecinde tekrar bir
vektorle karsilastigimizi soyleyebiliriz. baslangic durumu olarak kabul edilir. Veya daha resmi
olarak gelecekte tahmin edilen her bir tek seferlik adimin yalnizca bir sonraki adimindan
sorumlu olacagini séylemek.

Dolayisiyla, ikinci adimi tahmin etmek istiyorsak, tahmin formll su sekilde olacaktir:
V2=V1xT

Ve burada bir adimin tahmininden V1'in degerini biliyoruz. V1 degerini koyarak
V2=(VOXxT)x T

V2 =V0xT"2

Benzer sekilde, ticlincl adim icin tahmin su sekilde olacaktir:

V3=V2xT=(VOxTA2)xT

V3=V0OxT"3
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Bu nedenle, n'inci zaman adimi tahmininden bahsederken, tahmin asagidaki formdiille
hesaplanabilir.

Vn =Vn-1xT=VO0 xT"n

Dolayisiyla, yukarida verilen yinelemeli slireg, uzun sireglerin gelecekteki durum olasiliginin
tahmininde bu sekilde yardimci olur. Burada uzun dénem olasilik su sekilde yazilabilir:

Voo = V0 x Theo,

Yukaridaki uzun dénem olasilik formiliinden, gecis matrisi tarafindan yapilan higbir carpma
miktarinin uzun dénem olasilik vektérinde degisikliklere yol agmadigini sdyleyebiliriz.

Markov Zincirinin Avantajlari

e Yukarida gordigimiiz gibi, Markov zincirini ardisik bir veriden tiiretmek cok
kolaydir.

e Dinamik degisim mekanizmasinin derinliklerine dalmamiza gerek yok.

e Markov zinciri ¢ok anlayish. Herhangi bir slirecin eksik oldugumuz alanini sdyleyebilir
ve ayrica iyilestirmeye gore degisiklikler yapabiliriz.

e Cok dusiik veya mitevazi hesaplama gereksinimleri, sistemin herhangi bir boyutu
tarafindan kolayca hesaplanabilir.

Markov Zincirinin Uygulanmasi

Markov zincirleri, hava durumu, sicaklik, satis vb. her tirli tahminde bulunabilen tahmin igin
kullanilabilir. Bu, misteri davranisini tahmin etmek i¢in kullanilabilir. Bildigimiz gibi, sirah
verilerle iyidir, bu nedenle POS etiketleme gibi bircok NLP problem ¢ozimdi ile
birlestirilebilir. Marka sadakati ve tiiketici davranisi analiz edilebilir. Oyun alaninda sans
oyununda gesitli modeller gelistirilebilir.

Gorildiga gibi, Markov zinciri kavramini anlamak ve hesaplamak zor degil, bu nedenle her
boyutta hesaplama icin de ¢ok kolay oldugunu sdyleyebiliriz. Markov zincirinin kolayhgi ve
dogrulugu nedeniyle daha bircok kullanim alani olabilir, cok popdler bir arastirma konusu
haline gelmistir.
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8.2. Markov zincir analizinde gecis matrisi

Markov zincir analizinde gecis matrisi, asagidaki kosullari saglamasi gerekir:
1) Her bir eleman olasiliktir ve degeri 0 ile 1 arasindadir. Olasiliklar negatif ve birden biyuk
olamaz.
2) Her bir satirdaki olasiliklarin toplami 1’e esittir. Gegis matrisinin bir satirdaki elemanlari
muhtemel olaylarin gergceklenme olasiliklarindan dogan sonuglari vermesi nedeni ile,
olasiliklar toplaminin bir olmasi agiktir.

Gecis matrisi genel bir notasyon ile

0=Pp; =1,
m
Y P, =1(i=12..,m)
j=1
olmak Uzere,
P11 P12 le
P= . . . .
Pml sz Pmm

kare matrisi yazilir. i satiri temsil etmek lizere v’ satir vektdrii olarak tanimlanir. v’ satir
vektorlerinin birer olasilik vektori oldugu unutulmamalidir.

v2 =(P21 P22 ... Pam) olasilik vektori gecis matrisinin ikinci satirini temsil eder ve vektor
elemanlari sirasiyla durum-2’den diger biitiin durumlara ge¢gme olasiliklarini verir. O halde

P gecis matrisi v/ olasilik vektorlerinden olusur ve gecis matrisi kosullarini saglar.

1- Vektorin herbir olasilik degeri O ile 1 arasindadir.
2-  Vektorin katsayilari toplami 1’e egsittir.
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Ornek:

Bir havanin Gi¢ durumunu siniflandiralim,

Durum-1: Yagmurlu

Durum-2: Bulutlu

Durum-3: Ginesli

Varsayim: Yarinki hava durumu sadece bugliniin hava durumuna baghdir! Hava durumuna
ait Yagmurlu, Bulutlu ve Glnesli olma olasiklari agagidaki verilmis olsun.

Bir sonraki durum (n=1)
Simdiki durum | Yagmur |Bulut |Gilnes
(n=0) (%) (%) (%)
Yagmur 40 30 30
Bulut 20 50 30
Glnes 25 25 50

Tablo, su anki durumu ve bir sonraki durumun olma olasiliklarini vermektedir. Tablodaki
bilgiler P ile gbosterecegimiz bir gegis matrisi bulunur.

P =10.20 0.50 0.30

0.25 0.25 0.50

0.40 0.30 0.30]

Gegis matrisinin her bir elemani bir durumdan diger bir duruma gegme olasiligini verir ve bu
elemanlara Pj denir. Bu ise, halen i. durumda olan siirecin bir sonraki adimda j. durumda
olacagini gosteren sartl olasiliktir.

P13=0.30 elemaninin, su an yagmur yagiyorsa bir sonraki giin glinesli olma olasiligini
vermektedir. v2 =(0.20 0.50 0.30) olasilik vektérii gecis matrisinin ikinci satirini temsil eder
ve vektor elemanlari sirasiyla durum-2'den durum-1, durum-2 ve durum-3’e gecme
olasiliklarini verir. O halde P gegis matrisi v/ olasilik vektérlerinden olusur ve gegis matrisi
kosullarini saglar. Durumlarin gegis diyagrami asagida verilmistir. YYGGYBGB olma olasiligl
nedir?

0.30

Durum-1\ 0-30  “"Dyrum-2\ 0.30
(Yagmur) (Bulut) @
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8.3. Markov Zinciri ile Olasilik Analizi

Bir havanin n=0 da Yagmur olmasi, n=1 de Yagmur olmasi ve n=2 de Bulutlu olma olasiligi ne
olacaktir? Soruyu olasilik teorisi teknikler ile cevaplamak olanagi vardir. Yagmur olan bir
havanin ikinci adimda Bulut olana kadar olan degisik segeneklerini teker teker ayirmak igin
bir diyagramla ¢alismak kolaylik saglar.

Su an hava Yagmur ise ikinci adimda (Yarin degil 6biirsi giin) Bulutlu olma olasiligi nedir?

ilk Adim Birinci Adim ikinci Adim Sartli
n=0 n=1 n=2 olasiliklar
020,40 Yagmur
P=0.30
Glnes
P=0.4
P=0.20 Yagmur
. P=0.30
Yagmur ——  — Bulut 57050 Bulut (0.30)*(0.50)=0.150
P=0.30 B
Glnes
P=0.30

Yagmur

Giines P=0%5  Bulut (0.30)*(0.25)=0.075

P=0.50
Glnes 0.345

Sekil: n=2, ikinci adimda miimk{in sonuglar

Sekilde, 2. adimda Bulutlu olmasi igin verilen olasiliklarin toplanmasi ile 0,345 bulunur. Bu
ise sartli olasiliktir. Asagidaki tablo grafikteki islemleri 6zetlemektedir ve n=0 adiminda Su an
yagmurlu olan havanin n=2 adimda Bulutlu olma olasiligi 0,345 dir. Su an yagmurlu iken

yarin degil 6blirgiiniin bulutlu olma olasiligl:%34.5 dir.

n=0 n=1de n=2 de Sarth Olasilik
Yagmur 0.40 Bulut  0.30 (0.40)*(0.30)=0.120

Yagmur Bulut  0.30 Bulut  0.50 (0.30)*(0.50)=0.150
Glines 0.30 Bulut 0.25 (0.30)*(0.25)=0.075

0.345
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Bulunan sonug¢ Markov zincirlerinin sagladigi analiz teknigiyle de elde edilebilir.

Once V! olasilik vektdriiniin ne anlamda kullanildigini agiklamaya gerek vardir. S durumu igin
olasihk vektori  Vv'=(0.40; 0.30; 0.30) dur. n=0 adiminda Yagmur olan bir havanin ikinci
adimdaki tim tedarik olasiliklarini V! vektdri verecektir. Vi vektdrinin P matrisi ile carpimi

ile VZbulunur.
0.4 0.3 0.3
v? =v'P =[0.4,0.3,0.3]| 0.2 0.5 0.3
0.250.250.5

=[0,295 0,345 0,360]

V2 vektori n=0 adimda Yagmur olan havanin n=1 adiminda Yagmur iken n=2 adiminda
Yagmur, Bulutlu ve Glnesli olma olasiklarini vermektedir.

Markov zincirleri,olasilik problemlerinin 6zel halini formule etmek icin teknik ve analiz

vermistir.
V2=P x P

0.2950 0.3450 0.3600
V2= | 0.2550 0.3850 0.3600
0.2750 0.3250 0.4000

n: Yagmur iken

n=1"inci adimda [Yagmur, Bulutlu, Glinesli]=[0.4, 0.3, 0.3]
n=2"inci adimda [Yagmur, Bulutlu, Glinesli]=[0.295, 0.345, 0.360]
olarak bulunur.
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Ornek:

Bir markov siirecinin baglama vektérii v° = (0.6  0.4) ve gegis olasilik matrisi

09 0.1
P=|0s 02
Birinci adim i¢in v! = v°P oldugundan
vi=(06 04)[07 1 =(086 0.14) = ] v}) bulunur.
0.8 0.2 T
O siirecin bir adim sonunda S' durumunda bulunma olasiligi 0.86 ve S? durumunda

bulunma olasiligi 0.14 dir.Bu sonuslar aga¢ diyagrami ile de elde edilebilir.

S1(0.6) (0.9)=0.54

/
/\

Ba§lama

$?(0.6) (0.1) =0.06

1
04 S*(0.4) (0.8)=0.32

0 S2(0.4)(0.2)=0.08

Sekil: Baglama olasiliklari (0.6 0.4) olmak lizere bir adim sonra durum uzay!.

vl = (06 0.4) (g:g)=0.54+0.32=0.86

vl = (0.6 0.4) (gé)=0.06+0.08=0.14

09 0.1

0 0ol = (0886 0114) = (v} v3)

v? = 1P = (0.86 0.14)[
veya

v =002 = (0.6 04[22 O] [8 9 01

— 2 2
os o02llog 0ol =(©886 0114) = (v} v})
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8.3.1. Ergodik (Diizenli) Markov Zincirleri

Ergodik zincir, matematik olarak herhangi bir durumdan diger biitiin durumlara gegcisin
miimkiin oldugu bir siireci tanimlar. Bu tanimda tam bir adimda bulunma sansi yoktur, ama
baslama durumuna bakmadan bir duruma erisilmis olmaldir. Denge durumu kosullarina
erisilmesini saglamak igin zincir mutlaka ergodik olmalidir.

Ergodik markov zincirini sinirlayan hal dizenli (=reguler) zincirdir. Diizenli zincir, P gegis
olasiliklar1 matrisinin kuvvetlerinde bulunan elemanlarin sifirdan farkh ve pozitif olmasini
gerektirir. Ergodik zincirin kuvvetleri alinirsa veya matriste sifir eleman kalmayincaya kadar
kuvvetler alinirsa ergodik zincirin diizenli oldugu goérilir. Bu islem asagida verilmistir.Bitiin
dizenli zincirlerin ergodik oldugu dogrudur, ama tersininde dogru olmasina ihtiya¢ yoktur.
BUtln ergodik zincirlerin diizenli olmadigina dikkat etmelidir.

'x x 0 x X]| X X X X X]| X X X X X|
0 x x 0 x X X X X X X X X X X
P=l0 0 0 x x| ,P?’=|x x x 0 x|, P'=|x x X X X
x 0 x 0 x X x 0 x x X X X X X
'x x 0 0 0 [ X X X X X X X X X X]

lix x 0 X X X
p= 2|x 0 X P’={X X X
3|10 x X X X X

P gecis matrisinin P? kuvvetinin elemanlari pozitif veya sifirdan farklh oldugundan P gecis
matrisi ile verilen Markov zinciri diizenlidir. Dizenli Markov zincirleri ise ergodiktir. Ayrica 1
den 1 veya 2 ye dogrudan gecis vardir,daha sonra da 2 den 3 e gegis olanaklidir.2 den 1e
gecilebilir ve 3 den 2 ye ,1 e gecis vardir.Dolayisiyla zincir ergodiktir,bitin durumlara gegis
olanagi vardir.
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Ornek:

w

O X O X
X O X O N
O x O X
X O X O
O x O X
X O x O
O X O x
X O x O

o

~
O x O X
X O x O
O x O X
X O x O

P gecis matrisinin kuvvetleri P matrisini tekrar vermektedir. Dolayisiyla P stokastik

matrisi dizenli bir zincir degildir. Zira ilk matriste sifir elemanlari vardir ve kuvvetlerde sifir
elemanlar aynen kalmigtir.  Ayrica 1 den 1 veya 3 e,ve 3 den 3 veya 1 e gegis vardir.
Dolayisiyle 1. durumdan 2. duruma veya 4. duruma gegis olanagi yoktur, ve zincir ergodik

degildir.

Decide whether the following transition matrices are regular.

075 025 0
@) A=|0 05 05
06 04 0

Solution Square A.

05625 03125 0.125
A=103 0.45 0.25
045 0.35 0.2

Since all entries in A® are positive, matrix A is regular.

05 0 05
(b)B=| 0 1 0
0 0 1
Solution Find various powers of B.
025 0 0.75 0.125 0 0.875 00625 0 09375
B>=|0 1 0 :B*=10 1 0 :B*=10 1 0
0 0 1 0 0 1 0 0 1

Further powers of B will still give the same zero entries, so no power of
matrix B contains all positive entries. For this reason, B is not regular.
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Ornek:

Asagida verilen Markov zincirinin ergodik ve diizenli olmasini arastiriniz.

1 0 , [1 0
P: P =
1/2 1/2 3/4 1/4

P matrisinin kuvvetleri alinirsa (1.2) elemani daima (0) olacaktir. Dolayisiyla verilen Markov
zincir dizenli ve ergodik degildir.

0 1
P=
{1/3 2/3}

Diizenli Markov zinciri oldugunu goésteriniz.
, 0 1 0 1 1/3 2/3
P'=P*P= * =
1/3 2/3| |1/3 2/3 2/9 719

P? nin butiin elemanlari pozitif oldugundan P dizenli yani ergodik Markov zinciridir.

Ornek:

Ornek:

Asagidaki matrisin reguler (diizenli) olup olmadigini bulunuz.

075 025 0
P=(0 0.5 0.5

06 04 O

PZ=] 03 0.45 0.25

0.45 0.35 0.2

0.5625 0.3125 0.125]

P? matrisindeki biitiin degerler pozitif oldugunda P matrisi diizenlidir.
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Ornek:
Asagidaki matrisin reguler (dizenli) olup olmadigini bulunuz.

05 0 0.5
P=10 1 0

0 0 1
025 0 0.75
P2=10 1 0
0 0 1
0.125 0 0.875
Pi=| o0 1 0
0 0 1
0.0625 0 0.9375
Pt = 0 1 0
0 0 1

P? matrisindeki biitiin degerler pozitif olmadigindan P matrisi diizenli degildir.
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8.3.2. Denge Durumu Kosullari

Dizenli ergodik zincirlerde denge durumu kosullarinin varligi P" hesaplanarak belirlenir.
P’nin kuvvetlerinde goriilecegi gibi n buyldiikce Pij degerleri sabit bir saylya veya limite;
gecis matrisi denge durumuna yaklasmaktadir. Ozdeger ve dzvektorlere denk gelir, sistemin
davranisi ve yoni hakkinda bilgi verir.

Ornek:
P nin n. kuvvetlerine gére n=1 den n=8 e kadar degerler icin iliskin hesaplar verilmistir.

04 03 03 0.295 0.345 0.360
p={ 02 05 03 P?=[0.255 0.385 0.360
025 025 05 0.275 0.325 0.400
0.277 0.351 0.372 0.2740 0.3516 0.3744
P°=10.269 0.359 0.372 P*=10.2724 0.3744 0.3744
0.275 0.345 0.380 0.2740 0.3500 0.3760

0.27352 0.35160 0.37488 0.273448 0.351576 0.374976
P°=|0.27320 0.35192 0.37488| P (0273384 0356400 0.374976

0.27360 0.35120 0.37520 0.273480 0.351400 0.375040

0.2734384 0.3515664 0.3749952
P7=10.2734256 0.3515792 0.3749952
0.2734480 0.3515440 0.3750080

0.27343744 0.35156352 0.37499904

P®=|0.27343488 0.35156608 0.3749904
0.27244000 0.35155840 0.37500160
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Denge durum kosullarinin hesaplanmasi:
Denge durumunda her bir v]* olasilik vektorlerinin butiin degerleri igin esit olmaya
meyletmektedir.

Dolayisiyle asagidaki iki kural yazilir:
1) n nin yeterince daha buyuk degerleri igin, v;* olasilik vektorleri biitiin o degerleri
icin aynidir ve degismez.
2) v =V,P ve v**! =V oldugundan V*P=V esitligini saglayan bir V denge

vektord vardir.
3) Vi, Ozdegerleri verir.

V vektori denge durumu kosullarini iceren olasiliklari kapsar.

m

Z P’ =1 bagintisi bu degerleri elde etmek icin analitik yéntemi saglar. V bir olasilik vektorii
i=1

oldugundan

bagintisi gegerlidir.(2) nolu kosuldan [v, v, v, ... Vo, I*P=lv, v, vy o V1 yazilir.

Sol tarafta bulunan satir vektéri ile P gecis matrisi carpimindan yine bir satir vektori
bulunarak esitligin sag tarafindaki vektér elemanlara her bir eleman esit olmasi yazilarak (m)
adet denklem elde edilir. Olasiliklarin toplamin 1 e esit olma sarti ile de (m) bilinmeyen,
(m+1) denklemden ¢ozllebilir. Fakat (m+1) adet denklemden biri elimine edilerek denklem
takimina katilmaz.
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Ornek:

04 03 03
p=| 02 05 03
025 025 05

Ornegimize belirlenen kurallari uygulayalim.
zvlzl Vi+V, +V, =1
[vi v, v]*P=[v; v, v,]

0.4v,+0.2v, +0.25v, =V,
0.3v,+0.5v, +0.25v, =V,

0.3v,+0.3v,+0.5v; =V,

Fakat (3) adet denklemden biri elimine edilir.

Ug bilinmeyenli denklem sisteminin ¢6ziimii ile; v,=0.273,v,=0.352, v,= 0.375 bulunur.
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Ornek:
Asagidaki gecis matrisinden hareketle denge durumu kosullarini bulunuz.

02 05 03
p={0.1 0.6 0.3
05 0 05

V=[v, v, v,] denge vektoriniin bulunmasi istenmektedir.O halde,
vV, +V, +Vv, =1

0.2v,+0.1v, +0.5v, =V,
0.5v,+0.6v, + (0)v, =V,
0.3v,+0.3v, +0.5v, =V,

bagintilari yazilir. ikinci esitlik elimine edilerek

V,+V, +Vv, =1
0.5v,—0.4v, =0
0.3v,+0.3v, —0.5v, =0

yazilir ve ¢6zim

v,=0.282
v,=0.352
v,=0.366

olarak bulunur. Dolayisiyle denge vektori: V=[0.282 0.352 0.366] olur.

Ornek:
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Bir imalat tezgahinda standart bir mamul imalinden sonra, takip eden mamuliinde ayni
kalitede olma olasilig1 0.9 ve hatali bir mamul imalinden sonra takip eden mamuliin standart
olma olasihig 0.8 dir. Uretim siirecinde her kademe sonuglari bir 6n sonuca bagli olacagi
varsayimi ile gegis matrisini kurunuz ve sireci irdeleyiniz.

Standart bir mamul Gretimi S, , hatali bir mamul Gretimi S, ile gosterilerek
09 01
P=
08 0.2
Gegis matrisi bulunur.Gegis matrisi kuvvetleri alinarak

2_{0.9 0.1'{0.9 0.1}_{0.89 0.11]

0.8 0.2] |0.8 02| [0.88 0.12]

, ., 1089 011] 09 0.1] [0.889 0.111]
P’=P?P = * =

0.88 0.12| |0.8 0.2| |0.888 0.112]

bi_pop_| 0889 0.111],709 0.1] (08889 01111
~ " |0888 0.112] |08 02| |0.8888 0.1112

Bulunur ve hesaplara devam ederek strecin denge vektorinin V=(8/9,1/9) oldugu
gosterilebilir. O halde verilen sureg diizenli bir Markov zinciridir.

Surecin uzun bir dénemde S; durumuna gitme olasiligi 8/9 ve S, durumuna girme olasilig|

1/9 dur. Diger bir deyisle uzun bir donemde tretimin 8/9 u standart mamul, 1/9 u hatal
mamul olacaktir. Ornegin 999 adetlik bir parti tiretiminde 888 mamul standart, 111 mamul
ise hatali olur. Ozdegerler bu bicimde yorumlanabilir. Oz vektorler yardimiyla sistemin
izledigi yoriinge belirlenir.

Kati Stokastik Matris:
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1/2 1/4 1/4
P={1/2 1/4 1/4
0 1/2 1/2

(m) durum sayisini géstermek lzere P gecis matrisi

bagintisini saglarsa katl stokastik matris adini alir. Satirdaki ve siitiindaki degerlerin
toplami 1’E esittir. Kati stokastik matrislerde denge vektori bilesenleri biitlin matrislerde j

degerleriicin V,=1/m dir.Ornekte denge vektéri,

V=[v, v,v,], v,=Vv, =v,=1,V=(1/31/31/3) olur.

s

P gecis matrisinin denge vektorl, VP=V bagintisindan V=(1/2 1/2) olarak bulunur. P nin

Ornek:

kuvvetleri alinirsa
n=tek sayi igin P"=P

ift .. I:,n 10
N=CITt sayl ICIN =
¢ yric 0 1

bulunur ve P nin kuvvetlerinde sifir bulundugu igin zincir diizenli degildir.
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8.3.3. Emici Markov Zincirleri

Tim Markov zincirleri dizenli degildir. Aslinda, Markov zincirlerinin en 6nemli yasam
bilimleri uygulamalarindan bazilari dizenli olan gegis matrislerini icermez. Markov
zincirlerinin fikirlerini canli organizmalari modellemek icin kullandigimizda, ortak durum
olimdur. Organizma bu duruma girdiginde, ayrilmasi mimkiin degildir. Yasam bilimlerinde
yaygin olarak kullanilan bir Markov zinciri tiirti, bir emici Markov zinciri olarak adlandirilir.

Ornek:

Find the state transition matrix P for the Markov chain below.

04 06 0 O
_102 02 05 0.1
0 02 08 0
0 05 05 0

a) Gegis matrisi dizenli (ergodik) mi?
P gegis matrisinin P® den P* kuvvetinin elemanlari pozitif veya sifirdan farkh
oldugundan P gecis matrisi ile verilen Markov zinciri diizenlidir. Diizenli Markov
zincirleri ise ergodiktir.

Ergodik zincir, matematik olarak herhangi bir durumdan diger bitiin durumlara gegisin
mUumkin oldugu bir slireci tanimlar. Bu tanimda tam bir adimda bulunma sansi yoktur,
ama baslama durumuna bakmadan bir duruma erisilmis olmahdir.

Ergodik markov zincirini sinirlayan hal dizenli (=reguler) zincirdir. Dizenli zincir, P gegis
olasiliklari matrisinin kuvvetlerinde bulunan elemanlarin sifirdan farkh ve pozitif
olmasini gerektirir. Ergodik zincirin kuvvetleri alinirsa veya matriste sifir eleman
kalmayincaya kadar kuvvetler alinirsa ergodik zincirin diizenli oldugu gorulir.
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b) Asagidaki gecis matrisi a) dizenli mi ve b) ergodik mi beirleyiniz.

05 0 05
B = 0 1 0
0 0 1

c) Varsayalik ki, Markov zinciri asagidaki gecis matrisine sahip olsun. Gegis diyagramini
¢iziniz. Emici bir Markov zinciri ise hangi durum 6limculdr.
1 7 3
I 103 06 01
2 0 1 0)|=P
3 (06 02 02

Tim Markov zincirleri dizenli degildir. Aslinda, Markov zincirlerinin en 6nemli yasam
bilimleri uygulamalarindan bazilari dizenli olan gecis matrislerini icermez. Yasam
bilimlerinde yaygin olarak kullanilan bir Markov zinciri tiirli, bir emici Markov zinciri olarak
adlandirihir.  Markov  zincirlerinin ~ fikirlerini canli  organizmalari modellemek igin
kullandigimizda, ortak bir durum Olimdir. Organizma bu duruma girdiginde, ayrilmasi
mimkiin degildir.
For example, suppose a Markov chain has transition matrix
I 2 3

I 03 06 0.1

2 0 1 0|=PF.

3 06 02 02
The matrix shows that p;,, the probability of going from state 1 to state 2,1s 0.6,
and that p,,, the probability of staying in state 2, is 1. Thus, once state 2 is
entered, it 1s impossible to leave. For this reason, state 2 is called an absorbing

state. Figure 4 shows a transition diagram for this matrix. The diagram shows that
1t 1s not possible to leave state 2.
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8.4. Yoriinge olasilig

Bir yoriingenin Xo, X1, . . ., Xn icin bir degerler dizisi oldugunu hatirlayin. Markov 6zelliginden
dolayi, herhangi bir yoriingenin olasiligini baslangi¢ olasiligini ve sonraki tim tek asamal
olasiliklari garparak bulabiliriz. Tim durumlarin baslangis anindaki olasilik degerleri toplami
bire esittir.

Yoriinde herbir durum igin baslangi¢ olasilik degeri ve yortingeler verilir. Yortngeler strekli
olmak zorundadir. Kopuk yoriinge olamaz. Eger yoriinge olasiligi verilmis ise baslangig

olasilik degeri hesaplanir.

Markov Model: Sequence Prob.

+ Conditional probability
P(A,B)=P(AIB)P(B)

« Sequence probability of Markov model

P(q,.9,-.qr) Chainiule
= P(q)P(q,10) PGy, 1 Gy ) P(qy 1 4y )
=P(g)P(qg, 1 q) - P(qp_ 1 qp,) P(qr TGy y)

1st order Markov assumption

Pi degeri secilen duruma diisme olasiligidir, baglangigta verilir.
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Ornek:

b)

d)

a) Yukaridaki akis diyagraminda ka¢ durum vardir. Her bir durumdan diger
durumlari gegis olasiliklari toplami neye esittir?

3 durum vardir. 1’e esittir.
Her bir durumdan diger durumlari gegis olasiliklari toplami 1’e esittir. Bu agiklamayi
dikkate alarak 2.durumdan diger duruma gegis olasiliklari toplamini yaziniz, a degerini
hesaplayiniz
P21+P22+P31=1
0.3+0.5+a=1, a=0.2
A, gecis matrisini olusturun.

0.2 0.3 0.5
A=(O. 3 0.5 0.2>

0.1 0 0.9
Cafer baslama asamasi olan Pstart 0.4 olasilikla 1.duruma, 0.5 olasilikla 2.duruma, 0.1
olasilikla 3.duruma duisliyor. Cafer 2.duruma dustiikten sonra, asagidaki rotayi takip
etme olasiligi nedir? Pcafer=Pstart*P23*P32*P21*P13
Pcafer=0.5*%0.2*0*0.3*0.5=0
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Ornek:

X0~ (3/4,1/2,1/4,2/3,1/5,1/4, 1/8: Baslangig olasiliklar). 1, 2, 3, 2, 3, 4 yoériingesinin
olasihg nedir?
P(1,2,3,2,3,4)=P(Xo=1) x p12 xp23 x p32 xp23 x p34
=3/4x3/5x1x2/3x1x1/3=1/10

Ornek:

What is the probability that the weather for the
next 7 days will be “sun-sun-rain-rain-sun-cloudy-sun”
when today is sunny?

S, :rain, S, :cloudy, S,:sunny
P(O1model) = P(S,.5,.5,.5,.5,.5,.5,.5; | model)
= P(S,)- P(S,1S,)- P(S,1S8,)-P(S,1S,)
P(S,1S,)P(S;18,)P(S,18;)P(S;18S,)

SMy Ay dyy Ay Ay Ay Ay "y

=1-(0.8)(0.8)(0.1)(0.4)(0.3)(0.1)(0.2)

=1.536x10"*

4 03
% ‘. < 0.6
0.2 ,

L
03 02,
o\ /0.1

®

0.8

3 =1, baslangi¢c durumunu belirtmektedir.Today is sunny.
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Ornek:

Worked Example: distribution of X; and trajectory probabilities

Purpose-flea zooms around

the vertices of the transition

diagram opposite. Let X; be
Purpose-flea’s state at time ¢ ="

(t=0,1,...).
(a) Find the transition matrix, P.
0.2
0.6 0.2 0.2
Answer: P=| 04 0 0.6
0 0.8 0.2
(b) Find P(X; =3| X, =1).
0.6 0.2 0.2 - - 0.2
P(X;=3|Xo=1)= (P, = Ce .- 06
0.2

= 06x02402x064+0.2x0.2
= (.28.

Note: we only need one element of the matrix P?, so don’t lose exam time by
finding the whole matrix.

Su an Xo=1 durumdan, iki sonraki durum olan X>=3 ise (P?)13 hesaplanir.
iki adimda 1 durumundan 3 durumuna nasil gidilir? 3 yoldan gidilir.
S11 * S13=0.6*%0.2

S13 * S33 =0.2*0.2

S12 * S23 =0.2*06

Toplam=0.28
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Ornek:

Consider the Markov chain with three states, S = {1?2,3}1 that has the following transition
matrix

1 1 1

2 4 4

_ |1 2

P_SDS
1 1

7 3 0

a. Draw the state transition diagram for this chain.

b. If we know P(X; = 1) = P(X; = 2) = %, find P(X; = 3,Xs =2,X3 =1).
X1 adiminda S3 durumunda iken, X> adiminda S2 durumuna gidecek, sonunda X3 adiminda
S1 durumuna gidilecek.
c)

A state transition diagram.

d)  Yoringesi S3, S2, S1 olduguna gore S1 ve S2 durumlari icin baslangic¢ kosulu
bilindiginden 6nce S3 i¢in baslangi¢c kosulu hesaplanir. Tim durumlarin baslangic
anindaki olasilik degerleri toplami bire esittir.

Durum-3, ardindan durum-2 ardindan durum-1 gelme olasiliginin hesaplanmasi,

P(X;=3,Xy=2,X3=1) = P(X; =3)-pa2 - pn
1 1

=

ot
b2 |
o |

12°
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Ornek:
Sekildeki gegis diyagramina karsilik gelen t¢ durumlu ayrik zamanh Markov zincirini
dusindn. X (0) "in baslangig dagiiminin f (1) = f (2) = 1/2 ile verildigini varsayin.

Compute the following
1. P(X(0) =1, X(1) = 2, X(2) = 3).
2.P(X(2)=1i),fori=1,2,3.
3. P(T3 =2) where

1/3

1/3
1/3

1/2
1f2¢@ =@:)1

P(X(0) = 1, X(1) = 2, X(2) = 3) = f(1) * P12 * P23 =

NIH

1 1
¥ — % — = —
3 2
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Ornek:
Asagida gecis diyagrami verilen Markov zincir analizinde,

a) Durum gegis matrisini yaziniz.

0.6 03 0.1
P=<O.3 0.5 O.2>

0 0 1

b) Bu matris gecis matrisi olabilmesi icin hangi 6zelliklere sahip olmasi gerekir? Bu matris
bu 6zellikleri sagliyor mu?

Bir matrisin gecig matrisi olabilmesi icin her bir eleman degeri 0 < P;; < 1 araliginda

olmalidir.

Bir satirdaki elemanlarin degerlerinin toplami 1’e esit olmalidir.

Matrisin satir sayisi siitun sayisina esit olmahidir.

Evet matris gecis matrisidir.

c¢) 1durumundan 3 durumuna ge¢me olasiligl, P13 ve 3 durumundan 2 durumuna ge¢me
olasiligi, P32 nedir?
P13=0.1, P32=0

d) Gegis diyagrami asagida verilen Markov zincir analizinde,

P(Yoriinge) = Sto2*D22*D21*D13*D32 yoriingesini takip etme olasiligini hesaplayiniz.
Baslangi¢ durumundan 2 durumuna gecis olasiligi olan, Sto2=0.4 alinacaktir.
P(YOriinge) = Sto2*D22*D21*D13*D32 =0.4 * 0.5 * 0.3 * 0.1 * 0.0 =0.0

Bu yoriingeyi takip etme olasiligi % O dir.
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e) Bir matrisin diizenli zincir ya da ergodik olmasi icin hangi kosulu saglamasi gerekir? Bir P
gecis matrisinin P28 ifadesi asagida verilmistir. Bu matris ergodik midir?

X X x
P8 = (x X x>
x 0 x

Diizenli zincir, P gecis olasiliklari matrisinin kuvvetlerinde bulunan elemanlarin
sifirdan farkli ve pozitif olmasini gerektirir. Bu matris ergodik degildir.

f) Durum gecis matrisi asagida verilmis olan Markov zincir analizinde baslangi¢
durumunda herbir duruma gegis olasiligi stitun vektori Vs olarak verilmistir.
Baslangi¢c durumlari gegis matrisinin carpimi Vs1=P*Vs1 asagida verilmistir.
Baslangi¢ durumundan 2 durumuna gegis olasiligi nedir?

0.6 03 0.1
P = (0.3 0.5 0.2)
0.1 01 0.8

0.2
v~ o)
0.3

0.23
Vsl = (035)
0.23

Ps-2=0.35

287



8.5. Sakli Markov Modeli (Hidden Markov Models)

Markov Zincir modeli, giris olarak verilen zincirdeki her duruma bir gikti yaratir. Hidden
Markov Model de bir zincir modelidir, Olasilik Zincir Modelidir. Clinkl her olasi gikti igin bir
olasilik hesaplar ve en olasi olani seger.

Bir durumdan diger bir duruma gitme olasiligi 0 ile 1 arasinda bir deger alir. Bir durumdan
diger tim durumlara gitme olasiliklari toplami 1’e esittir. Herhangi bir durumun meydana
gelme olasiligl diger durumlarin bu duruma olasiliklarina bagl olarak kendisi de dabhil
durumlardan herhangi biri olabilir.

Resimde Markov Zinciri orneginde her node(bogum), aslinda bir durum (state) belirtir.
Toplamda 5 adet durum var: Start, Hot, Cold, Warm ve Stop. Her durumun altinda 1 ile 5
arasinda bir sayi var. Bunlari her durumun indisi olarak kabul edilir. Bir durumdan digerine
gecis yapilabilir. Ornegin Hot - Cold gegisi a23 ile yapilir. Hot 2, Cold ise 3 indis numarasi ile
gosterildigi icin 2. durumundan 3. durumuna gecisi temsil eder. Durumlar arasi gegis
saglayan her gecisin aslinda bir degeri vardir. Markov Zincirinde ise bu degerler birer
olasiliktir: bir durumdan diger duruma ge¢cme olasiligidir. Bu nedenle herhangi bir durumdan
¢ctkan tiim gecislerin toplami 1 eder.

Durumlar, Q =q4,92, --- ,qn , burada qi ve gn: Baslangi¢ ve Bitis durumlaridir. Aslinda
toplamda N-2 adet durum vardir. +2 olmasinin sebebi ise yoriinge analizinde Baslangi¢ ve
Bitis’inde birer durum kabul edilmesidir. Teknik olarak bir durumdan herhangi bir duruma
gitmek zorundadir (all, al2, al13) ve bunlar da birer olasilik oldugu icin, toplamlari 1 eder.
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Gegis olasilik matrisi,

allal2 - alN
(aleaNZ a]\:lN>
Gegis matrisininde her bir eleman i-durumundan j-durumuna gegis olasiligidir.
N
Z a; =1 Vi
j=1

Durum gecisleri bir matris ile gosterilir.

Markov varsayimina gore, mevcut durumun olasiligi sadece kendinden 6nceki durumlara
baghdir.

1. Derece Markov Varsayimi:

Y Y N
@ @ @

A
@O

P(qilqy -.-qi-1) = P(qilqi-1)

Durum i'nin olasilhigini hesaplarken sadece i-1'inci durum kullanilir. Yani kendinden 1 dnceki
durum kullanilr.

2. Derece Markov Varsayimi:

000

P(qilqy ..-qi-1) = P(qilqi-1qi-2)

Durum i'nin olasiligi hesaplanirken i-1'inci ve i-2'nci durumlar kullanilir. Yani kendinden 1
onceki ve 2 onceki durumlar kullanlur.

Ozetlemek gerekirse, ardi ardina gelen olaylarin gerceklesme olasiligi hesaplanirken Markov
Zinciri yararlidir.
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Ornek:

—— "'-a._\m,_——-
/ Sunny | 0.2 [ Foggy \‘|
005 03
0.2 o 02
>
( Ramy )
\\______ I
0.6

Markov modelin yériinge dizisi olasiligidir.

T
P(q1, q2,-,q7) = HP(CIi | gi—1)
i=1

Kosullu olasilik: P(AN B) = P(A|B)P(B)

P(q1, 92, -,qr) = P(q)P(q2 | q1) . P(qr-119r-2)P(qr | 97-1)

a) Buglin glinesli oldugu icin yarinin giinesli ve sonraki giiniin yagmurlu olma olasihgl nedir?
P(d2= Sunny, d3=Rainy | d1=Sunny)= P(d2=suny | d1=suny)*(d3=rainy |
d2=sunny)=0.8*0.05=0.04

b) Buginiin sisli oldugu dusinilirse, bundan iki gin sonra yagmurlu olma olasiligi nedir?
Bugiin sisli bir durumdan iki glin sonra yagmurlu hale gelmenin (¢ yolu var:
P(Foggy — Foggy — Rainy)=0.5*0.3
P(Foggy - Rainy — Rainy)=0.3*0.6
P(Foggy - Sunny — Rainy)=0.2*0.05

P(d3=rainy| d1=foggy)= P(d2=foggy | d1=foggy) * P(d3=rainy | d2=foggy) + P(d2=rainy

| d1=foggy) * (d3=rainy | d2=rainy) + P(d2=sunny | d1=foggy) * (d3=rainy | d2=sunny)
=0.34
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Markov zincir modeli ile Bayes Metotunun Butunlestirilmesi:

Bayes Metotu: Herbir birimden aykiri olanlarin toplandigi kiimede herhangi bir aykiri olanin
hangi birimden geldigi hesaplayabilmek:

Once aykiri olanlarin topladigi kiimede herbir birimin aykirihk kesisim kiimesinin olasilig
belirlenir. Segilen bir aykiriligin hangi birimden kaynaklandiginin olasiligini hesaplayabilmek
icin asagidaki baginti kullanilir. Aykiri olanin geldigi birim ile kesisim olasiigi, aykirilik
kiimesindeki tiim kesigsimlerim olasilik toplamina bollnr.

P(ANH)

PA) = s + P )

Aykiri olanin geldigi birim ile kesisim olasiligl, birimin olasiligi ile birimdeki aykiri olanlarin
olastliginin ¢arpimina esittir.
P(ANnH)=P(A) xP(H /A)
P(BNnH)=P(B)*P(H/B)

Ornegin, bir fabrikada 2 adet makine bulunmaktadir. Herbir makinenin giinliik Gretim
oranlari  A=%50, B=%50 olarak verillmistir. Uretilenlerden kusurlu olanlarin yiizdesi ise
A=%10, B=%5 olarak verilmistir. Kusurlu pargalar birbirinden bagimsiz olarak A, B
makinelerinde Uretilmektedir.
e Herbir Giretim bandinda tretim olasiklari hesaplayiniz. P(A)=0.5, P(B)=0.5.
e Herbir UGretim bandi icin A dan ve B den kaynaklanan hata olasiliklarini hesaplayiniz.
P(H/A)=0.10
P(H/B)=0.05.

e Bu kusurlu motorun A, B makinesinden ¢ikma olasiklarini hesaplayiniz. Kusurlu olma
olasiligi P(T) ise
P(ANH)=P(A)*P(H/A)=0.05
P(BNH)=P(B)*P(H/B)=0.025
P(T)= P(ANH)+ P(BNH)=0.075

e Toplam hatali olanlardan A daki hatali olanlarin olasiligl,
P(A/H)= P(ANH)/P(T)=0.05/0.075=50/75=2/3.

e Toplam hatali olanlardan B daki hatali olanlarin olasiligi,
P(B/H)= P(BNH)/P(T)=0.025/0.075=25/75=1/3

291



Sakh Markov Modeli Nedir?

Sakh Markov Modelinde, baska bir amag i¢cin durumlar ve durumlar arasi gegisler de soz
konusudur. Baska bir amag igin toparlanmis verilerden istenilen durumlarin olasilik hesabi
yapilabilir mi?

Ornek: A ve B sehirlerinde yasayan iki arkadas her giin telefonla o giin ne yaptiklari hakkinda
konusurlar. B sehrinde yasayan sadece 3 faaliyetle ilgilenir; ylizmek, ylirimek ve evini
temizlemek. Goriilecegi lzere yapilan isler hava durumuna gére belirlenmektedir. Ote
yandan A sehrinde yasayan B sehrindeki hava durumu hakkinda kesin bir bilgiye sahip
degildir, Fakat B sehrindeki arkadasinin genel ydonelmelerini bilmektedir.
e Arkadagina ulasamayan arkadasinin yasadigi sehirdeki hava durumuna bakarak
arkadasinin nerede oldugunu éngorebilir mi?
e Ya da A sehrinde yasayan B sehrindeki arkadasinin her giin ne yaptigina dayanarak,
oradaki hava durumunu tahmin edebilir mi?

Tarihgesi

Sakh Markov Modelinin teorisi 1970’li yillarda Baum ve Eagon (1967), Petrie (1969) ve Baum
(1972) tarafindan gelistirilmistir. Aslinda Sakli Markov Modeli 1940l yillarda ¢aligiimis fakat
teori tam olarak gelistirilemediginden dolayi uygulamasi yapilamamistir.

Sakli Markov Modeli Parametreleri:
Asagidaki sekilde goriilen Sakli Markov Modeli’nin olasilik parametreleri su sekildedir:
x — durumlar
y— olasi gozlemler
a— gegcis olasiliklari durumu
b— cikis olasiliklar

Normal Markov Model’inde, durumlar, gézlemci icin goriinebilirdir ve bu ylizden tek

parametre, durum gecis olasiliklaridir. Sakli Markov Modelinde, duruma bagl cikislar
gorundr.

292



al2 a23
X1 a21 X2 X3
b22 b32
bl2 b31
o1 b33b34
b21
bl4 b24
bl3
A,
yl y2 y3 y4

Hidden Markov Modelinin Olasilik Parametreleri

0.6

P(sun|<0 °C)=0.3
P(rain|<0 °C) = 0.0

P(snow|<0 °C) = 0.7

Gizli Markov modelleri (HMM'ler), birkag yildir kullanilan bir tir istatistiksel modellemedir.
Tip, bilgisayar bilimi ve veri bilimi gibi farkl alanlarda uygulanmistir. Gizli Markov modeli
(HMM), bircok modern veri bilimi algoritmasinin temelidir. Basarili tahminler veya karar
verme slrecleri icin gozlemlerden verimli bir sekilde yararlanmak igin veri biliminde

kullaniimaktadir.

P(sun|0-20 °C) = 0.2
P(rain|0-20 °C) = 0.4

P(snow|0-20 °C) = 0.4

P(sun|>20 °C) = 0.7
P(rain|>20 °C) = 0.3

P(snow|>20 °C) = 0.0
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Ornek: V1, V2, V3 durumlarinda sonlanma olasiliklarinin hesaplanmasi

0.4

0.7
~ Hot 0.5 ./ Cold |
\ 06 \ 04

/ 0.4 0.5 0.7 0-2\
A\l ( ) V1

V2 (vs ) V2 ( vs )
/ \ 4 /

A H J 0.7 0.3

(State Transition Matrix) =
C {&4 0.6

V1 V2 V3

B

JD.1 04 05
(Emission Matrix) =

H
c LDJ 02 041

(Initial state SO) 06 u4}

295



\'p
0.2

H 0.7 4 H
%3 ob_~ PhOt(VZ)
0.6 :
C 0.6 C
Pcold(V2)
0.4

Baslangi¢ durumundan sicak durumuna geg¢me olasiligl, 0.6; soguk durumuna gegme olasiligl
0.4 olarak verilmistir.

Sicak durumdan V2 igin karar verme olasiligini hesaplayalim.
Phot(V2)=0.6*0.7*0.4 + 0.4*0.4*0.4=0.232

Soguk durumdan V2 icin karar verme olasiligini hesaplayalim

Pcold(V2)=0.4*0.6*0.2+0.6%0.3*0.2=0.084
P(V2)=Phot(v2) + Pcold(V2)=0.232+0.084=0.316
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=(0.232x0.7x0.5)
J +(0.084x0.4x0.5)

=0.098

= (0.232 x 0.7 x 0.5)
. +(0.084x0.4%0.5)

p(v3) = 0.098 + 0.012

=0.1

0.6 - - . < : > .
0.6 0.6 @ 0.6 @ 0.6 @ /
0.4 l

0.084 | 0.012 \ 0.02562 ‘ \ 0.00315 ‘
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Sakli Markov Modeli ve Tahmin Algoritmalari (Hidden Markov Model and Estimation
Algorithms)
GUnumdizde, belirsizlik altinda karar alma ve ileriye yonelik tahminde bulunma, karsi karsiya
oldugumuz en temel sorunlardandir. Bir sistemin belirsizligi, kontrol altina alinamamasindan
kaynaklanir. Temelde 3 farkh problem yatar: Olasilik (Likelihood), (Kod Cbzme)
Decoding, (Ogenme) Learning. Belirsizlikler altinda yorum yapmada kullanilan Sakli Markov
Modeli’nde durum dizisini bulabilmek igin Gic 6nemli algoritma kullanilr:

e Tanima Problemi - ileri Yén Algoritmasi

e Durum Dizisinin Bulunmasi Problemi - Viterbi Algoritmasi

e Model Parametrelerinin Ogrenilmesi - Baum Welch Algoritmasi

ileri Algoritmasi: Modeldeki durumlarin sirasini bulmada kullanilir. Ortaya cikabilecek tiim
durum siralarinin olasiliklari toplanir.

Viterbi Algoritmasi: ileri Algoritmasi'ndaki gibi tiim olasiliklari toplamak yerine, Viterbi
algoritmasinda her durum siralarindan olasilik vektorleriyle en iyi 6rtiseni segilir. Boylece

daha saglikli bir sonug elde edilir.

Baum-Welch Algoritmasi: Gozlem dizisini bastan sona ve tekrar sondan basa gecerek
gozlem olasiliklarini hesaplar. Boylece daha kesin sonuglar bulur.
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Maximum likelihood assignment

For a given observed sequence of outputs x € V_T, we intend to find the most likely series
of states z € S_T. We can understand this with an example found below.

S - Sunny

R - Rainy

H - Happy

Climate S § §$ §$ R R R 8 § § §8 R R § 8§ 8 G - Grumpy
Emotion

G HHHGHHGHHUHTGHHH H

0.67

0.34

Fig. Markov Model as a Finite State Machine

299

S - Sunny
R - Rainy

H - Happy
G - Grumpy




Viterbi algoritmasi, genellikle maksimum olasiligi bulmak i¢in kullanilan ileri prosediire
benzer dinamik bir programlama algoritmasidir. Gozlemlerin toplam olasiligini izlemek
yerine, maksimum olasiligi ve karsilik gelen durum dizisini izler.

Duygularin sirasini diisiniin: birbirini takip eden 6 giin boyunca H,H,G,G,G,H. Viterbi
algoritmasini kullanarak serinin daha fazla olasihgini bulacagiz.

Days M T W Th F S
Emotion H H G G G H
I 1
_ - I\'
O\
Best Path —-',\ S )
N |
;’""_x\\ /
Best Path —{ R V7
N/

Fig. The Viterbi algorithm requires to choose the best path

Cumartesi icin glinesli ya da yagmurlu olacak durumlar var. Burada Gilinesli veya Yagmurlu
Cumartesi'ye kadar en iyi yolu belirlemeyi ve Mutlu'nun (H-Happy) gegis emisyon olasiliglyla
¢arpmayi amacliyoruz (¢linkii Cumartesi kisiyi Mutlu hissettirir).

Guinesli bir Cumartesi diisiinelim. Onceki giin (Cuma) giinesli veya yagmurlu olabilir.
Ardindan Cuma gilinline kadar en iyi yolu bilmemiz ve ardindan huysuz (Grumpy feeling)
hissetmeye yol agcan emisyon olasiliklariyla garpmamiz gerekiyor. Yinelemeli olarak, her
glindeki en iyi yolu, giin dizisi olasiliginin daha yiksek olacagi sekilde bulmamiz gerekir.

S - Sunny R - Rainy
H - Happy G - Grumpy

Days Mon Tues Wed Thurs Fri Satur
Emotion H H G G G H
0.4T 1

=0.67x0.8 \( 8 )
=0.533 [N

0.533

l‘"-. ///-7 \\
=0.34x04 N R )
=0.133 -/

0.133
Fig. Step-1
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Days Mon

Emotion H

Thurs

S - Sunny R - Rainy
H - Happy G - Grumpy

Fri Satur

G H

If Monday was Sunny:
=0.533x0.8x038

(- =0.341 => Choose this path (since greater prob)
N
' If Monday was Rainy
0533 =0.133x04x038
| | =0.00425
e -
[ R ( R\r/ If Monday was Rainy:
R Y- N =0.533 x 0.2.x 0.4
0.133 = 0.043 == Chosen as more likely for Rainy
If Monday was Rainy
=0.133x0.6x04
=0.032
Fig. Step-2
S - Sunny R - Rainy
H - Happy G - Grumpy
Days Mon Tues Wed Thurs Fri Satur
Emotion H H G G G H
N N N\ N NS /NS
N\ /
0.533 0.341 0.0546 \_  0.0087 0.0014 J,-*" 0.0017
\ f,-

— — — — — 7 —
@D @ @D D @
[ R | ([ R | [ R | ( R —— R V [ R |

J N N N J N
0.133 0.043 0.041 0.0147 0.0053 0.0013

More likelihood sequence=SSSRR S
For the given output sequence HHG G GH

Sekil. En iyi yolu se¢mek i¢in algoritma yinelenir.

Algoritma size maksimum olabilirlik degerleri birakir ve artik belirli bir ¢ikti dizisi igin
maksimum olabilirlige sahip diziyi tretebiliriz.
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HMM parametreleri A ve B i¢in degerlerin 6grenilmesi

HMM'lerde 6grenme, gozlemlenen bir diziyi bliylk olasilikla yapan durum gegis olasiliklari A
ve ¢ikti emisyon olasiliklari B'nin tahmin edilmesini icerir. Bu amagla beklenti-maksimizasyon
algoritmalari kullanilmaktadir. Baum-Welch algoritmasi olarak bilinen ve bu kategoriye giren
ve ileri algoritmayi kullanan bir algoritma yaygin olarak kullaniimaktadir.

Ornek:

2029 yilinda kiiresel 1sinmanin gegmisini arastiran bir bilim insani Dedemin kdyl Porga
yoresine ait 1956 yilinin hava durumu verilerini bulamaz, fakat bir glinltik bulur. Bu giinliikte
1956 yilinda sicak ya da soguk havalarda dagdan getirilip sehirde satilan buz blok sayilar
yazmaktadir. Satilan buz bloklar 3 gruba (300 adet, 200 adet, 100 adet) ayrilmistir. Soguk
havalarda 300 adet buz blogun satilma olasiligi %10 iken sicak havalarda ayni miktarin
satilma olasiligi %40 dir. Bundan yola c¢ikarak hava durumu ile ilgili bir sonug bulunabilir mi?

VTN 2 A I
S T
8 > B w -
- P N\ [
) z L O A3
8 y, 3 ) 71} %
> HOT1 MNCOLDY—
- 4 ~ —
> 4 ‘ -
B, 8,
P(100 | HOT) 2 P(100 | COLD) 5
PROOIHOT) | = | 4 PROOICOLD) ] = | 4
[P()OOIHOY)] [4] [mooncow) [l]

Bir gozlem serisi verildiginde durum serisi tahmin edilebilir mi? Gozlem serisindeki her
gozlem bir sayi olarak, sicak ya da soguk hava durumlarina gore her giin buz blok gruplarinin
satis olasiligini temsil eder.
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Olasilik (Likelihood):

Durumlar arasi gegis olasiliklar ve her durumda her gézlemin gerceklesme olasiligi bilinirken,
“300adet 100adet 300adet” buz blok satis serisinin gelme olasiligi nedir? Bu soruyu
cevaplamak zor, ¢linkii gozlem serisindeki her gézlemin hangi durumda yapildigi bilinmiyor.
Ama eger sirasiyla Hot, Hot, Cold durumlarinda iken bu gozlem serisini elde edildiyse,
olasilik kolayca hesaplanabilir. S6z gelimi,

hot hot cold
4 2 1
300 100 300

Hot durumunda iken, 300 olma olasiligini Gézlem Durum tablosundan bulabiliriz, 0.4. Ayni
sekilde Hot iken 100, 0.2 ve Cold iken 300 olma olasiliklarini, 0.1 olarak bulunur.

T
PIQ) = | [PCo: 140
i=1

Bu olasiliklari birbiri ile garparak gozlem serisinin olasiligini buluruz. Burada, T: Gozlem
sayisidir. Burada durumlar arasi gecis olasiliklari géz ardi edilmistir. Durumlar arasi gecis
olasiliklari da g6z 6niine alinirsa,

P(0,Q) = POIQP(Q) = | [PCor 1ap | [Pai 1ai-)

Start - Hot olasihig1 0.8
Hot - Hot olasihigl 0.6
Hot = Cold olasiligi 0.3

Durumlar arasi gecis olasiliklari da carpma islemine dahil edildigi zaman gercek olasilik

hesaplanmis olur. Yine de Hot, Hot, Cold durumlarinda olup olmadiklari bilinmiyor. O halde
her gozlem icin 2 farki durum olabilir ve toplamda 3 gozlem oldugu icin 273 = 8 farkli durum
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serisi vardir. Her bir durum serisi icin yukaridaki hesabi yapilip toplanirsa, 300 100 300
serisinin olasiligl hesaplanmis olur.

Biraz daha genele dokersek, N adet durum ve T adet gdzlem icin NAT adet olasi durum serisi
vardir. Eger N ve T blylik sayilar ise, bu yaklasim ¢ok fazla siire alacaktir. Daha verimli bir
algoritma olan Forward Algoritmasi kullanilir.  Forward Algoritmasi aslinda Dinamik
Programlama algoritmasidir. Daha 6nce hesaplanan sonuglari saklayip daha buylk bir
problemi ¢dzerken kullanilir.

O

@,(2)=32 wy(2)= 32°.12 + 02°.08 = 040
Q ' H
Qy c
Qo | stan

ilk olarak Start durumundan baslanilir. Hot veya Cold durumlarina gidilir:
e Start = Hot olasiligi 0.8 ve Hot iken 300 buz blok satma olasigi 0.4 oldugu igin toplamda
0.32 olasilikla Hot’a gidip 300 buz blok satilma olasiligi bulunur.
P(H | Start)* P(300|H)=0.8*0.4=0.32
e Start - Cold olasiligi 0.2 ve Cold iken 300 buz blok satma olasiligi 0.1 oldugu igin
toplamda 0.02 olasilik ile Cold’a gidip 300 buz blok satilma olasiligi bulunur.
P(C | Start)* P(300|C)=0.2*0.1=0.02

Start durumundan yola ciktiktan sonra ya Hot ya da Cold durumlarindan birine gelindigini
farz edelim. Hangisi oldugu 6nemli degil. Simdi Hot durumundan Hot ya da Cold durumuna
gidilir. Ayni sekilde Cold durumundan da Hot ya da Cold durumuna gidilir.

e Eger Hot’a geldiysek, Hot = Hot olasiligl 0.6 ve Hot iken 100 buz blok satma olasiligi 0.2
oldugu icin toplamda 0.12 olasilik ile Hot’a gidip 100 buz blok satilma olma olasiligi
bulunur.

e Eger Cold’a geldiysek, Cold - Hot olasiligi 0.4 ve Hot iken 100 buz blok satma olasiligi
0.2 oldugu icin toplamda 0.8 olasilik ile Hot’a gidip 1000 buz blok satilma olasiligi
bulunur.
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Boylece Start - Hot veya Cold - Hot durumlarina geldik. Su an Hot’ta olma olasiligini da su
sekilde hesaplariz: (Start - Hot - Hot)+ (Start - Cold - Hot).

Toplamin sol kismini daha 6nce hesapladigimiz Start - Hot ve Hot - Hot olasiliklarini
kullanarak hesaplariz: 0.32 * 0.12. Toplamin sag kismini daha 6nce hesapladigimiz Start -
Cold ve Cold - Hot olasiliklarini kullanarak hesaplariz: 0.02 * 0.08. Bu iki ¢arpimi toplayinca
da mevcut state’de olma ihtimalini buluruz.

Formile dékmek gerekir ise:
N

@)= ) a1 Daybo)

i=1

e at-1(i) > Durum i'ye kadar olan toplam olasilik.
e aij » Durum i"den Durum j’ye ge¢me olasiligl.
e bj(ot) - Mevcut Durum’da o gézlemin olma olasiligl.
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Decoding:

300 — 100 - 300 gozlem serisi, en fazla ihtimalle hangi durum serisi tarafindan tretilmistir?
En basit ¢d6zim olarak, her durum serisi igin Forward Algoritmasini kullanip, en yulksek
olasihga sahip olan durum serisi bulunabilir. Ama bu pek de verimli degildir. Viterbi
Algoritmasi ile daha verimli bir sekilde sonuca ulasabiliriz.

LP { end ) Lend ! ond @

v,(2)=32 ¥,(2)= max( 32%.12, .02°.08) = .038

% L H

Q4 -'\C',

Qg @ start ' stant start |

0, 0, )

t

Viterbi algoritmasi, Forward Algoritmasina benzer, fakat arada temel bir fark vardir.

Start = Hot veya Cold = Hot serisinin olasiligini hesaplarken Start - Hot - Hot ve Start >
Cold = Hot seri olasiliklarini toplamistik. Viterbi Algoritmasinda ise Start - Hot - Hot ile
Start & Hot - Cold serilerinin olasiliklarini karsilastirip en fazla olan alinir.

Formiile dékersek:

ve(j) = ma,va:l Vt—1 (i)aub'(ot)

e at-1(i) - Durum i'ye kadar olan Viterbi olasihg!.
e aij » Durum i"den Durum j’ye ge¢me olasiligl.
¢ bj(ot) > Mevcut Durum’da o gézlemin olma olasiligi.
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Ogrenme (Learning):
Ogrenme Probleminde ise durum serisi ve gbzlem serisi gizli degildir. Amag durumlar arasi
gecis olasiliklarini ve hangi durumda hangi gozlemin gergeklesecegi olasiligini hesaplamaktir.

Count(i = j)
2ige Count(i— q)

”fj =

Durum i’"den Durum j'ye gecis olasiligi hesaplamak icin i = j gegcis sayisini, Durum i'den
herhangi bir Duruma’a yapilan toplam gegis sayisina boltnur.

Beklenti maksimizasyon (Expectation Maximization):

Elimizde iki adet bozuk para olsun: A ve B. Her iki para da aslinda hileli para. A parasi ile yazi
tura yaptigimiz zaman Theta(A) olasilik ile yazi gelirken, B parasi ile yazi tura yaptigimiz
zaman Theta(B) olasilik ile tura gelir. Bizim amacimiz ise Theta(A) ile Theta(B) degerlerini
bulabilmek. Yazi: Heads, Tura: Tails

Bunun igin bu iki paradan biri segeriz, 10 kere yazi tura atariz, ardindan parayi yerine koyariz.
Bu islemi 5 kere tekrar ederiz. Bu islemleri yaparken de hangi paradan kag kere yazi veya
tura geldigimi not ederiz:

O y P i I i o G R0 8 - B
@ HHHHTHHHHH
g HTHHHHHTHH
OHTHTTTHHTT
Q THHHTHHHTH

7

Theta(A) degerini bulmak icin, A parasi ile yazi tura atildigi zaman gelen yazi sayisini, A parasi
ile toplam atilan yazi tura miktarina boleriz. Yani, A parasi ile 30 kere yazi tura attik ve 24
kere yazi geldigi icin Theta(A) = 0.8 olur. Benzer sekilde, Theta(B) = 0.45 ...
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9. Algoritmik Olasilik

Bilgi kurami; Claude E. Shannon tarafindan givenli sekilde veri sikistirma, depolama ve
iletme gibi sinyal isleme islemlerinin kisitlarini bulmak igin gelistirilmistir.

Bilginin 6nemli bir o6lcttl, genellikle depolama ve iletisim icin gerekli olan parcalarin
ortalama sayisi olan entropidir. Entropi, bir rastgele degiskenin degerini tahmin ederken
belirsizligi niceliksellestirir. Ornegin, bir yazi tura oyunun sonug icin sagladig bilgi, bir zar
atma oyunun sonug i¢in sagladig bilgiden daha azdir. Yazi tura oyununda esit olasilikli iki
sonug¢ vardir, zar atma oyununda ise esit olasilikli alti sonug. Bu nedenle yazi tura oyunu
daha disuk entropiye sahiptir.

Bilgi kuraminin alani matematik, istatistik, bilgisayar bilimi, fizik, noérobiyoloji ve elektrik
mihendisligi ile kesisir. Voyager derin uzay gorevleri, kompakt diskin gelistirilmesi, cep
telefonlarinin yapilabilirligi, internetin gelistirilmesi, dilbilimi arastirmalari gibi pek ¢ok
konuda basarinin Gizerinde buyik etkisi olmustur. Bilgi kuraminin énemli alt dallari; kaynak
kodlamasi, kanal kodlamasi, algoritmik karmasikhk kurami, algoritmik bilgi kurami gibi
alanlardir. Ayrica Data Analitigi alaninda siniflandirma problemlerinde; 6zellikle de karar
agaclarinin olusturulmasinda bilgi kurami ve buna bagli entropi kavrami kullaniimaktadir.

Ray Solomonoff’a kadar olasilik hesabi klasik yénteme dayanmaktadir. Sonrasinda ise
modern olasilik hesabi baslar. 1960’li yillarin ortalarinda ise birbirinden bagimsiz ve habersiz
iki bilim insani Kolmogorov ve Chaitin’de (ABD’li matematikgi ve bilgisayar bilimci, 1947- )
algoritmik olasiligin kurallarini ortaya koyar. Bu kavram enformasyon kuramina da (bilgi
teorisi) yeni bir bakis acgisi kazandirir.

Ray Solomonoff (25 Temmuz 1926 - 7 Aralik 2009), algoritmik olasiligin, Genel Timevarim
Teorisi'nin mucididir ve algoritmik bilgi teorisinin kurucusudur. Data Analitigi, tahmin ve
olasiliga dayali yapay zeka dalinin yaraticisidir. Anlamsal olmayan Data Analitigi hakkindaki
ilk calismasi 1956 yilinda yayinlanmistir.

Solomonoff ilk olarak 1960 yilinda Kolmogorov karmasikligi ve algoritmik bilgi teorisini
baslatan teoremi yayinlayarak algoritmik olasiligi tanimladi. Bu sonuglari ilk olarak 1960'da
Caltech'te bir konferansta ve Subat 1960'ta "A Preliminary Report on a Preliminary Report
on a General Theory of Enduktif Cikarim" adli kitabinda acgiklamisti. yayinlar, "A Formal
Theory of Endiktif Cikarim", Kisim | ve Kisim II.

Algoritmik olasilik, en basit hipotezin (en kisa program) en yiiksek olasiliga sahip oldugu ve
giderek daha karmasik hipotezlerin giderek daha kiiclik olasiliklar aldigi, belirli bir gozlemi
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actklayan her bir hipoteze (algoritma/program) bir olasilik degeri atamak icin makineden
bagimsiz bir yontemdir.

Solomonoff, saglam felsefi temellere dayanan ve kokeni Kolmogorov karmasikligi ve
algoritmik bilgi teorisinde bulunan evrensel tliimevarimsal ¢ikarim teorisini kurdu. Teori,
Bayesian cercevesinde algoritmik olasilik kullanir. Evrensel oncelik, tim hesaplanabilir
Olcller sinifinin Gzerine alinir; hicbir hipotezin sifir olasiligl olmayacaktir. Bu, Bayes kuralinin
(nedensellik) bir dizi olaydaki en olasi bir sonraki olayi ve bunun ne kadar olasi olacagini
tahmin etmek igin kullaniimasina olanak tanir.[

En iyi algoritmik olasilik ve genel timevarimsal ¢ikarim teorisi ile taninmasina ragmen, hayati
boyunca, ¢ogu yapay zekadaki hedefine yonelik bircok baska dnemli kesif yapti: olasiliksal
yontemler kullanarak zor problemleri ¢ozebilecek bir makine gelistirmek.

Algoritmik Olasilik

Bir bilgi parcasinin karmasikligini 6lgmek mimkin mi? Matematikgiler buna evet cevabini
verirler. Oncelikle bilgiye bilgisayarin bakis acisindan baktilar. Bir bilgisayar icin bir bilgi
parcasi yalnizca bir sembol dizisidir ve ikili sayi dizisine (0 ve 1) dayanir. ikili say! dizgesini
kullanarak her bilgiyi karsi tarafa iletme ya da isleme sansi dogar. Bilginin iletilmesi ya da
islenebilmesi igin bilgisayara komut girmek gereklidir. Bu komutlara da algoritma denir.

Simdi bir 6rnege bakalim. 20 kez bir bozuk para atalim. Yazi gelince 0, tura gelince 1 yazalim.
2720 farkli say dizisi elde edilebilir: 0000 0000 0000 0000 0000...... 11111111 11111111
1111. Sonuglar 01010101010101010101 veya 01101100110111100010 bigiminde olabilir.
insanlar ilk diziye bakinca bunun rasgele bir dizi olmadigini anlar. Ancak ikinci dizi igin
tesadifi dizilim oldugunu soylerler. Oysaki bu insan algisi icin gecerli bir durumdur. Bilgisayar
iki dizilim arasindaki farki algilamaz.

Bilgisayara gore bir paranin bir kere atilmasi deneyinde 271=2 olasilik vardir; ya 0 ya da 1 dir.
Bilgisayara gore bir paranin iki kere atilmasi deneyinde 2”2=4 olasilik vardir; 00, 01, 10, 11
durumlarindan biri olur.

Bilgisayara gore bir paranin Ug kere atilmasi deneyinde 273=8 olasilik vardir; 000, 001, 010,
011, 100, 101, 110, 111 durumlarindan biri olur.

O halde bilgisayara gore bir paranin yirmi kere atilmasi deneyinde 2720 olasilik vardir.
01010101010101010101 veya 01101100110111100010 dizilimde bu olasiliklardan ikisini
temsil eder. Sonucta bilgisayarlar dizilimler hakkinda yorum yapmak yerine sadece verilen
komutlari algilar.

Bu algi probleminin temel ¢6zimdii, algoritmik olasilikta yatar. Diyelim ki 20 kere degil de 20
katrilyon zar atalim. Sonuclar yukardaki gibi olsun. Bu durumda ilk mesaj icin komut olarak
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10 katrilyon kere 01 yaz demek yeterli olur. Ancak ikinci mesaj icin kisaltma yapilamaz. Tim
sayi dizisinin yazilmasi yani 20 katrilyonun hepsinin komut olarak girilmesi gerekir. Kisacasi
Kolmogorov karmasikligi teorisi olarak da bilinen Algoritmik Bilgi Teorisi (AIT) basit bir
gdzleme dayanmaktadir: Karmasik nesneler kisa bir programla tanimlanamaz. Ozellikle,
algoritmik bilgi teorisi rastgele dizgi ve rastgele sonsuz dizilerin resmi ve 6zenli tanimlarini
verir.

9.1. Kanal Kapasitesi

Claude Shannon (1916 — 2001) 1948 yilinda yazdigi, “iletisimin Matematiksel Teorisi” isimli
kitapcigl yirminci ylzyilin en énemli bilimsel kitapciklarindan biridir. Shannon, bir mesaj
icerisindeki bilgi miktarini 6lgmenin ve degerlendirmenin bir yolunu buldu. Bir mesajdaki
bilginin igeriginin anlami ile ilgisinin olmadigini fark etti. Bilgiye bir 6lgli birimi vermesi
gerekiyordu. iletilecek bir mesajin ikili sayl sistemine dénistirildigiinde olgiilebilecegini
gosterdi. Mesaj bir ve sifirlardan olusan uzun bir dizi idi. Bilgiyi ikili sayi sistemine
déniistiirmenin oldukg¢a giiclii bir hareket oldugunu fark etti. Bit: 0/1 tanimlandi. Bit,
bilginin sayisal diinyadaki en kiglk miktaridir.  Bilgi Olcllebilen bir glice, gercege
dondstaralda.

Bilgi olcllebiliyordu. Bilgi sadece insanlarin var ettigi birsey degil. Kainattaki herhangi bir
olay inanilmaz bilgiler ve mesajlar icerebilir. Normalde goéremeyecegimiz tim fiziksel,
kimyasal olyalar normal bir film gibi bizlere izletilebiliyor. Bilgi kainatin ayrilmaz bir
parcasidir. Bilgi heryerdedir. Sinyal ile bilgi sonsuzluga ilerler.

Bilgi sinyal olarak tasinir ve anlamlandirilir; bilgi bir tasa, bir kitaba yazilir. Bir bellege ya da
beyine yazilir. Bilgi tasiniyor ve onu taslyan sinyaldir. Sinyal, bilginin fizik kanunlarina goére
nasil davrandigini gosterir. insanlk bilginin fiziksel diinya ile biitiinlesik oldugunu 6grenmek
zorunda. Bilgiyi glicli kilan sey onu herhangi bir sistemde saklayabilecek olmamizdir. Kil
tablette bilgi ¢aglar boyu saklandi ve zamani durdurdu. Elektrik ve isik olarak bilgi tasiyan
sinyalleri hizla bir yerlerden bir yerlere gonderdik. Bilgiyi tasiyan sinyaller ona sira disi
ozellikler saglamaktadir. Yakin gelecekte bilgi, elektron olarak tasinacak ve islenecektir.

Bilgi ile enerji arasindaki iliski nedir? Bilgi soyut degil. Kagida yazabileceginiz bir formiil bilgi
degildir. Bilgi tasiniyor ve anlamlandiriliyor; bilgi bir tasa, bir kitaba yazilir. Bir bellege ya da
beyine yazilir. Soucta bilgi tasiniyor ve onu tasiyan bir sey var. Bu da bilginin fizik kanunlarina
goére davrandigini gésterir. insanlik bilginin fiziksel diinya ile bitiinlesik oldugunu 6grenmek
zorunda. Bilgiyi glgli kilan sey onu herhangi bir sistemde saklayabilecek olmamizdir. Kil
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tablette bilgi caglar boyu saklandi ve zamani durdurdu. Elektrik ve isik olarak bilgiyi hizla
gonderdik. Bilgiyi tasiyan aygitlar ona sira disi 6zellikler saglamaktadir.

Nyquist Teoremi:

Nyquist teoremi guriltistz bir kanal igin kanal kapasitesini hesaplar. m: bir sembolin
temsil edildigi bit sayisidir. Ornekleme frekansi, sinyalin band genisliginden ya da maksimum
frekansindan 2 kat fazla olmak zorundadir.

Given bandwidth B, highest signal rate is 2B. Given binary signal, data rate supported by B
Hz is 2B bps. Can be increased by using M signal levels, C= 2B log2M

Guriltisiz kanal kapasitesi C, bps olan veri transferi icin n 6érnekleme araligi seviye sayisi
icin band genisligini hesaplar.

Ornek:
C=1Mbps kag bps eder?
C=1Mbps=10"6 bps
Ornekleme araligi seviye sayisi n=1024 ve n=2"mise m’i bulunur. m=10
C=2Bm formiiliinden B band genisligini KHz olarak hesaplayiniz.
1076 =2B10 ise B=50x 10”3 Hz= 50KHz dir.

Shannon’s Theorem:

GurdGltala kanalda isaretin giriltiye orani Shannon Kapasite teoremi ile hesaplanir. 1 +
SNR degeri 2’ nin Ussi bicimine 6telenir. Clink{ 2 tabaninda logaritma alma basitlesmis olur.
Logz 2"=n dir. C =B logz(1 + SNR). C=n*B olur.

SNR genellikle 10 tabaninda desibel olarak verilir.

10Log10 SNR=SNRdB ise SN R=105NRdB/10 jr,

105NRdB/10=2n jse  SNRAB *Log1010 /10=n*log1o 2 dir. Logio 2=0.3 dir. SNRdB/3=n elde edilir.
SNRdB/3=n bulunur. C=n*B den kapasite bps olarak bulunur.

Shannon kapasitesi bize Ust siniri veriyor; Nyquist formill bize kag tane sinyal seviyesine
ihtiyacimiz oldugunu soyler.

SNR seviyesi esik degerden disliik olamaz. Haberlesme sistemlerinde esik degerler 6dB’den
blyik olmak zorundadir.
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9.2. Akil Yiiritme

Mantikta akil yiritme, muhakeme ya da uslamlama bilinen olgular ve kurallar kullanilarak
yeni bilgiye ulasilmasidir. Akil yliritme g baslikta incelenebilir: timdengelim (dediksiyon),
timevarim (indiksiyon) ve analoji. Klasik mantigin temelinde timdengelim vardir.

Tiimdengelim énciil bilgilerden yeni sonuglar gikarmaktir. Onciiller halihazirda bilinen ya da
varsayilan olgulardir. Ornegin, "Arabalar dort tekerlidir" ve "Kara Simsek bir arabadir"
oncillerinden timdengelim yoluyla "Kara Simsek dort tekerlidir" sonucu elde edilebilir.

Timevarim 0Ozelden yola g¢ikilarak genel hakkinda bilgi elde edilmesidir. Bilimsel yontemin
temeli olan timevarimda, ¢ok sayida tikel bilgi kullanilarak timel bir kural dogrulanir.
Ornegin, "Serce, giivercin, karga ugar", "Serce, giivercin, karga kustur" tikel bilgilerinden
"Kuslar ugar" tiimel bilgisine varilabilir. Ancak, timevarimsal akil ylriitme, timdengelimde
oldugu gibi kesin bir sonuca gotlirmez. Tumevarim var olan gozlemlerle tutarli olmasina
karsin, heniiz yapilmamis gdzlemlerle celismesi miimkiindiir. Ornegin, "Penguen ucamaz" ve
"Penguen kustur" bilgileri edinildiginde, daha dar bir 6ncil kimesiyle cikarsanmis olan
"Kuslar ugar" 6nermesi gecersiz olacaktir.

Disacekim, belli kosullara uyan olgular icin bir agiklama tretmek igin kullanilan akil yiritme
metodudur. En iyi aciklamanin lretilmesi seklinde de ifade edilebilir. Disacekim, eldeki -cogu
zaman eksik olan- bilgi ile miimkiin olanin en iyisinin yapilmaya galisildigi glinliik karar verme
slreclerinin temelini teskil eden bir muhakeme metodudur. Bir dizi semptomun varlgi
bilinirken bunlari en iyi sekilde aciklayan teshisi bulmaya yoénelik tibbi tani cabasi
disacekimin en yaygin drneklerinden biri olarak verilebilir. Bir hakimin, mahkemeye sunulan
delilleri, savcinin mi yoksa savunmanin mi argiimanlarinin daha iyi acikladigini tespiti cabasi
disacekim Ornegidir. Peirce'ye gore her bilimsel arastirma sasirtici gelen bir olgunun
gozemlenmesi ile baslar. Bilimsel arastirmanin ilk adimi olan olan disagekim, gézlemlenen
olgunun nasil olup ta ortaya ciktigini aciklamaya yonelik hipotez veya hipotezlerin
gelistirilmesi slrecidir. Bu durumda Peirce, disagcekimin salt bir akil ylritme cesidi olmayip
ayni zamanda bilimsel bulus metodu oludugunu da ifade eder.

Analoji iki sey arasindaki benzerlige dayanarak birisi hakkinda verilen bir hikma digeri
hakkinda da vermek seklindeki akil yiiritme yoludur. Ornegin, "Diinya gezegeninin atmosferi
vardir ve Uzerinde canlilar yasar", "Mars gezegeninde atmosfer vardir" o6nciillerinden
hareketle "O zaman Mars gezegeninde canlilar bulunmasi gerekir" sonucunun elde edilmesi
bir analoji 6rnegidir. Diinya ile Mars arasindaki bir benzerlikten hareketle Dinya icin gecerli
olan bir durumun Mars icin de gecerli olmasi gerektigi kabul edilerek Marsta canlilar olmasi
gerektigi hiikmiine varilmistir. Analojinin hem indiiktif hem dediktif metodun kullanildigi bir
akil yiritme yoludur. "Eger atmosfer var ise canli olmahdir" ve "Dinya ve Mars'in
atmosferleri yapi olarak aynidir" hiikimleri induktif akil yariatme ile zimni (6rtili) olarak
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Uretilmis daha sonra bu hiikiimden "O zaman Mars gezegeninde canlilar bulunmasi gerekir"
hikmU dediktif metotla Gretilmistir. Analoji varsayimsal (hypothetique) bir dediiksiyon olup
dayandigi zimni hikimler ispat edilmis degil varsayilmigtir. Bu sebeple analoji ile verilen
hikim bir zorunluluk degil ancak bir ihtimal bildirir.

Algoritmik bilgi teorisi
Algoritmik bilgi teorisi, bilgi islem ve bilgi arasindaki iliski ile ilgilenen bilgi teorisi ve
bilgisayar biliminin bir alt alanidir. Gregory Chaitin'e gore, "Shannon'un bilgi teorisini ve
Turing'in hesaplanabilirlik teorisini bir kokteyl c¢alkalayicisina koymanin ve siddetle
sallamanin sonucudur."

Algoritmik bilgi teorisi, temel olarak diziler (veya diger veri yapilari) Gzerindeki karmasiklik
Olclimlerini inceler. Cogu matematiksel nesne, diziler cinsinden veya dizi dizilerinin siniri
olarak tanimlanabildiginden, tamsayilar da dahil olmak Uzere ¢ok ¢esitli matematiksel
nesneleri incelemek igin kullanilabilir. Teori Ray Solomonoff tarafindan kuruldu.

Algoritmik olasilik

Algoritmik bilgi teorisinde, Solomonoff olasiligl olarak da bilinen algoritmik olasilik, belirli bir
gozleme oOnceden bir olasilik atamanin matematiksel bir yontemidir. 1960'larda Ray
Solomonoff tarafindan icat edildi.

Enduktif cikarim teorisinde ve algoritma analizlerinde kullanilir. Genel timevarimsal ¢ikarim
teorisinde, Solomonoff, bu formille elde edilen 6nceligi, Bayes'in tahmin kuralinda kullanir.

Kullanilan matematiksel formalizmde, gozlemler sonlu ikili diziler bigcimindedir ve evrensel
dncelik, sonlu ikili diziler kiimesi tizerindeki bir olasilik dagilimidir. Oncelik evrenseldir
Turing-hesaplanabilirlik duygusu, yani hicbir dizgenin sifir olasiligi yoktur. Hesaplanamaz,
ancak tahmin edilebilir.

Kolmogorov karmasiklhig

Algoritmik bilgi teorisinde (bilgisayar bilimi ve matematigin bir alt alani), bir metin pargasi
gibi bir nesnenin Kolmogorov karmasikligi, nesneyi c¢ikti olarak Ureten en kisa bilgisayar
programinin (6nceden belirlenmis bir programlama dilinde) uzunlugudur.

Nesneyi belirtmek icin gereken hesaplama kaynaklarinin bir 6l¢istdir ve ayrica tanimlayici
karmasiklik, Kolmogorov-Chaitin karmasikligi, algoritmik karmasiklik, algoritmik entropi veya
program boyutu karmasikhgr olarak da bilinir. Adini bu konuda ilk kez 1963'te yayinlayan
Andrey Kolmogorov'dan almistir.

Kolmogorov karmasikhgi kavrami, Cantor'un kdsegen arglimanina, Godel'in eksiklik
teoremine ve Turing'in durma problemine benzer imkansizlik sonuclarini ifade etmek ve
kanitlamak icin kullanilabilir.
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Ozellikle, hemen hemen tiim nesneler icin, birakin kesin degerini, Kolmogorov karmasikligi
(Chaitin 1964) i¢in bir alt sinir bile hesaplamak mimkin degildir.

Bayes ¢ikarimi

Bayes ¢ikarimi, daha fazla kanit veya bilgi elde edildikge bir hipotezin olasiligini glincellemek
icin Bayes teoreminin kullanildigi bir istatistiksel c¢ikarim yontemidir. Bayes ¢ikarimi,
istatistikte ve 6zellikle matematiksel istatistikte onemli bir tekniktir. Bayes giincellemesi, bir
veri dizisinin dinamik analizinde 0Ozellikle dnemlidir. Bayes cikarimi, bilim, miihendislik,
felsefe, tip, spor ve hukuk dahil olmak (izere cok cesitli faaliyetlerde uygulama bulmustur.

s n

Karar teorisi felsefesinde, Bayes cikarimi, genellikle "Bayes olasiligi" olarak adlandirilan 6znel

olaslilik ile yakindan iligkilidir.

Olasilik

Olasilik, bir olayin meydana gelme olasiliginin 6lgustdir. Olasilik ve istatistik s6zIigline
bakin. Olasilik, O ile 1 arasinda bir sayi olarak 6l¢ilir, burada genel olarak 0 imkansizligl, 1 ise
kesinligi gosterir. Bir olayin olma olasiligi ne kadar yliksekse, olayin olma olasiligi da o kadar
yuksektir. Basit bir 6rnek, adil (tarafsiz) bir madeni paranin havaya atilmasidir. Madeni para
adil oldugundan, iki sonucun da ("yaz!" ve "tura") esit derecede olasidir; "tura" olasiligi,
"tura" olasiligina esittir; ve baska hicbir sonu¢ miimkiin olmadigindan, "tura" veya "tura"
olasiligi 1/2'dir (bu, 0,5 veya %50 olarak da yazilabilir).

Bu kavramlara matematik, istatistik, finans, kumar, bilim (6zellikle fizik), yapay zeka/Data
Analitigi, bilgisayar bilimi, oyun teorisi, ve felsefe, ornegin, olaylarin beklenen sikligi
hakkinda cikarimlar yapmak. Olasilik teorisi, karmasik sistemlerin altinda yatan mekanikleri
ve dizenlilikleri tanimlamak igin de kullanilir.

Gregory Chaitin

Gregory John Chaitin (/'tfartin/; 15 Kasim 1947 dogumlu) Arjantinli-Amerikali bir
matematikgi ve bilgisayar bilimcisidir. 1960'larin sonundan baslayarak, Chaitin algoritmik
bilgi teorisine ve metamatematige, Ozellikle Godel'in eksiklik teoremine esdeger bir
bilgisayar teorik sonucuna katkilarda bulundu. Andrei Kolmogorov ve Ray Solomonoff ile
birlikte bugiin Kolmogorov (veya Kolmogorov-Chaitin) karmasikhgl olarak bilinen seyin
kurucularindan biri olarak kabul edilir. Bugiin, algoritmik bilgi teorisi, herhangi bir bilgisayar
bilimi mufredatinda ortak bir konudur.

Hipotez

Bir hipotez (cogulu hipotezler), bir fenomen icin Onerilen bir aciklamadir. Bir hipotezin
bilimsel bir hipotez olmasi icin, bilimsel yontem, kisinin onu test edebilmesini gerektirir.
Bilim adamlari genellikle bilimsel hipotezleri, mevcut bilimsel teorilerle tatmin edici bir
sekilde aciklanamayan onceki gozlemlere dayandirirlar. "Hipotez" ve "teori" kelimeleri
siklikla es anlamli olarak kullanilsa da, bilimsel bir hipotez, bilimsel bir teori ile ayni sey
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degildir. Calisan bir hipotez, daha fazla arastirma icin 6nerilen gecici olarak kabul edilen bir
hipotezdir.

Evrensel Turing makinesi

Bilgisayar biliminde, evrensel bir Turing makinesi (UTM), istege bagh bir giriste rastgele bir
Turing makinesini simiile edebilen bir Turing makinesidir. Universal makine bunu esasen
hem simile edilecek makinenin agiklamasini hem de kendi bandindan girisini okuyarak
basarir. Alan Turing, 1936-1937'de boyle bir makine fikrini ortaya atti. Bu ilke, 1946'da John
von Neumann tarafindan "Elektronik Hesaplama Aleti" igin kullanilan ve simdi von
Neumann'in adini tagiyan depolanmig programli bir bilgisayar fikrinin kaynagi olarak kabul
edilir: von Neumann mimarisi. Hesaplama karmasikligi agisindan, ¢ok bantl evrensel bir
Turing makinesinin, simule ettigi makinelere kiyasla yalnizca logaritmik faktor agisindan daha
yavas olmasi gerekir.

9.3. Kolmogorov Aksiyomlari

Olasilik teorisinde Kolmogorov aksiyomlari, temelde (i¢ aksiyomdur:
e Birinci aksiyom: Bir olayin olasiliginin negatif-olmayan bir reel sayi oldugunu soyler.
e ikinci aksiyom: Ornekleme uzayinin timiini kapsayan bir basit olayin ortaya ¢ikmasi
icin olasilik her zaman birdir.
e Uciincii aksiyom: Birbiri ile baglantisiz olaylarin olasiliklari toplanir.

Ancak olasilik ile ilgili bilinmesi gereken seyler bu kavramlar ile sinirli degildir. 1960 yilinda
Ray Solomonoff (ABD’li matematikgi 1926-2009), algoritmik olasihgl kesfeder. Algoritmik
olasilik, felsefik yapi olarak Bayes’in nedensellik kuralini temel alir:

e Hangi durum ya da olay, diger bir olayin ya da durumu ortaya cikarir?

e Aralarindaki iliski nasildir? gibi sorulara yanit arar.

Olasllik teorisinde Kolmogorov aksiyomlari, temel i¢ aksiyomdur. Belirli bir E olayi igin P
olasiligi varken matematik notasyonla olarak ifade edilirken Kolmogorov aksiyomlarini
tatmin etmesi temeline baglanmistir. Bu aksiyomlar, ilk defa 20. ylizyilda Rus istatistikgisi
Andrey Kolmogorov tarafindan ortaya atilmistir.

Bu aksiyomlari aciklamak icin matematiksel sekilde ve notasyonla su kavramlarin
varsayllmasi gereklidir: (Q, F, P) ifadesi bir 6lciim uzayi olsun ve burada P(Q) = 1 oldugu kabul
edilsin. Bu halde (Q, F, P) bir olasilik uzayidir ve Q 6rneklem uzayi, F olay uzayi ve P olasilik
Olglist olarak tanimlanirlar.
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Birinci aksiyom: Bir olayin olasilig bir negatif-olmayan reel sayidir ve bu sayi soyle ifade
edilir:
P(E)=0 VE € F Burada,F olay uzayudr.

ikinci aksiyom: Bu birim-dl¢iisii varsayimidir: Ornekleme uzayinin tiimiinii kapsayan bir basit
olay ortaya ¢ikmasi igin olasilik 1dir. Daha belirli bir sekilde ifadeyle;

Orneklem uzayini tasan hicbir basit olay miimkiin degildir: P(Q)=1

Bu aksiyom bazi hatali olasilik hesaplamalarinda ¢ok kere temel bir hatanin ortaya ¢ikmasina
neden olmustur. Eger tiim 6rneklem uzayi kesinlikle tanimlanamiyorsa bunun herhangi bir
alt setinin tanimlanmasi da imkansizdir.

Uciincii aksiyom: Bu o-toplanabilirlik varsayimidir. Herhangi bir ikiserli baglantisiz ortaya
¢ikan sayilabilir olaylar dizisi, E1, E2, ... su esitligi tatmin eder:

P(ELUE2U ...)=),; P(E))

Aksiyomun daha genel olmasi icin o-cebiri gereklidir.

Kolmogorov aksiyomlari kullanilarak olasiliklarin hesaplanmasi igin diger kullanish kurallar
ortaya cikartilabilir. Bunlardan en 6nemlisi

P(A U B)=P(A) + P(B) — P(ANB)

Bu kurala toplama kurali veya olasilik i¢in toplama yasasi adi verilir. Buna gore
bir A olayi veya bir B olayinin olmasi olasilig1 A olayi icin olasilik arti B olayi igin olasilik eksi

hem A hem de B olayinin birlikte olasiligina esittir.

Bu yasadan Kapsama-dislama prensibi adi verilen su sonug c¢ikartilir:
P(Q\E)=1-P(E)

Bir baska deyimle herhangi bir olayin olmama olasiligi 1 eksi olayin olma (ortaya ¢cikma)
olasihgidir.
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9.4. Kolmogorov Karmasikhgi

Kolmogorov karmasikhgl (tanimsal karmasiklik, Kolmogorov-Chaitin karmasikhgi, stokastik
karmasikhk, algoritmik entropi veya program boyu karmasikligi olarak da bilinir), bilgisayar
biliminde, bir metin pargasi gibi bir nesneyi tanimlamak icin kullanilmasi gereken bilgi
islemsel kaynaklarin 6lglsu.

Belirli bir dizeyi Ureten ve sonra duran (sonsuz dongiler istemiyoruz) en kisa bilgisayar
programinin uzunlugu Kolmogorov karmasikligi olarak adlandirilir. Diger bir deyis ile bir
dizinin karmasikligi, o diziyi ileten minimal algoritmanin uzunluguna esittir. Dolayisiyla bit
sayisi Kolmogorov karmasikligina yaklasik olarak esit olan dizi, rasgeledir. Bir dizinin
Kolmogorov karmasikligini, bu dizideki bit cinsinden olgllen “bilgi miktar” olarak
yorumlamak bizi bazi pratik sonuglara gotirir. keyfi sonlu nesnelerin (grafikler vb.)
Kolmogorov karmasikligini, ikili kodlamalarinin karmasikligi olarak tanimlamamizi saglar.

Konuyu daha basit bir bicimde diisinmek gerekirse Kolmogorov karmasikligi “sikistiriimig
boyut” anlamina gelir. Zip, gzip, bzip2, sikistirma, rar, arj, vb. gibi programlar, bir dosyayi
(metin, resim veya diger bazi veriler) muhtemelen daha kisa bir dosya biciminde sikistirir.
Orijinal dosya daha sonra bir “agma” programi ile geri yuklenir. Diizenli bir yapiya sahip bir
dosya 6nemli 6lgtide sikistirilabilir. Sikistirilmis boyutu, eski uzunluguna kiyasla ¢ok daha
kiiciiktiir. Ote yandan, diizenliligi olmayan bir dosya pek sikistirilamaz ve sikistirilmis boyutu
orijinal boyutuna yakindir. Bu 6rneklem ¢ok ylizeysel olsa da yine de olduk¢ca karmasik bir
konu hakkinda bir 6n fikir olmasini saglayacaktir.

Gozlemlerden ya da deneylerden elde edilen verilerin tablolar halinde yazilmasi bir teori
yaratmiyor. S6z konusu ham verilerin yorumlanarak, herkesin anlayacagi kisa bir dille
anlatilmasi gerekiyor. O da yetmiyor, teorinin gelecekte olacaklar hakkinda bilgi icermesi
gerekiyor.

Gezegenin yoriingesini biliyorsam, onun ne zaman nerede olacagini hesaplayabiliyorum. Bu
is, kehanetten ¢ok farkh bir seydir. Bunlar oldugunda, ham veriler bir teoriye déniismis
oluyor.

Elbette, toplanan verilerin duyarhg, kullanilan gézlem/deney aletlerinin gelismisligine bagl
oldugu gibi, verilerin yorumlanmasi da bilim adaminin bilgi ve yetenekleriyle sinirlidir. Su
anda, bir teorinin dogru ya da yanlisligl amacimiz icin 6nem tasimiyor. Yanls teoriler, nasil
olsa, bir gin bilimsel bilgilerin biriktigi ambardan atilacaktir. Bilimin giici burada yatar.
Bilimin bilgi ambari ¢ok dinamiktir, yanhs oldugu kanitlanan teoriler hemen yerlerini yeni
teorilere kendiliginden birakirlar. Simdi, bir teori kurma olgusunu algoritmik seckisizlik
kavramiyla ifade edecegiz. Algoritmik seckisizlik tanimini vermeden 6nce, Solomonoff“un
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bilimsel teoriyi aciklamak icin kullandigi “inductive inference: enduktif c¢ikarim”
yonteminden s6z etmeliyiz. Bilim adami bir siri deney/g6zlem yapar. Bunlari bitlerden
olusan bir dizi (mesaj) olarak distnelim. Bilim adami bu mesaji iletmek istemektedir. Bu
mesajl gonderen en az bir tane algoritma vardir ve o da dizinin kendisidir. Bundan bagka
algoritmalar da olabilir. Bilim adami mesaji gdnderen bir algoritma kurmus olsun. Algoritma,
ilettigi mesajdan kisa degilse bir teori olamaz. Algoritma ilettigi mesajdan daha kisa ise, diziyi
aynen iletmekle kalmayip gelecek goézlemler icin de 6ngoéri yapiyorsa, bu algoritma bir
teoridir. Bu kosulu saglayan birden ¢ok algoritma varsa, daima en kisa (bit sayisi en az) olan
algoritma tercih edilir. Bu tercih Occam’s razor diye bilinir: Ayni isi yapan teoriler arasindan
en basiti tercih edilmelidir.

Algoritmik Seckisizlik: Yukaridaki 6rneklerden hereketle, Chaitin ve Kolmogorov, segkisiz
diziyi soyle tanimladilar: Kendisinden daha kisa bir algoritma ile yazilamayan dizi segkisizdir.
Bu tanim, sezgisel kavrama dayali olasilik kuramini saglam bir temel (zerine tagimaktadir.
Elbette, seckisizligin bu yeni tanimi, olasilik kuraminin aksiyomlarini yok etmiyor, olasiligin
hi¢ bir uygulamasini degistirmiyor, yalnizca temeli saglamlastiriyor. Olasilik agisindan
pesinde oldugumuz sey, gézlemlerden ¢ikan seckisiz bir x1, x2 , x3, ..., xn dizisi verilmisken,
bir sonraki terimin, yani xn+1 teriminin ne olacagini éngérebilmektir. x1 , x2 , x3, ..., xn

teoridir.

Verilen bir diziyi ileten sonsuz sayida algoritma kurulabilir. Ornegin, “233’e 1 ekle”, “235’ten
1 ¢ikar”, 117’yi 2 ile carp” gibi algoritmalarin hepsi 234 dizisini iletir. Bu tlr algoritmalardan
sonsuz sayida yazilabilecegi agiktir. Bizim igin ilging olani en kiiglik olanidir. Ayni diziyi ileten
algoritmalar arasinda en kisa olana minimal algoritma diyecegiz. Bir dizi igin bir tane minimal
algoritma olabilecegi gibi, bir cok minimal algoritma da olabilir.

ilettigi dizi ister seckili, ister seckisiz olsun minimal bir algoritmanin kendisi daima seckisiz
olmak zorundadir. Aksi taktirde, onu ileten daha kisa bir algoritma var olur ve dolayisiyla s6z
konusu algoritma minimal olamaz.

Karakterlerden (harf ve simgeler) olusan bir s dizisi distinelim. s dizisini yazdiran bir P
programina s dizisinin iletiyor diyelim. P’nin uzunlugu, P icindeki karakterlerin sayisidir. s
dizisini ileten en kisa P programinin uzunluguna s dizisinin karmasikhgi denir.

s dizisini, yukaridakiler gibi bitlerden olusan bir dizi olarak duastnirsek, bu dizinin
karmasikhg o diziyi ileten minimal algoritmanin uzunluguna esit olur. Bit sayisi Kolmogorov
karmasikhgina esit olan dizi seckisizdir. Tabii, buradaki esitlik yaklasikhik anlamindadir.
Dizilerin bit sayilari ¢ok ¢ok blytdiglinde, aradaki farkin 6nemi kalmamaktadir. Kolmogorov
karmasasi, seckisizligi tanimlamakla kalmiyor, seckisizligin olclimini de veriyor.
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9.5. Seckisiz Sayilarin Coklugu

Klasik anlamda, olasilik ile seckisizlik (randomness) esanlamlidir. Seckisiz bir sirecte,
olaylarin (giktilarin) olma olasiliklari birbirlerine esittir. Baska bir deyisle, bir sirecte
seckisizlik “amag, neden, sira ve 6ngori yoklugu” diye tanimlanabilir. Bu nedenle, segkisiz
sureg, ciktisi 6ngorilebilir bir bicime (pattern) sahip olmayan ardisik olusumlar zinciridir.
Ozel olarak, istatistikte, yanl (bias) olmayan ya da baghlasimli (correlated) olmayan olaylari
belirlemek icin kullanilir. istatistiksel seckisizlik, daha sonralari informasyon kuraminda
informasyon entropisi kavrami igine alinmistir.

Seckisizlik kavrami, baslangicta sans oyunlarindan ¢ikmistir. Ornegin zar atma, rulet oyunu,
oyun kartlarini karma vb. Daha sonra yapilan elektronik kumar makinalarinda da seckisiz sayi
Uretimi isin esasidir. Ama bu iste ¢ok hile yapilabilecegi icin, bu tiir oyun makinalari bir cok
Ulkede ya yasakhdir ya da devletin siki denetimi altindadir. Bizde oldugu gibi, bazi tlkelerde,
seckisiz sayi Uretimine dayali piyangolar Ulke genelinde serbestce oynanabilir. Bundan farkh
olarak, ciktisi Gnceden ongorilemeyecek spor karsilasmalari, at yarislari vb. oyunlar da
seckisizligin (olasiligin) ilgi alanindadir.

Olasilik kavraminin gectigi her yerde, olabilecek olaylari sayilarla ifade etmek mimkinddr.
Dolayisiyla, konu, esasinda seckisiz sayi Gretimine dayalidir. Stephan Wolfram’ a gore,
seckisiz sayl Uretme isi g ayri sinifa ayrilabilir. Bu (g sinifta Uretilen sayilarin nitelikleri
birbirlerinden farklidir.
Cevreden gelen seckisizlik. Ornegin, cogalmayi aciklayan hareket (Brownian motion).
Baslangi¢ kosullarina hassas bagli seckisizlik. Ornegin, kaos.
Sézde seckisizlik. Bu sayilar tasarlanan bir sistem tarafindan tretilir. Ornegin, bir
bilgisayarla lretilen seckisiz sayilar... Bu tir sayilar belli bir algoritma ile Uretilir.
Algoritma ¢ok agir hesaplamalara dayandirilarak, ¢ikti hig kimsenin 6ngéremeyecegi
duruma kolayca getirilebilir. Ama Uretilen sayilar gercek anlamiyla segkisiz sayllamaz.

1960 vyilinda Solomonoff, bilimsel teorinin basit bir agiklamasini vermeye ugrasirken,
algoritmik olasilik kavramini ilk ortaya atan kisidir. Bundan 5 yil sonra, Solomonoff'dan ve
birbirlerinden habersiz olarak Kolmogorov ve Chaitin ayni algoritmik segkisizlik kavramini
ortaya koydular. Kolmogorov o zamaninin en Unli matematikcilerinden birisidir, Chaitin ise
henliz Universitede matematik bolimi son sinif 6grencisidir. Bu 6grencinin, daha sonra
yaptigi calismalar olasiliga ve informasyon teorisine blylik katkilar saglayacaktir.
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“Algoritmik segkisizlik” ya da “algoritmik olasilik” kavrami:

Ornek 1. Diinyadaki Uzay Merkezi (UM) c¢ok uzaktaki bir gezegene bir arastirmaci
gondermistir. Dalgin arastirmacimiz, yapacagl hesaplar icin kendisine mutlaka gerekli olan
trigonometri cetvelini yanina almayi unutmustur ve onun bir iletisim araciyla kendisine acele
gonderilmesini istemektedir. Bu uzak gezegenle telgraf, telefon, faks vb iletisim araglariyla
iletilen mesajlarin ¢ok pahalidir. UM, pahali iletisim Ucretini 6demeyi goze alarak, sin, cos,
tan, cot, sec, cosec fonksiyonlari igin hazirlanmis, yirmi haneli genis bir trigonometri cetvelini
bir iletisim araciyla ile gdndermek zorunda kalmistir. Ama UM’de bir matematikgi varsa, isi
¢ok ucuza getirebilir. Koca bir kitap olan trigonometri cetvelini gondermek yerine, exp(ix)
=cosx + isinx formulini gondermesi sorunu ¢dzecektir. Bu kisa mesaj, arastirmacinin istedigi
bitln bilgiyi icermektedir.

Ornek 2. Aradan binlerce yil ge¢mis olsun. Bilginimiz yorulmustur ve hobilerine biraz zaman
ayirmak icin ge¢cmis yillara ait basketbol maclarini, skorlari ve kimin hangi macta kag sayi
yaptigini bilmek istemektedir. UM bu istegi ¢ok hakli gdérmis ve istenen bilgilerin
gonderilmesini emretmistir. Bu kez, matematikgiler de dahil olmak lzere, hi¢ kimse istenen
maglarla ilgili bilgileri tamamen iceren daha kisa bir mesaj (formil) yazamamistir. Caresiz,
yuksek Ucretler 6denerek, istenen bilgi gdonderilecektir.

Bu iki ornekten c¢ikardigimiz sonu¢ sudur. Bazi mesajlari, anlamini aynen koruyarak,
kisaltabiliriz. Bazi mesajlari asla kisaltamayiz.

Algoritmik Seckisizlik tanimi, yukarida verilen tanimda oldugu gibi insan sezgisine dayali
olmasin diye bilgisayar terminolojisine dayandirilacaktir. Giinimuz bilgisayarlari ikili (binary)
sayitlama dizgesine dayanir. ikili (binary) sayitlama dizgesinde yalnizca 0 ve 1 sayaklari (digit)
vardir. Bilgisayar terminolojisinde ikili sayl sistemindeki hanelere bit denir. Bir bit'te
(hanede) ya 0 ya da 1 sayagi yer alir.

ikili say1 dizgesini kullanarak her bilgiyi (mesaji) karsi tarafa génderebiliriz. Baska bir deyisle,
Oile 1 lerden olusan dizilerle istedigimiz her bilgiyi yazabiliriz. Bunun igin, 6rnegin, bir dildeki
harfleri, kelimeleri, ciimleleri, kavramlari,... vb 0 ile 1 lerin belirli bir sirada siralanmasiyla
olusan birer diziye karsilik getirmek yetecektir. Diziler sonlu ya da sonsuz olabilir. Mesajin ne
kadar uzaga gideceginin ve mesajin anlaminin, su andaki hedefimiz icin bir 6nemi yoktur. O
nedenle, mesajlari O ile 1 lerden olusan diziler olarak, uzak gezegeni de bilgisayarin ciktisi
olarak diislinecegiz. Amacimiz, mesajin (dizinin) bilgisayar ciktisi olarak elde edilmesidir. O
zaman mesajl yerine iletilmis varsayacagiz. Mesaji iletmek icin, bilgisayara komutlar
vermeliyiz. Verilecek komutlar herhangi bir bilgisayar dilinde yazilmis bir programdir. Biz
buna algoritma diyecegiz. Fiziksel kisitlamalari yok sayip, mesajin gonderilmesi icin gerekli
zamanin oldugunu ve algoritma dogru ise mesajin daima yerine ulasigini varsayalim.
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Bilgilerimize ya da sezgilerimize dayali olarak bir dizi hakkinda verecegimiz seckili/seckisiz
kararlarimizin ne kadar yaniltici olabilecegine bir cok 6rnek gésterebiliriz. Ornegin, 3,1451...
dizisini goren iki kisi diisinelim. Bunlardan birisi pi sayisini biliyor olsun, 6tekisi bilmiyor
olsun. Birinci kisi bu diziyi istengle yazilmis (segkili) bir dizi olarak, yani pi sayisi olarak
algilarken, ikinci kisi bunu tamamen rasgele dizilmis (seckisiz) bir dizi olarak gorebilir.

Kolmogorov, seckisiz diziyi soyle tanimlar: Kendisinden daha kisa bir algoritma ile
yazilamayan dizi segkisizdir. Bu tanim, sezgisel kavrama dayali olasilik kuramini saglam bir
temel Uzerine tasimaktadir. Elbette, segkisizligin bu yeni tanimi, olasilik kuraminin
aksiyomlarini yoketmiyor, olasihgin hi¢ bir uygulamasini degistirmiyor, yalnizca temeli
saglamlastiriyor. Olasilik agisindan pesinde oldugumuz sey, gozlemlerden gikan segkisiz bir x1
, X2, X3, ... , Xn dizisi verilmisken, bir sonraki terimin, yani xn:+1 teriminin ne olacagini
ongorebilmektir. x1, X2, X3, ..., Xn dizisini ileten ve xn+1 teriminin ne olacagini 6ngdren ve
diziden kisa olan algoritma bir teoridir.

Bazi dizilerde tekrarlanan patternler olabilir. d dizisi s icinde periyodik olarak tekrarlanan bir
altdizi olsun. Ornegin, s = 01010101010101010101 dizisi d = 01 altdizisinin 10 kez
birisidir. Ohalde, s dizisinin algoritmik karmasikligi, P algoritmasinin uzunlugundan biyuk
olamaz. Asil amacimiz, P nin uzunlugu ile s dizisinin bit uzunlugunu karsilagtirmaktir. Bu
karsilastirma bize, s dizisinin seckisiz olup olmadigi konusunda bir 6l¢l verecektir.

Once P algoritmasinin uzunlugunu irdeleyelim. n sayisinin algoritmik karmasikligi yaklasik
olarak logzn dir. Yaklasik diyoruz, ¢linki algoritmanin gergek uzunlugu kullanilan makina
diline baghdir. Yeterince blylk n sayilari icin logzn sayisi n sayisindan c¢ok kiglktir,
dolayisiyla algoritmanin uzunlugu s dizisinin uzunlugu ile karsilastirilirken goéreli olarak ihmal
edilebilir. Geriye kalan “kez” ve “yaz” stringlerinin uzunlugu zaten yok denilecek kadardir,
onlar da ihmal edilebilir. Ohalde, P =“n kez d yaz” algoritmasinin uzunlugunu, s dizisinin
uzunlugu ile karsilastirirken belirleyici olan tek etmenin d dizisinin uzunlugu (bit sayisi)
oldugu sonucuna variriz.

Buradan yola ¢ikarak n bit uzunlugundaki dizilerin algoritmik karmasikliklarini n-1, n-10, n-
100, n-1000, ... gibi siniflara ayirabiliriz. Artik P nin uzunlugu ile d nin uzunlugunu yaklasik
esit sayarak, asagidaki inductive yontemi uygulayabiliriz.

Uzunlugu 1 olmak Uzere n bitlik dizi ileten kag tane algoritma vardir? “n kez 0 yaz” ve “n kez
1 yaz” algoritmalari bu isi yapan iki algoritmadir. Birincisi 000...0 dizisini, ikincisi ise 111...1
dizisini iletir. Bu algoritmalarin ilkinde d dizisi yalnizca ‘0’ dan, ikincisinde ise yalnizca ‘1’ den
ibarettir. Her ikisinin de uzunlugu 1 bittir. Bir bitlik baska algoritma yoktur. 1 bitlik
algoritmalarin sayisini 21 biciminde gdsterebiliriz. Benzer olarak, 0 ile 1 sayaklarindan elde
edilecek 2 bitlik dizilerin sayisi 4 diir: 00, 10, 11, 10. Ohalde, iki bitlik algoritmalarin sayisi 22
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dir. Benzer diisiinisle, (¢ bitlik algoritmalarin sayisi 23, ..., n-11 bitlik algoritmalarin sayisi
2211 olacaktir. Bunlarin toplami (2 + 22 + 23 + ... 211 ) = 2710 2 dir. Demek ki, uzunlugu n-
10 dan az olan algoritmalarin sayisi 2729 dan daha azdir. Ote yandan n bit uzunlugundaki
dizilerin sayisi 2" dir. Géruldiglu gibi, bunlar arasinda ancak 2™1° tanesinin algoritmik
karmasikligi n-10 dan kagiktur. 210 /2" =1 /1024 olduguna gére, 1024 diziden ancak 1
tanesinin algoritmik karmasasi n-10 dan kiiguktlr. Bundan anlasiliyor ki segkili sayilar ¢ok
seyrektir, sayilarin gogunlugu seckisizdir.

Yukarida yaptiklarimizdan su sonug ¢ikmaktadir: Bir dizi verildiginde onun seckili oldugunu
gostermek igin, diziyi ileten ve diziden daha kisa olan bir algoritma oldugunu gdéstermek
yetecektir. Bulunacak bu algoritmanin minimal olmasi gerekmiyor. Ama bir dizinin segkisiz
oldugunu gostermek icin onu ileten daha kisa bir algoritmanin var olmadigini géstermek
gerekir.

abcdef
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9.6. Algoritmik Olasilik Algoritmalari

1. Tahmin, Olasilik ve Tiimevarim

Klasik olasilik kavramlarini revize etmek igin glgli bir motivasyon, insan problem ¢dzme
analizinden geldi. Zor bir problem uzerinde galisirken, kisi olasi hareket tarzlarini segmek
zorunda oldugu bir labirentin igindedir. Sorun tanidik bir sorunsa, segimler kolay olacaktir.
Tanidik degilse, her se¢cimde ¢ok fazla belirsizlik olabilir, ancak segimler bir sekilde
yapilmalidir. Segimler igin bir temel, hizli bir ¢6ziime yol agan her bir segimin olasilig olabilir
- bu olasilik, bu problemdeki ve buna benzer problemlerdeki deneyime dayanmaktadir.

Olasiligi hesaplamanin genel yontemi, ge¢misteki olumlu segeneklerin sayisinin toplam
sec¢im sayisina oranini almaktir.

indiiksiyon da var. Aslinda tahmin genellikle endiiktif modeller bularak yapilir. Bunlar,
tahmin igin deterministik veya olasiliksal kurallardir. Bize bir dizi veri veriliyor - tipik olarak
bir dizi sifir ve birler ve bizden 6nce gelen veri noktalarinin bir fonksiyonu olarak veri
noktalarindan herhangi birini tahmin etmemiz isteniyor.

2. Sikistirma ve Algoritmik Olasilik

Sembol tahmininin énemli bir uygulamasi metin sikistirmadir. Bir timevarim algoritmasi bir
metne S olasiligl atarsa, tim metni hatasiz olarak yeniden olusturabilen bir kodlama yontemi
- Aritmetik Kodlama - vardir.

3. Hesaplanamazlik

Genel olarak, herhangi bir kesinlik ile gercekten en iyi modelleri bulmanin imkansiz
olduguna dikkat edilmelidir - test edilecek sonsuz sayida model vardir ve bazilarinin
degerlendirilmesi kabul edilemez derecede uzun zaman alir. Aramada herhangi bir zamanda,
simdiye kadarki en iyilerini bilecegiz, ancak biraz daha fazla zaman harcamanin ¢ok daha iyi
modeller vermeyeceginden asla emin olamayiz! Sinirli sayida model kullanarak her zaman
algoritmik olasiliga yaklagimlar yapabilecegimiz agikken, bu yaklagimlarin “Gergek algoritmik

-y

olasiliga” ne kadar yakin oldugunu asla bilemeyiz. algoritmik olasilik gercekten de bicimsel

olarak hesaplanamaz.

4. Oznellik
Olasihigin 6znelligi, a priori bilgide bulunur - istatistikcinin tahmin edilecek verileri gormeden
once sahip oldugu bilgiler. Bu, ne tir istatistiksel teknikler kullandigimizdan bagimsizdir.

Tahminlerde bulunurken, a priori bilgi eklemek icin yaygin olarak kullanilan birkag¢ teknik

vardir. ilk olarak, dikkate alinacak tiimevarim modellerini kisitlayarak veya genisleterek. Bu
kesinlikle en vyaygin vyoldur. ikinci olarak, ayarlanabilir parametrelere sahip tahmin
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fonksiyonlari secilerek ve bu parametrelerle ilgili gecmis deneyimlere dayali olarak bu
parametreler (zerinde bir yogunluk dagihimi varsayilarak. Ugiinciisti, bilimlerimizdeki
bilgilerin ¢ogunun tanimlar - dilimize eklemeler - olarak ifade edildigini not ediyoruz.
algoritmik olasilik veya yaklasikliklari, kod uzunluklarini ve dolayisiyla modellere a priori
olasiliklari atamaya yardimci olmak icin bu tanimlan kullanarak bu bilgilerden yararlanir.
Bilgisayar dilleri genellikle modelleri tanimlamak icin kullanilir ve dilin bir pargasi olarak keyfi
tanimlar yapmak nispeten kolaydir.

5. Cesitlilik ve Anlayis

Algoritmik olasiligin, olasilik tahmininin dogrulugunun yani sira, Al'nin bir baska 6nemli
degeri daha vardir: Modellerin ¢oklugu, verilerimizi anlamamiz icin bize birgok farkh yol
sunar. Cok geleneksel bir bilim adami, bilimini tek bir "mevcut paradigma" kullanarak anlar -
su anda en moda olan anlama yolu. Daha yaratici bir bilim insani bilimini pek ¢ok sekilde
anlar ve “mevcut paradigma” artik mevcut verilere uymadiginda yeni teoriler, yeni anlayis
yollari daha kolay yaratabilir.

Algoritmik olasihgin uygulamalari nelerdir?
Algoritmik olasiligin bir dizi énemli teorik uygulamasi vardir; Bunlardan bazilari asagida
listelenmisgtir.

Solomonoff indiiksiyon: Solomonoff (1964), evrensel Turing makinelerine (hesaplamak,
nicellestirmek ve ilgili tim niceliklere kod atamak igin) ve algoritmik karmasikliga
(basitlik/karmasikligin ne anlama geldigini tanimlamak icin) dayanan nicel bir bicimsel
tiimevarim teorisi gelistirdi. Bu, Solomonoff'un tiimevarimsal ¢ikarim sisteminin, yalnizca
mutlak minimum miktarda veri ile herhangi bir hesaplanabilir diziyi dogru bir sekilde tahmin
etmeyi 6grenecegi anlamina geldigi icin dikkat cekicidir. Bu nedenle, bir anlamda, sadece
hesaplanabilir olsaydi, mikemmel evrensel tahmin algoritmasi olurdu.

AIXI ve Zekanin Evrensel Tanimi: M'nin daha genel stokastik ortamlarda mikemmel
tahminlere ve kararlara yol actig1 da gosterilebilir. Esasen AlXI, Solomonoff indiiksiyonunun
pekistirici 6grenme ortamina, yani ajanin eylemlerinin gevrenin durumunu etkileyebilecegi
bir genellemedir. AlXI'nin bir anlamda, rastgele bilinmeyen bir ortama gémdili optimal bir
pekistirmeli 6grenme araci oldugu kanitlanabilir. Solomonoff indiksiyonu gibi, AIXI ajani
hesaplanabilir degildir ve bu nedenle pratikte sadece yaklasik olarak tahmin edilebilir.

Optimal bir genel ajan tanimlamak yerine, isleri tersine cevirmek ve evrensel zeka olarak

bilinen hesaplanabilir ortamlarda hareket eden ajanlar icin evrensel bir performans olglsi
tanimlamak mimkindr.
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Evrensel Dagilim Altinda Algoritmalarin Beklenen Zaman/Uzay Karmasikligi: Her algoritma
icin, m-ortalama durum karmasikligi, zaman ve depolama alani gibi hesaplama kaynaklari
icin her zaman en kot durum karmasikhg ile ayni blyukluktedir. Li ve Vitanyi'nin bu
sonucu, eger girdiler alisilageldigi gibi tekdiize dagilim yerine evrensel dagilima gore
dagitilirsa, beklenen durumun en kétii durum kadar kétii oldugu anlamina gelir. Ornegin,
siralama prosediri Quicksort'un en kot durum galisma siiresi n2'dir, ancak n anahtarin
diizgiin dagilmis permutasyonlarindan rastgele cizilen permitasyonlar icin n anahtarlik bir
listede beklenen calisma siresi nlogn'dur. Ancak permitasyonlar evrensel dagilima gore
dagitilirsa, yani Occam'in, pratikte siklikla oldugu gibi basit permitasyonlarin en yliksek
olasiliklara sahip oldugu seklindeki soziine gore, beklenen calisma siiresi en koti n2
durumuna yiikselir. Deneyler bu teorik 6ngoriyl dogruluyor gibi gdrindyor.

Ogrenme Asamasinda Evrensel Dagitimi Kullanan PAC Ogrenimi: PAC-6grenmede 6grenme
asamasinda érnekleme dagilimi olarak m'nin kullanilmasi, hesaplanabilir dagilimlar altindaki
ayrik kavram siniflari ailesi igin 6grenme glicinii ve benzer sekilde M kullanarak
hesaplanabilir 6l¢imler izerinden siirekli kavramlarin PAC 6grenmesi icin 6grenme gliclini
arttirir. Bu Li ve Vitanyi modeli, ilk 6nce basit ornekleri veren bir 6gretmenin 6grenme
asamasinda kullanilmasina benzer.

Durdurma Olasihgr: Bigimsel olarak iligkili bir nicelik, giris bandinda adil yazi turalari
saglandiginda U'nun durma olasihgidir (yani, rastgele bir bilgisayar programinin sonunda
duracagi). Bu durma olasiligi Q=>xm(x) ayni zamanda Chaitin sabiti veya "bilgelik sayisi"
olarak da bilinir ve ¢ok sayida dikkate deger matematiksel ozellige sahiptir. Ornegin,
Goedel'in Eksiklik Teoremini 6lgmek igin kullanilabilir.
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9.7. Information Theory

Arastirmacilar, 1900'lerin basindan beri bilgiyi nicellestirme lizerine kafa yordular ve 1948'de
Claude Shannon, "A Mathematical Theory of Communication" adli olaganisti bir makale
yayinladi. Bu makale Bilgi Teorisi alanini dogurdu. Bilgi Teorisi, tanim olarak, bilginin
nicelenmesi, depolanmasi ve iletisiminin incelenmesidir. Ama bundan ¢ok daha fazlasi.
istatistiksel Fizik, Bilgisayar Bilimleri, Ekonomi vb. Alanlara énemli katkilar saglamistir.

Shannon'in makalesinin ana odak noktasi, makaleyi yayinladiginda Bell Laboratuvarlarinda
calistigi icin genel iletisim sistemiydi. Bilgi entropisi ve fazlalik gibi birkag dGnemli kavram
olusturdu. Glinimuzde temel temelleri kayipsiz veri sikistirma, kayiph veri sikistirma ve kanal
kodlama alanlarinda uygulanmaktadir.

Bilgi Teorisinde kullanilan teknikler dogasi geregi olasiliklidir ve genellikle 2 spesifik nicelik ile
ilgilenir, yani. Entropi ve Karsilikh Bilgi. Bu iki terime daha derin bir dalis yapalim.

Shannon Entropy (or just Entropy)

Entropy is the measure of uncertainty of a random variable or the amount of information
required to describe a variable. Suppose x is a discrete random variable, and it can take any
value defined in the set, x. Let’s assume the set is finite in this scenario. The probability
distribution for x will be p(x) = Pr{x = x}, x € x. With this in mind, entropy can be defined as

H(X)=—) p(x)logp(x).

xeX

Entropy

The unit of entropy is bit. If you observe the formula, entropy is entirely dependent on
the probability of the random variable and not on the value of x itself. There is a negative
sign in front of the formula, making it perpetually positive or 0. If entropy is 0, there is no
new information to be gained. | will demonstrate the implementation of this formula
through an example.

Consider the scenario of a coin toss. There are two probable outcomes, heads or tails, with
equal probabilities. If we quantify that, x € {heads,tails}, and p(heads) = 0.5 and p(tails) =
0.5. If we plug in these values in the formula:

H(x) = _[(p(xheads) * log(p(xheads))) + (p(xtails) * log(p(xtails)))]
= —[(0.5 x log,0.5) + (0.5 * log,0.5)] = —[(=0.5) + (—0.5)] =1

Calculating Entropy in a coin toss event
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Therefore, entropy is 1 bit, i.e., the coin toss's outcome can be expressed completely in 1
bit. So, to intuitively express Shannon entropy's concept, it is understood as “how long does
a message need to be to convey its value completely”. | want to dive a little deeper and
discuss the concepts of Joint Entropy, Conditional Entropy and Relative Entropy.

Joint and Conditional Entropy

Previously, | defined Entropy for a single random variable, but now | will extend it to a pair
of random variables. It is a simple aggregation as we can define the pair of variables (X, Y) as
a single vector-valued random variable.

The joint entropy H(X, Y) of a pair of discrete random variables (X, Y) with a joint
distribution p(x, y) is defined as

H(X,Y) ZZp(,x v)log p(x, y)

xekX ve)y

Joint Entropy
This can also be represented in terms of expected value.

H(X,Y)=—Elog p(X,Y)

Joint Entropy (Expected Value form)
Similarly, for conditional entropy, H(Y|X) is defined as:

HY|X)=) px)HY|X =

Xe r::t}

Conditional Entropy

Intuitively, this is the average of the entropy of Y given X over all possible values of X.
Considering the fact that (X, Y) ~ p(x, y), the conditional entropy can also be expressed in
terms of expected value.

H(Y|X) =—Elog p(Y|X).

Conditional Entropy (Expected Value form)

Let’s try an example to understand Conditional Entropy better. Consider a study where
subjects were asked:

1) if they smoked, drank or didn’t do either.

1) if they had any form of cancer
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Now, | will represent these questions' response as two different discrete variables belonging

to a joint distribution.

Activity Cancer
Smoking Yes
Smoking Yes
Smoking Yes
Alcohol No
Neither Yes
Alcohol Yes
Alcohol Yes
Smoking No
Alcohol Yes
Neither No
Data Table

On the left, you can see the data table where 10 subjects answered the questions. We have
three different possibilities for the variable Activity (I will call it X). The second column
represents whether the subject has/had cancer (variable Y). There are two possibilities here,

i.e. Yes or No. Since we are not dealing with continuous variables yet, | have kept these
variables discrete. Let’s create a probability table that will make the scenario clearer.

Yes No
Smoking 3/10 1/10
Alcohol 3/10 1/10
Neither 1/10 1/10

Probability Table for the above example

Next, | will calculate the value of the marginal probability p(x) for all the possible value of X.

328



"Smoking") =

X -_
p( 10

4
"Alcohol") = —
cohol") 10

p(X

2
X = "Neither") = —
p( either") T

Marginal Probability of X
Based on the probability table, we can plug in the value in the conditional entropy formula.

H(Y|X) = p("Smoking”)H(Y| X = "Smoking”) + p("Alcohol”)H(Y|X = "Alcohol”) + p(’Neither”)H(Y|X = "Neither")

= ~15110"% 15) * 1% (6)} = 70{r5°8 (i6) + 75 ¢ (i)} ~ 75 i e 5) * 12 55}
= “1ol10 °6\10/) " 10 %8\10/i T 0170 "8 \10/ T 10 %8 \10/§ ~ Tol10 "E\10/ T 10 °*\10
= 0.4 %0.857 + 0.4 * 0.857 + 0.2 » 0.664

= 0.8184 bits

Conditional Probability in the above example

Relative Entropy

Relative Entropy is somewhat different as it moves on from random variables to
distributions. It is a measure of the distance between two distributions. A more instinctive
way to put it would be: Relative entropy or KL-Divergence, denoted by D(p| | q), is a
measure of the inefficiency of assuming that the distribution is g when the true
distribution is p. It can be defined as:

3 p(x)
D(pllg) = p(x)log 700

xeX

Relative entropy is always non-negative and can be 0 only if p = g. Although a point to note
here is that it is not a true distance since it is not symmetric in nature. But it is often
considered as a “distance” between distributions.

Lets take an example to solidify this concept! Let X = {0,1} and consider two
distributionspand gon X. Let p(0)=1 —r, p(1) =randlet g(0)=1 — s, g(1) = s. Then,

D(pllg) = (1 — 1)1 [1_r+z ’
(pllg) = r)log|T—[+Tlog
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Relative Entropy for p| |q
I would also like to demonstrate the non-symmetric property, so | will also

calculate D(q| | p).
1—=s S
D =(1-19)1 [— log —
(qllp) = (1 —s)log —| +slog -

Relative Entropy for q| |p
Ifr=s,D(p||q)=D(qg]||p)=0. But | will take some different values, for instance, r=1/2

and s =1/4.

1 1—% 1 %

D(p|lq) = (1—5)10g —7 +§logT= 0.2075 bit
4 4
o holl ol

D(q|Ip) = (1—Z)log —= +Eiog%= 0.1887 bit
1__ —_
2 2

As you can see, D(p||q) # D(q| | p).

Now, since we have discussed the different types of entropies, we can move onto Mutual

Information.

Mutual Information

Mutual Information is a measure of the amount of information that one random variable
contains about another random variable. Alternatively, it can be defined as the reduction
in uncertainty of one variable due to the knowledge of the other. The technical definition
for it would be as follows:

Consider two random variables X and Y with a joint probability mass function p(x, y) and

marginal probability mass functions p(x) and p(y). The mutual information / (X; Y) is the
relative entropy between the joint distribution and the product distribution p(x)p(y).

X,y
X7 = 3 plr. ) log )
ey px)p(y)

= D(px, M[[px)p(y))
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Mutual Information
Mutual Information can also be expressed in terms of Entropy. The derivation is quite fun,

but | will refrain myself as it might clutter the article.

I (X;Y)=HX) — HX|Y) = HY) — H(Y|X)

Mutual Information w.r.t. Entropy
From the above equation, we see that mutual information is the reduction in the
uncertainty of X due to the knowledge of Y. There is a Venn diagram perfectly describing the

relationship.

H(X,Y)

Relationship between Mutual Information and Entropy

Let’s take an example to understand it better. | can use the example of relating Smoking,
Drinking, Neither with having cancer that | used while explaining entropy. We had seen that
the H(Y|X) = 0.8184 bits. To calculate Mutual Information, | require one more

term H(Y). H(Y), in this case, will be:

HY)= — Z p(y)logp(y)

yeY
B 7’1 7 s 3l 3
70 °%70 T 10 25710
= 0.876

Therefore, Mutual Information is defined by:
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I(X;Y)=H({)—-H(Y|X)
= 0.876 — 0.8184
= 0.0576

Entropi (Bilgi Kazanci)

Rassal bir degiskenin belirsizlik olgltl olarak bilinen Entropi, bir siireg igcin tim ornekler
tarafindan icerilen enformasyonun beklenen degeridir. Enformasyon ise rassal bir olayin
gerceklesmesine iliskin bir bilgi ol¢titiidiir. Esit olasihkh durumlar yiksek belirsizligi temsil
eder. Shannon’a gore bir sistemdeki durum degistiginde entropideki degisim kazanilan
enformasyonu tanimlar. Buna goére maksimum belirsizlik durumundaki degisim muhtemelen
maksimum enformasyonu saglayacaktir. Shannon bilgiyi bitlerle temsil ettigi icin logartimayi
iki tabaninda kullanimistir.

1
I(x) =log, — -log.P(x
(x) & P00 2,P(x)

Shannon’a gére entropi, iletilen bir mesajin tasidigi enformasyonun beklenen degeridir.
Shannon Entropisi (H) adiyla anilan terim, tiim x; durumlarina ait P(x;) olasiliklarina bagl bir
degerdir.

1 n
=—)» Plog, P

P(x;') i=1 j

H(X)=EI(X)= ¥ P(x).I(x) =Y P(x)log,

1=i=n

10
Log,(P) = ?Logw(P)

10%
HX) = —?Z P; Log,oP;
i=1

10 tabaninda logaritmik ifadeler:
* Logl=0,lLog2=0.3,Log3=0.477,Log5=0.7, Log 7 =0.845, Logl10=1
* log(a*b)=loga + logb; loga"=n*loga
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Ornek:

Bir paranin havaya atilmasi olayi, rassal X surecini temsil etsin. Yazi (1/2) ve tura (1/2) gelme
olasiliklar esit oldugu igin X stirecinin entropisi 1 olan para atma olayi (X) gergeklestiginde 1
bitlik bilgi kazanilacaktir.

H(X)=-) plog,p, - —(0.51log, 0.5+0.51log, 0.5) =1

i=1

Ornek:

Hava, nem, rlzgar, su sicakhg! gibi degerlere gore piknige gidip gitmeme karari verilmis 4
olay sonucunda piknige gidildi mi? sorusunun iki yaniti var. Evet yanitinin olasiligi: %, hayir
yanitinin olasihgi:1/4.

Olay No Hava Nem Riizgar | Susicakhgl | Piknige gidildi mi?
1 giinesli normal giiclii 1k Evet
2 glinesli yiiksek giiclii 1hk Evet
3 yagmurlu yiiksek giiclii 1hik Hayur
4 giinesli yiiksek giiclii soguk Evet

H(X)=-3 p,log, p,

i=1

Entropy(S)=H(x)=-(3/4)log2(3/4)-(1/4)log>(1/4)=0.811

Ornek:

Makine 0Ogrenmesi algoritmasinin olasilik hesaplanmasi sonucunda karar vermesi
gerekmektedir. iki durum s6z konusudur. Birinci durumun olma olasiligl, P1=0.6, olmama
olasigi, P2=0.4 ise entropisini hesaplayiniz.

Log,(0.6) = —0.743
Log,(0.4) = —4/3
Entropi, H(x)=0.6*0.743+0.4*4/3=0.979
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